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Abstract

This paper deals with some results of fractional inequalities involving two recent recent integral operators: the (k,s,h)−Riemann-Liouville
integral and the (k,h)−Hadamard fractional operator. We generalize some classical integral inequalities as well as some other fractional
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results.
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1. Introduction

Let us consider the weighted Korkine’s identity (see [9]):∫ b

a
p(x)

∫ b

a
p(x)Φ(x)Ψ(x)dx−

∫ b

a
p(x)Φ(x)dx

∫ b

a
p(x)Ψ(x)dx =

1
2

∫ b

a

∫ b

a
p(t)p(τ) [Φ(t)−Φ(τ)] [Ψ(t)−Ψ(τ)]dtdτ, (1.1)

where p is a positive integrable function and Φ and Ψ are two real-valued integrable functions which are synchronous on [a,b] : that is:

(Φ(t)−Φ(τ))(Ψ(t)−Ψ(τ))≥ 0. (1.2)

Also, we consider the weighted Gruss inequality (see [12]):∫ b

a
p(x)

∫ b

a
p(x)Φ(x)Ψ(x)dx−

∫ b

a
p(x)Φ(x)dx

∫ b

a
p(x)Ψ(x)dx≤ (M−m)(N−n)

4

(∫ b

a
p(t)dx

)2

, (1.3)

where p,Φ and Ψ are three integrable functions on [a,b], satisfying
∫ b

a p(t)dt > 0 and

m≤Φ(u)≤M,n≤Ψ(u)≤ N;m,M,n,N ∈ R,u ∈ [a,b] . (1.4)

Recently, in [2] M. Bezziou et al. introduced a new class of fractional operators which is called the (k,s,h)−Riemann-Liouville fractional
integrals with respect to a given function h:

s
kJα

a,h ( f (t)) =
(s+1)1− α

k

kΓk (α)

∫ t

a

(
hs+1 (t)−hs+1 (τ)

) α

k −1
hs (τ)h′ (τ) f (τ)dτ, (1.5)

where Γk (α) =
∫

∞

0 tα−1e−
tk
k dt,α > 0,k > 0,s ∈ R−{−1} .

The same authors introduced another class of fractional operators. It is called (k,h)−Hadamard fractional with respect to h and it is given by:

kIα
a,h ( f (t)) =

1
kΓk (α)

∫ t

a

(
log

h(t)
h(τ)

) α

k −1 h′ (τ)
h(τ)

f (τ)dτ, (1.6)

Email addresses: m.bezziou@univ-dbkm.dz (Mohamed Bezziou), mailto:zzdahmani@yahoo.fr (Zoubir Dahmani), mehmet.kiris@dpu.edu.tr (Mehmet Eyup Kiriş)
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where k > 0.
Many researchers have been concerned with the functional (1.1) and the inequality (1.3). For more details, we refer the reader to
[1, 3, 4, 5, 7, 11] and the references therein.
The main purpose of this paper is to establish some new inequalities by using the above classes of operators. We generalize some results
already published in the papers [6, 12].

2. Main Results

We begin by proving the following theorem:

Theorem 2.1. Let f be an integrable positive function on [a,b] and let h be a measurable, increasing and positive function on (a,b] , with
h ∈C1 ([a,b]) . Then for all α > 0, the following inequalities are valid:

kIα
a,h [ f (t)] kIα

α,h [t
r f (t)]−k Iα

α,h [t f (t)] kIα
α,h

[
tr−1 f (t)

]
≤


(

log h(t)
h(a)

) α

k

Γk (α + k) kIα
a,h(t

r)− kIα
a,h(t) kIα

a,h(t
r−1)

‖ f‖2
∞
, (2.1)

where f ∈ L∞ [a,b] ,
and

kIα
a,h [ f (t)] kIα

α,h [t
r f (t)]−k Iα

α,h [t f (t)] kIα
α,h

[
tr−1 f (t)

]
≤

(t−a)
(
tr−1−ar−1)

2

[
kIα

a,h( f (t)
]2

. (2.2)

Proof. We consider the quantity

s
kHα,h (t,τ) =

(s+1)1− α

k

kΓk (α)

(
hs+1 (t)−hs+1 (τ)

) α

k −1
hs (τ)h′ (τ) p(τ) , (2.3)

where τ ∈ (a, t) , t ∈ (a,b] and p : [a,b]→ R+ is a continuous function.
From (1.1) and (1.5), we can write

