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ABSTRACT

In this note, we characterize the f-harmonic maps and bi-f-harmonic maps with potential.
We prove that every bi-f-harmonic map with potential from complete Riemannian manifold,
satisfying some conditions is a f-harmonic map with potential. More, we study the case of
conformal maps between equidimensional manifolds.
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1. Introduction

f-harmonic maps between two Riemannian manifolds, which generalize harmonic maps, were first
introduced by Lichnerowicz [1] in 1970, and were studied by N. Course [9] recently. f-harmonic maps relate
to the equations of the motion of a continuous system of spins with inhomogeneous neighbor Heisenberg
interaction in mathematical physics. Moreover, F-harmonic maps between Riemannian manifolds were first
introduced by Ara [6] in 1999, which could be considered as the special cases of f-harmonic maps. f-
biharmonic maps between Riemannian manifolds were studied by Ouakkas, Nasri and Djaa [13] in 2010,
which generalized biharmonic maps. The concept of harmonic maps with potential, was initially suggested
by Ratto in [3] and recently developed by several authors : V. Branding [14], Jiang [12] and others. The notion
of biharmonic maps with potential was studied by A. Mohammed Cherif and M. Djaa in 2017 [2], and by A.
Zagane and S. Ouakass [4] in 2018.

In this paper we establish the first and second variation of the H-f-energy functional (Theorem2.2), we
introduce the notion of bi- f-harmonic maps with potential and we characterize the bi- f-harmonic maps with
potential (Corollary 3.1), moreover we construct some examples. Also we prove that every bi-f- harmonic
map with potential from complete Riemannian manifold satisfying some conditions is a f-harmonic map with
potential (Theorem3.2). Finally we study the case of conformal maps between equidimensional manifolds of
the same dimension n > 3.

2. f-HARMONIC MAPS WITH POTENTIAL

Consider a smooth map ¢ : (M™, g) — (N™, h) between Riemannian manifolds, let H be a smooth function
on N and let f be a smooth positive function on M. For any compact domain D of M the H- f-energy functional
of ¢ is defined by

By (p) = /D Fe(o) — H(g)loy.
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where, e(y) is the energy density of ¢ defined by e(y) = 3 Z h(de(e;), dp(e;)), vy is the volume element and
i=1
{€;}i=1,m is an orthonormal frame on (M™, g).
Definition 2.1. A map ¢ is called f-harmonic with potential H if it is a critical point of the H-f-energy
functional over any compact subset D of M, i.e

d
—F =0
dt Hf(@t) 0

where {¢; }+¢(—c,) be a smooth variation of ¢ supported in D.

Theorem 2.1. Let ¢ : (M™,g) — (N™, h) be a ma between Riemannian manifolds, H be a smooth function on N and
let f be a smooth positive function on M. Then

%EH}f((pt)‘t:O = - /D h(TH f(SO) )Ugy

such that:

7,1(2) = 74(p) + (grad“ H) o p, 1)
where T¢(¢) = f1(p) + dp(grad™ f) is the f-tension field of ¢ ( see [13] ), {©t}te(—e,e) be a smooth variation of ¢
supported in D and v = %‘ denotes the variation vector field of .

t=0
Proof.

Let ¢: M x (—€,e) — N define by ¢(xz,t) = ¢;(z), V¥ denote the pull-back connection on ¢~!}(T'N). Note
that for any vector field X on M considered as a vector field on M x (—¢,€), we have [0t, X] = 0. Let {¢; }i=1,..m
be an orthonormal frame on M, such that V/e; = 0 at the fixed point z € M.

Atz € M we have:
~ [ [greton - gte0)]
=0 D 315 375 t

for the first term in the right hand of (2.2), we have

d
—F

Vg, (2.2)

%fe(%) = 28tfzh dipi(ei), dpr(ei))

= fzh(v(%dsﬁt(ei)vd%(ei))
=1

- 1o dgo,(j) )

m

= Y eihldal ). fages) — D hldol o). VE fdger).