1
2

∫ t

a

∫ t

a

s
kHα,h (t,τ)

s
kHα,h (t,ρ)(Φ(t)−Φ(τ))(Ψ(t)−Ψ(ρ))dτdρ (2.4)

=
(s+1)2(1− α

k )

2k2Γ2
k (α)

∫ t

a

∫ t

a

(
hs+1 (t)−hs+1 (τ)

) α

k −1(
hs+1 (t)−hs+1 (ρ)

) α

k −1

×h′ (τ)h′ (ρ)hs (τ)hs (ρ) p(τ) p(ρ)(Φ(t)−Φ(τ))(Ψ(t)−Ψ(ρ))dτdρ

= s
kJα

a,h p(t) s
kJα

a,h (pΦΨ)(t)− s
kJα

a,h (pΦ)(t) s
kJα

a,h (pΨ)(t).

In (2.4), replacing p(t) = f (t), Φ(t) = t and Ψ(t) = tr−1, t ∈ [a,b] , we have

lim
s−→−1+

(s+1)2(1− α

k )

2k2Γ2
k (α)

∫ t

a

∫ t

a

(
hs+1 (t)−hs+1 (τ)

) α

k −1
hs (τ)h′ (τ)

(
hs+1 (t)−hs+1 (ρ)

) α

k −1
hs (ρ)h′ (ρ)(τ−ρ)

(
τ

r−1−ρ
r−1
)

(2.5)

× f (τ) f (ρ)dτdρ

=
1

2k2Γ2
k (α)

∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) α

k −1

hs (τ)hs (ρ)

]
h′ (τ)h′ (ρ)

×(τ−ρ)
(

τ
r−1−ρ

r−1
)

f (τ) f (ρ)dτdρ

=
1

2k2Γ2
k (α)

∫ t

a

∫ t

a

(
log

h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) α

k −1

×h′ (τ)h′ (ρ)
h(τ)h(ρ)

(τ−ρ)
(

τ
r−1−ρ

r−1
)

f (τ) f (ρ)dτdρ

= kIα
a,h [ f (t)] kIα

a,h [t
r f (t)]− kIα

a,h [t f (t)] kIα
a,h

[
tr−1 f (t)

]
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Since f ∈ L∞ [a,b] , then we have

(s+1)2(1− α

k )

2k2Γ2
k (α)

∫ t

a

∫ t

a

(
hs+1 (t)−hs+1 (τ)

) α

k −1(
hs+1 (t)−hs+1 (ρ)

) α

k −1

×h′ (τ)h′ (ρ)hs (τ)hs (ρ)(τ−ρ)
(

τ
r−1−ρ

r−1
)

f (τ) f (ρ)dτdρ (2.6)

≤ sup
(τ,ρ)∈[a,b]2

| f (τ) f (ρ)| (s+1)2(1− α

k )

2k2Γ2
k (α)

∫ t

a

∫ t

a

(
hs+1 (t)−hs+1 (τ)

) α

k −1

×h′ (τ)h′ (ρ)hs (τ)hs (ρ)(τ−ρ)
(

τ
r−1−ρ

r−1
)

dτdρ

≤ ‖ f‖2
∞

[
s
kJα

a,h(1)
s
kJα

a,h(t
r)− s

kJα
a,h(t)

s
kJα

a,h(t
r−1)

]
.

This implies that

sup
(τ,ρ)∈[a,b]2

| f (τ) f (ρ)|
2k2Γ2

k (α)

∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

× hs (τ)hs (ρ)h′ (τ)h′ (ρ)(τ−ρ)
(

τ
r−1−ρ

r−1
)]

dτdρ (2.7)

= ‖ f‖2
∞

[
kIα

a,h(1) kIα
a,h(t

r)− kIα
a,h(t) kIα

a,h(t
r−1)

]
.

Hence, by (2.5), (2.6) and (2.7), we get (2.1).
To obtain (2.2) we observe that from (2.5), we get

kIα
a,h [ f (t)] kIα

a,h [t
r f (t)]− kIα

a,h [t f (t)] kIα
a,h

[
tr−1 f (t)

]
≤ sup

(τ,ρ)∈[a,t]2

(τ−ρ)
(
τr−1−ρr−1)

2k2Γ2
k (α)

∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) α

k −1

h′ (τ)h′ (ρ)hs (τ)hs (ρ) f (τ) f (ρ)

]
dτdρ (2.8)

≤
(t−a)

(
tr−1−ar−1)

2k2Γ2
k (α)

∫ t

a

∫ t

a

(
log

h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) α

k −1 h′ (τ)h′ (ρ)
h(τ)h(ρ)

f (τ) f (ρ)]dτdρ.