=1 =1

Then
il = ehldatz). faae)]_, -3 eV dete)
= div(w) — h(v, 75 (p)), (2.3)

where w(.) = S0, h(dgu( ). Fdei()]
For the second term in the right hand of (2.2), we have

0
aH(SOt)

M5, (erad ) o )|
h(v, (gradH) o ¢). (2.4)

t=0

By replacing (2.4) and (2.3) in (2.2) and using the divergence theorem, we obtain

4
dt

Ew, (1) o /D h(t¢(p) + (gradH) o ¢), v)vy,

www.iejgeo.com 158


http://www.iej.geo.com

Zegga Kaddour

Corollary 2.1. A smooth map ¢ : (M™; g) — (N™; h) between Riemannian manifolds is f-harmonic with potential H
if and only if Ty ¢(¢) = 0.

Example 2.1. Let ¢ : R — R such that ¢ — ¢(t),
f:R—Rand H:R — R.

Tai(p)=fe +f¢ +H.
we consider p(t) = t? and f(t) = €', then a map ¢ is f-harmonic with potential H, for H(t) = —2te’.

Remark 2.1. Let ¢ : (M™,g) — (N™, h) be a smooth map between Riemannian manifolds. If the potential H is
constant, then ¢ is f-harmonic with potential H if and only if it is f-harmonic map. One can refer to ([13]) for
background on harmonic maps and generalized harmonic maps.

2.1. The second variation of the H- f-energy functional

We consider {¢s}stc(—ce) a two-parameter variation with compact support in D. Let v = 8§§’t ey
W = a‘gz L . Under the notation above we have the following
: s=t=0

Theorem 2.2. Let ¢ : (M™,g) — (N, h) be a f-harmonic map with potential H, where H is a smooth function on N
and f be a smooth positive function on M. Then

2

@EHﬁf(@s,t)

__ /D B(JE, (), W), (2.5)

s=t=0

where Jflyf(v) € I'(¢~Y(T'N)) is the Jacobi operator given by
i) = ftrace, RN (v, dp)dp + trace,V? fV¥v + (VY grad H) o ¢,

here RN is the curvature tensor of (N™, h).

Proof:

Define ¢ : M x (—¢,€) x (—¢,€) — N by ¢(x,t,8) = ¢ 5(z), let V¥ denote the pull-back connection on
¢~ Y(TN). Note that, for any vector field X on M considered as a vector field on M x (—¢,€) x (—¢,€), we have
[0t,X] =0, [0s,X] =0, [0t,0s] = 0. Then

82
@EHJ(%,:&)

vg. (2.6)

s=t=0

82
—t=0 /D dsot [felpsa) = Hpsr)]

We calculate the first term in the right hand of (2.6):

82
p 0s0t

0
/ S h(Vidpaien. fdouiles)
D S

[felps.i)lvg =

M= 114

[ /D h(V5, Viidpsi(es), fdpoi(e)y + | M(Thdpai(e). V5, fdpai(ed)v,|  27)

=1

BFVE dips t(90), VE, dpo (05, .

I
L
S~ o

©
I
-

[ [ 18,92 dout@n) fpusteiye, +
D
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By using the divergence theorem, the first term in the right hand of (2.7), became

m

- [ TEVLdpna@). sty = 30| [ HERY @000(05).dinles)) o s(08). dps(es)

=1

[ MOETSdonon). fapue)] v
= [ [ R gt et
[ eh(Vhdeni @), fdesen)| v,

t=s5=0

WV (00), V2 fdpoalei))| vy

|
Mzog—5s—

[_/Dh(fRN(U,dcp(ei))dsﬁ(ei)»w)vg

=1

[ Wi @0V fpuate)|__u)
D t=s=0

For the second term in the right hand of (2.7), we get

/ h(fv;?id%’t(at),vgﬁ_d@s,t(as))‘ v, = / eih(dps (01), fvfidgps,t(as))‘
D D

t=s=0

[ s 00 V.92 dps(09))
D

= f/ h(w, V¢ FVE ).
D ) k2

Now, we calculate the second term of (2.6)