Thanks to (2.8), we end the proof.

Remark 2.2. 1- If we take α = k = 1,h(x) = ex and t = b in (2.1), we obtain the second part of Theorem 5 in [9].
2- If we take α = k = 1,h(x) = ex and t = b in the (2.2), we obtain the first part of Theorem 5 of [9].

Theorem 2.3. Let f be an integrable positive function on [a,b] and let h be a measurable, increasing and positive function on (a,b] with
h ∈C1 ([a,b]) . Then for all α > 0, the following inequalities hold:

kIα
a,h [ f (t)] kIα

α,h [t
r f (t)]−

(
kIα

α,h

[
tr−1 f (t)

])2
≤


(

log h(t)
h(a)

) α

k

Γk (α + k) kIα
a,h(t

r)−
(

kIα
a,h(t

r−1)
)2

‖ f‖2
∞
, (2.9)

where f ∈ L∞ [a,b] ,
and

kIα
a,h [ f (t)] kIα

α,h [t
r f (t)]−

(
kIα

α,h

[
tr−1 f (t)

])2
≤
(
tr−1−ar−1)2

2

[
kIα

a,h( f (t)
]2

. (2.10)

Proof. Applying Theorem 1 for Φ(x) = Ψ(x) = tr−1, we obtain (2.9) and (2.10).

Theorem 2.4. Let f be an integrable positive function on [a,b] and let h be a measurable, increasing and positive function on (a,b] with
h ∈C1 ([a,b]) . Then for all t ∈ (a,b] and α > 0,β > 0 the following inequalities hold:

kIα
a,h [ f (t)] kIβ

α,h [t
r f (t)]+k Iβ

a,h [ f (t)] kIα
α,h [t

r f (t)]

−kIα
α,h [t f (t)] kIβ

α,h

[
tr−1 f (t)

]
−k Iβ

α,h [t f (t)] kIα
α,h

[
tr−1 f (t)

]

≤


(

log h(t)
h(a)

) β

k

Γk (β + k) kIα
a,h(t

r)−k Iα
a,h(t)kIβ

a,h(t
r−1) (2.11)

− kIα
a,h(t

r−1)kIβ

a,h(t)−

(
log h(t)

h(a)

) α

k

Γk (α + k) kIβ

a,h(t
r)

‖ f‖2
∞
,
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where f ∈ L∞ [a,b] ,
and

kIα
a,h [ f (t)] kIβ

α,h [t
r f (t)]+k Iβ

a,h [ f (t)] kIα
α,h [t

r f (t)]

−kIα
α,h [t f (t)] kIβ

α,h

[
tr−1 f (t)

]
−k Iβ

α,h [t f (t)] kIα
α,h

[
tr−1 f (t)

]
≤ (t−a)

(
tr−1−ar−1

)
kIα

a,h [ f (t)] kIβ

a,h [ f (t)] . (2.12)

Proof. We consider the quantities
s
kHα,h (t,τ) =

(s+1)1− α
k (hs+1(t)−hs+1(τ))

α
k −1

kΓk(α)
h′ (τ)hs (τ) p(τ) ,

and

s
kHβ ,h (t,ρ) =

(s+1)1− β

k (hs+1(t)−hs+1(ρ))
β

k −1

kΓk(β )
h′ (ρ)hs (ρ) p(ρ) ,

(2.13)

where τ ∈ (a, t) ,ρ ∈ (a, t) , t ∈ (a,b] and p : [a,b]→ R+ is a continuous function.
From (1.1) and (2.13), we can write∫ t

a

∫ t

a

s
kHα,h (t,τ)

s
kHβ ,h (t,ρ)(Φ(t)−Φ(τ))(Ψ(t)−Ψ(ρ))dτds (2.14)

=
(s+1)2− α+β

k

2k2Γk (α)Γk (β )

∫ t

a

∫ t

a

(
hs+1 (t)−hs+1 (τ)

) α

k −1(
hs+1 (t)−hs+1 (ρ)

) β

k −1

×h′ (τ)h′ (ρ)hs (τ)hs (ρ) p(τ) p(ρ)(Φ(t)−Φ(τ))(Ψ(t)−Ψ(ρ))dτdρ

= s
kJα

a,h p(t) s
kJβ

a,h (pΦΨ)(t)+ s
kJβ

a,h p(t) s
kJα

a,h (pΦΨ)(t)

−s
kJα

a,h (pΦ)(t) s
kJβ

a,h (pΨ)(t)− s
kJβ

a,h (pΦ)(t) s
kJα

a,h (pΨ)(t).