8(2(2% H(prs)| g = /D 685 (depr,s(0t), (grad H) o ) tms=0 9
- /D h(V5,der,s(01), (grad H) o o) tms0
+ A)h(d@t,s(at)»Vgs(grad H) o) pmsm0 !
_ /D W(Vo.dpr.s(00), (grad H) 0 0) | v

+ / h(v, V2 (grad H) o ¢)v,
D

Vg

t=5=0

t=5=0

Vg

v
t=s=0 g

(2.8)

(2.9)

(2.10)

By substituting (2.10), (2.9) and (2.8) in (2.6), and using that ¢ is f-harmonic with potential H, we get

2

0sot

o Bn f(%pat)‘

3. Bi-f-harmonic Maps with potential.

o Z - (= 1 wdptenite) - V295w - 9 G ) o)y

— / h(f trace, RY (v, dp)dyp + trace, V¥ fV¥9v — V¥ (grad H) o ¢, w) Vg
D

Consider a smooth map ¢ : (M™, g) — (N", h) between Riemannian manifolds, let H be a smooth function
on N and f € C*(M) be a positive function. A natural generalization of f-harmonic maps with potential is
given by integrating the square of the norm of 74 ;(¢). More precisely, the H-bi- f-energy functional of ¢ is

defined by

EHf / |Ta, 1 (0

www.iejgeo.com
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Definition 3.1. A map ¢ is called bi-f-harmonic with potential H, if it is critical point of the H-bi- f-energy
functional over any compact subset D of M.

3.1. The first variation of H-bi- f-energy functional

Theorem 3.1. Let ¢ : (M™,g) — (N™, h) be a smooth map between Riemannian manifolds, H a smooth function on
N and f € C*(M) be a positive function. D a compact subset of M and let {¢}c(—,) be a smooth variation of ¢ with

compact support in D. Then

d

G| == [ 1) o, @)

where 77, (¢) € T(¢~'TN) is given by

7i1 1 () = f traceg RN (14,5 (10), dp)dp + trace, V¥ FV97p () + (VN () grad™ H) o .

TH,f
Proof:
Recall that ¢ : M x (—e,e) — N with ¢(z,t) = ¢(z), V¥ the pull-back connection on ¢~ (T'N) and {e; }i—1....m
be an orthonormal frame on M, such that V’e; = 0 at # € M. First note that

d
%E%I,f(%)

=~ [ W5 s o0 o) oo 62)

t=0 t=0

Calculating in a normal frame at € M, we have

Vira. () = Vi[5 (ee) + (grad” H) o ¢y]

(3.3)
= Vgtvi fdpi(e:) + Vgt (grad™ H) o ¢,
by the definition of the curvature tensor of (IV, h) we have:
V5 Ve fdpi(e) = VNG, fdpi(es) + fRY (d)(01), dpy(e:))dp(es)- (3.4)

By using [0t, e;] = 0 and the compatibility of V¢ with h we have

VNG fdpi(ei), o ¢(0r) = eih(VE, fdipi(e) T 5 (01)) = h(VE, Fdipr(91), V71,5 (1))
= e:h(Vi fder(ed) T p(pr) — e fdpi (), VE 7o (1)) (3:5)
+h(dp(0), VE fVE T 5 (1))
From the definition of V¢ and the symmetry of the Hessian tensor
(i.e Hessg(X,Y) = h(V% grad H,Y) = Hess (Y, X ), we have
h(V,(grad H o 0), 7.5 (0e)) = h(V iy on) (rad H 0 @1), 71, (120))
= n(V7, (grad H o @y), dipt (01))

TH, £ (Pt)

(3.6)

By (3.5), (3.4), (3.3),(3.2), (3.1), v = 86‘? when ¢t = 0 and the divergence theorem, the Theorem (3.1) follows.
From the Theorem (3.1), we deduce the following

Corollary 3.1. Let ¢ : (M™, g) — (N™, h) be a smooth map between Riemannian manifolds, H a smooth function on
Nand f € C>(M) be a positive function, then  is bi- f-harmonic with potential H if and only if:
T%Lf((p) = ftrace RY (1w, 1 (), dp)dy + trace V¥ [V P () + (VY () gradV H) o ¢ = 0. (3.7)