Taking p(t) = f (t), Φ(t) = t and Ψ(t) = tr−1, t ∈ [a,b] in (2.14), we have

lim
s−→−1+

1
2k2Γk(α)Γk(β )

∫ t

a

∫ t

a

(
hs+1(t)−hs+1(τ)

s+1

) α

k −1

×
(

hs+1(t)−hs+1(ρ)
s+1

) β

k −1
h′ (τ)h′ (ρ)(τ−ρ)

×
(

τ
r−1−ρ

r−1
)

f (τ) f (ρ)dτdρ (2.15)

= 1
2k2Γk(α)Γk(β )

∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1(t)−hs+1(τ)

s+1

) α

k −1

×
(

hs+1(t)−hs+1(ρ)
s+1

) β

k −1
h′ (τ)h′ (ρ)hs (τ)hs (ρ)

× (τ−ρ)
(

τ
r−1−ρ

r−1
)

f (τ) f (ρ)
]

dτdρ

= kIα
a,h [t

r f (t)] kIβ

a,h [ f (t)]−k Iα
a,h [t f (t)] kIβ

a,h

[
tr−1 f (t)

]
− kIα

a,h

[
tr−1 f (t)

]
k

Jβ

a,h [t f (t)] +k Iα
a,h [ f (t)] kIβ

a,h [t
r f (t)] .

The fact that f ∈ L∞ [a,b] allows us to observe that

kIα
a,h [t

r f (t)] kIβ

a,h [ f (t)]−k Iα
a,h [t f (t)] kIβ

a,h

[
tr−1 f (t)

]
(2.16)

− kIα
a,h

[
tr−1 f (t)

]
k

Jβ

a,h [t f (t)] +k Iα
a,h [ f (t)] kIβ

a,h [t
r f (t)]

≤ sup
(τ,ρ)∈[a,b]2

| f (τ) f (ρ)|
2k2Γk (α)Γk (β )

∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) β

k −1

h′ (τ)h′ (ρ)(τ−ρ)
(

τ
r−1−ρ

r−1
)dτdρ

≤ ‖ f‖2
∞

[
kIβ

a,h(1) kIα
a,h(t

r)−k Iα
a,h(t)kIβ

a,h(t
r−1)

− kIα
a,h(t

r−1)kIβ

a,h(t)− kIα
a,h(1) kIβ

a,h(t
r)
]
.

Hence, by (2.15) and (2.16), we get (2.11).
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On the other hand, we have

kIα
a,h [ f (t)] kIβ

α,h [t
r f (t)]+k Iβ

a,h [ f (t)] kIα
α,h [t

r f (t)]

−kIα
α,h [t f (t)] kIβ

α,h

[
tr−1 f (t)

]
−k Iβ

α,h [t f (t)] kIα
α,h

[
tr−1 f (t)

]
≤ sup

(τ,ρ)∈[a,t]2

∣∣(τ−ρ)
(
τr−1−ρr−1)∣∣

2k2Γk (α)Γk (β )

∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) β

k −1

h′ (τ)h′ (ρ)hs (τ)hs (ρ) f (τ) f (ρ)

dτdρ (2.17)

≤
(t−a)

(
tr−1−ar−1)

k2Γk (α)Γk (β )

∫ t

a

∫ t

a

(
log

h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) β

k −1

×h′ (τ)h′ (ρ)
h(τ)h(ρ)

f (τ) f (ρ)dτdρ.

Thanks to (2.15) and (2.17), we obtain (2.12).

Remark 2.5. If we take α = β in Theorem 4, we obtain Theorem 1.

Theorem 2.6. Let Φ and Ψ be two integrable functions on [a,b] satisfying the condition (1.4) ,p be a positive function on [a,b] and h be a
measurable, increasing, positive function on (a,b] , with h ∈C1 ([a,b]) . Then, we have:

∣∣∣kIα
a,h [p(t)] kIα [pΦΨ(t)]− kIα

a,h [pΦ(t)]k Iα
a,h [pΨ(t)]

∣∣∣ (2.18)

≤ (M−m)(N−n)
4

(
kIα

a,h [p(t)]
)2

,

where α > 0,k > 0.