TH, f

Remark 3.1. Let ¢ : (M™g) — (N, h) be a smooth map between Riemannian manifolds, H a smooth function
onN and f € C*(M) be a positive function, then

T, (9) = 72, () + Jpp(grad™ H) o o+ (VY grad™ H) o o+ (V{L v gy, grad” H)op,  (3.8)

where
Jﬁ(p(gradN H) o = ftrace RN (grad™ H,dy)dp + trace V¥ fV¢ grad¥ H

is the Jacobi operator of ¢ and
72,4 (1p) = f traceg RY (74 (), di)dyp + tracey V¥ fV47;(p)

is the bi- f-tension field of . In the case where ¢ is f-harmonic, we obtain the following corollary.
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Corollary 3.2. Let ¢ : (M™,g) — (N", h) be a f-harmonic map, H a smooth function on N and f € C*>°(M) be a
smooth positive function. Then  is bi- f-harmonic with potential H if and only if

Tt (grad™ H) oo+ (vgradz\r Hyop grad¥ H) o o = 0.

Example 3.1. Let ¢ : R* x R — R, with (¢,z) — ¢(t,2) be a smooth function and f € C*(R* x R) be a
positive function. We have

Tr(p) = f7() + dip(grad f)
= f[7(¢) + dp(grad In(f))],
then ¢ is f-harmonic if and only if
827<p 827@ N 81n(f).8£ N 81n(f).87<p _o.
o2 Ox? ot ot Oor Oz
If the map ¢ depends only on t, then ¢ is f-harmonic if and only if

, L ol(p)
o =0,
© + ot 14
we obtain f(z,t) = \::'((i))l , where « is a positive function on R.

Application:

[e%

2 2
() We can take for example f(t,z) = 251,

If we put (¢, 2) = t?, then ¢ is f-harmonic for f(t,z) = = o

By using the corollary (3.2) we conclude that:
¢ is bi- f-harmonic with potential H (H is a smooth function on R ), if and only if

trace V“"fV*"(gradN H)op+ (ngdl\, H)op gradN H)op=0.

Suppose that the function 1) = H o ¢ depends only on t, then ¢ is bi- f-harmonic with potential H if and only if

£ 0+ S0+ 0 ' () =0,

A particular solution is given by : ¢)(t) = (H o ¢)(t) = at + b, (a,b) € R* x R.

Corollary 3.3. Let ¢ : (M™,g) — (N, h) be a smooth map between Riemannian manifolds and f € C>°(M) be a
positive function. If the potential H is constant, then  is bi- f-harmonic with potential H if and only if it is bi- f-harmonic.

From Theorem 3.1, we have the following

Corollary 3.4. Let ¢ : (M™,g) — (N, h) be a smooth map between Riemannian manifolds and f € C>°(M) be a
positive function. If ¢ is f-harmonic with potential H, then o is bi- f-harmonic with potential H.

Definition 3.2. Let H a smooth function on N and f € C*>°(M) be a positive function.. A map ¢ : (M™, g) —
(N™, h) is called a proper bi-f-harmonic map with potential H if and only if ¢ is a bi-f-harmonic map with
potential H which is not a f-harmonic map with potential H.

Corollary 3.5. Let ¢ : (M™,g) — (N™, h) be a f-harmonic map, H be a non constant function on N and f € C*°(M)
be a smooth positive function. Then  is a proper bi- f-harmonic with potential H if and only if

Jio(grady H)op + (vgradz\r H)ow grad¥ H) o ¢ = 0.

Example 3.2. Let ¢ : R* x RY — R, with (¢,z) — ¢(t,z) be a smooth function and f € C*°(R* x R) be a
positive function. We have

Ti(p) = fr(p) + dp(grad f)
= f[7(p) + dp(gradIn(f))].
then ¢ is f-harmonic if and only if

Pp  Pp o) dp  Oln(f) 0y _
o2 Ox? ot ot or oz
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If we put ¢(t, z) = e'**, then ¢ is f-harmonic for f(¢,z) = e 7.
By the corollary (3.5), then ¢ is a proper bi- f-harmonic with potential H if and only if

Of Op  Of Op 330 " el _
120+ 2292 0T oo o i (927 + (320 1" oo 4 B 0 =, (39)

a particular solution of (3.9) is given by : H(y) = ay + b, (a,b) € R* x R.
by replacing f and ¢ in (3.9), we have

2" "H" o o+ H'H" 0 p =0, (3.10)
we can put e’ = y o ¢, then the equation (3.10) became
2yH" + H'H" = 0, (3.11)

the general solution of (3.11) is given by:

2C + tanh(icﬁ'ln(y))
) =Cat [ . y,

where (Ch CQ, 03) ceR* xR xR.

Now, we investigate sufficient conditions for bi- f-harmonic map with potential to be f-harmonic map with
potential.

Theorem 3.2. Let (M™, g) be a complete Riemannian manifold with infinite volume (N, h) a Riemannian manifold
with non-positive sectional curvature, f € C>(M) a positive function satisfying h(V g .4 ;7,7 (¢), Tr,(¢)) < 0 and H
a smooth function on N with Hess(H) < 0. Then, every bi- f-harmonic map  with potential H from (M™, g) to (N™, h),

satisfying
/ I7a,1 () [Pvg < 00, (3.12)
M

is f-harmonic with potential H.

Proof

Assume that ¢ : (M™, g) — (N™, h) is a bi-f-harmonic map with potential H, let’s fixe a point x in M and
let {e1, e2, .., e } be an orthonormal frame with respect to g on M, such that Vé\fej =0,atxforalli,j=1,..,m
By formula (3.6) we have

ftrace RN (14,4 (), dp)dy + trace V¥ [V P 1y () + (VY gradV H) o ¢ = 0,

TH,f ()

and then

m

— 1Y (VEVETH 1 (0), T 5 (9)) = WV ;715 (0)s T (0)) + Y R(RN (7,5 (), dip(ed) ) dipler), Tr, 5 ()

- i=1
+ Hessy (71,7 (0), 7,1 ().

Since the sectional curvature of N is non-positive, Hess(H) <0 and f is positive such that
MV aa 57,1 (), TH, £ () < 0, we conclude that:

m

= > h(VEVETH (), i 5 (9)) <0. (3.13)

=1

Let p be a smooth function with compact support on M. By (3.13) we have:

> h(VEVETH(9). P s () <0,
=1

which is equivalent to

m m

= eh(VETH (). PP () + > h(VETH (), VE P T () < 0. (3.14)

=1 i=1
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Formula (3.14) is equivalent to

=Y eh(VETu 1 (9), 0’ g (9)) + Y 07 IVETH ()] + Z 20ei(D)h(VE T4 (9), Tr () <0. (3.15)
i=1 i=1
If we denote by w(X) = h(V{7h,5(¢), p*7a,7()), then the inequality (3.15) becomes

m

—divMw+ ) p?|VETE ()] + Z 20e:(p)h (V€ 70,1 (0), p7r,5 (1)) < 0. (3.16)
=1

By integrating the formula (3.16) over M and Using the divergence theorem, we have

Z/ PPIVE T 1 () [Py + Z/ 2pei(0)h(VE 7w, (), pTr, £ () vg < 0. (3.17)
By the Young inequality

1
=2pes(p)R(VE 7,1 (), 7,5 (0)) < €p?|VET 5 (D) + —€l(0)l7a5 ()2,

we obtain

Z/ PPIVE T, (0 <€Z/ PPIVE T () Pvg + - Z/ P71 ()P0 (3.18)

When ¢ = 1, the inequality (3.18) became

*Z/ p |V¢THJ¢ <22/ |7—Hf |2Ug. (319)

Choose the smooth cut-of function p = pg, i.e

p<1 on M
p=1 on the ball B(x,R)
p=0 on M\ B(z,R)

|gradp| < %2, onM.

Replacing p = pg, in (3.19) we obtain

*Z/ IVE .1 (0)Pvg < Z/ |7a,1 (¢ (3.20)

Since, [}, |Ta,7(¢)|*vy < 00, when R — oo we have

1 m
33 [ V2P =0
=1

In thiS Way VfiTH,f((P> =0 and h(VfiTHJ(cp), TH,f(cp)) = %6i|TH7f(g0)|2 =0

for all i =1,...,m i.e the function |7y, ;(¢)|* is constant on M. Finally, since the volume of M is infinite
(V(M) = [, vg = +00), from the formula (3.12), we conclude that |75 ()|* = constant = 0,1i.e ¢ is f-harmonic
with potential H.

4. THE CASE OF CONFORMAL MAPS

We study conformal maps between equidimensional manifolds of the same dimension n > 3. Recall that a
mapping ¢ : (M",g) — (N, h) is called conformal if there exists a C*> function A : M — R’ . such that for
any X,Y e I'(T'M) :

h(dp(X), dp(Y)) = Ng(X,Y).
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The function X is called the dilation for the map .
Then the f-tension field of the map ¢ is given by (see [13]).

Tr(p) = (2 —n) fdp(grad inA) + de(grad f). (4.1)

Where f € C>°(M) is a positive function.

Note that, if n = 2 or the dilation X is constant, the conformal map ¢ : (M", g) — (N™, h) of dilation X is
f-harmonic if and only if grad f € ker(dyp).
The f-bitension field of the conformal map is given by the following equation (see [13])

To,f(p) = (n— )fzdcp(grad AlnA) + (n—2) [f(Af) + | grad f|2] dp(gradinA) — (n — 2)f2V§radln/\dg0(gradln)\)
+ A(n —2)fVE .4 pde(gradind) — fdp(grad Af)
+ 2(n—2)f% < Vdp,Vdin\ > —2f < Vdp, Vdf > —V{ aa pdp(grad f)
+  2(n —2)f2dp(Ricci™ (grad In))) — 2fde(Ricei™ (grad f)), (4.2)

where < Vdy, Vdin\ >= Vdyp(e;, e;)VdlnA(e;,e;) and {e;};=1,., being an ortonormal basis on M.
From the Theoreme ( 2.1) and the equation (4.1), we deduce the following

Proposition 4.1. Let ¢ : (M",g) — (N™, h), (n > 3) be a conformal map of dilation X, H be a smooth function on N
and f be a smooth positive function on M. Then ¢ is f-harmonic with potential H if and only if

(2 — n) fdp(grad In)) + de(grad f) + (grad™ H) o ¢ = 0. 4.3)
From the formulas (3.8) and (4.2), we deduce the following

Proposition 4.2. Let ¢ : (M",g) — (N™, h), (n > 3) be a conformal map of dilation A, H be a smooth function on N
and f be a smooth positive function on M. Then o is bi- f-harmonic with potential H if and only if

(n — 2) f2de(grad Aln) + (n — 2) [f(Af) + | grad f|*]de(grad In\) — (n — 2) f°V erad nadp(grad inX)
A(n = 2) Vg .q pdo(gradind) — fdp(grad Af)

2(n — 2)f% < Vdp, Vdin\ > —2f < Vdp, Vdf > Vgradfdap(grad )

2(n — 2) f2dp(Ricci™ (grad In\)) — 2fde(Ricci™ (grad f)) + Jf ,(grad™ H) o ¢

(n— 2)f(de(grad In\) grad™ H)o ¢ + (de(gradf) grad® H)o ¢+ (V(gradN H)op gradY H)op = 0. (4.4)

+ + + +

Remark 4.1. If n = 2, then ¢ is bi- f-harmonic with potential H if and only if

fde(grad Af) +2f < Vdp, Vdf > +V?%_ sde(grad f) + 2fdp(Ricci™ (grad f))
— Jf7¢(grad H)op— (Vd@(gradf) grad™¥ H)op— (V(gradNH Yoo grad™ H)op=0

In particular, if we consider the identity map, we obtain the following result

Corollary 4.1. Idy; : (M™,g) — (M™, g) is bi- f-harmonicwith potential H if and only if

1
ferad(AH — Af) + B grad(| grad H|* — | grad f|?)
+ 2fRicci(grad H — grad f) + 2Vgraa fgrad H = 0 (4.5)
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