We need the following lemma:

Lemma 2.7. Let ϕ be an integrable function on [a,b] satisfying the condition (1.4) on [a,b] , let p be a positive function on [a,b] and let h
be a measurable, increasing, positive function on (a,b] with h ∈C1 ([a,b]) . Then, we have

kIα
a,h [p(t)] kIα

a,h

[
pϕ

2(t)
]
−
(

kIα
a,h [pϕ(t)]

)2
(2.19)

=
(

M
(

kIα
a,h [p(t)]

)
− kIα

a,h [pϕ(t)]
)(

kIα
a,h [pϕ(t)]−m

(
kIα

a,h [p(t)]
))

−
(

kIα
a,h [p(t)]

)(
kIα

a,h [(M−ϕ(t))(ϕ(t)−m) p(t)]
)
.

Proof. Let ϕ be an integrable function on [a,b] satisfying the condition (1.4) on [a,b] . For any τ,ρ ∈ [a,b], we have the following identity

p(ρ) p(τ)ϕ
2(τ)+ p(τ) p(ρ)ϕ

2(ρ)−2p(τ)ϕ(τ)p(ρ)ϕ(ρ)

= (Mp(ρ)− p(ρ)ϕ(ρ))(p(τ)ϕ(τ)−mp(τ))

+(Mp(τ)− p(τ)ϕ(τ))(p(ρ)ϕ(ρ)−mp(ρ)) (2.20)

−p(ρ) p(τ)(M−ϕ(τ))(ϕ(τ)−m)

−p(τ) p(ρ)(M−ϕ(ρ))(ϕ(ρ)−m) .

We consider the quantity (2.3). Then, multiplying (2.20) by s
kHα,h (t,τ)×s

k Hα,h (t,ρ) ,(τ,ρ) ∈ (a, t)2 ,s ∈ R−{−1} and integrating with
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respect to τ and ρ over (a, t)2 , we get

1
2k2Γ2

k (α)

{∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

hs (τ)h′ (τ)(p(τ)ϕ(τ)−mp(τ))

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) α

k −1

hs (ρ)h′ (ρ)(Mp(ρ)− p(ρ)ϕ(ρ))

]
dτdρ

+
∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

hs (τ)h′ (τ)(Mp(τ)− p(τ)ϕ(τ))

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) α

k −1

hs (ρ)h′ (ρ)(p(ρ)ϕ(ρ)−mp(ρ))

]
dτdρ

−
∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

hs (τ)h′ (τ)(M−ϕ(τ))(ϕ(τ)−m)

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) α

k −1

hs (ρ)h′ (ρ) p(ρ) p(τ)

]
dτdρ

−
∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

hs (τ)h′ (τ) p(τ)

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) α

k −1

hs (ρ)h′ (ρ) p(ρ)(M−ϕ(ρ))(ϕ(ρ)−m)

]
dτdρ

}
therefore,

1
2k2Γ2

k (α)

{∫ t

a

∫ t

a

[(
log

h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) α

k −1 h′ (τ)
h(τ)

× h′ (ρ)
h(ρ)

(Mp(ρ)− p(ρ)ϕ(ρ))(p(τ)ϕ(τ)−mp(τ))
]

dτdρ

+
∫ t

a

∫ t

a

[(
log

h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) α

k −1 h′ (ρ)
h(ρ)

× h′ (τ)
h(τ)

(Mp(τ)− p(τ)ϕ(τ))(p(ρ)ϕ(ρ)−mp(ρ))
]

dτdρ

−
∫ t

a

∫ t

a

[(
log

h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) α

k −1 h′ (ρ)
h(ρ)

p(ρ)

× h′ (τ)
h(τ)

p(τ)(M−ϕ(τ))(ϕ(τ)−m)

]
dτdρ

−
∫ t

a

∫ t

a

[(
log

h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) α

k −1 h′ (τ)
h(τ)

p(τ)

× h′ (ρ)
h(ρ)

p(ρ)(M−ϕ(ρ))(ϕ(ρ)−m)

]
dτdρ

}
.

Which ends the proof of lemma 7.

Proof. of Theorem 6. Let us define the functional

G(τ,ρ) = (Φ(τ)−Φ(ρ))(Ψ(τ)−Ψ(ρ)) ,τ,ρ ∈ (a, t) , t ∈ (a,b] , (2.21)

where Φ and Ψ are two integrable functions on [a,b] satisfying (1.4).
Now, multiplying (2.21) by s

kHα,h (t,τ) s
kHα,h (t,ρ) ,τ,ρ ∈ (a, t) , which gives (2.3) and integrating the resulting identity with respect to τ

and ρ over (a, t)2 , we have

1
2

∫ t

a

∫ t

a

s
kHα,h (t,τ)

s
kHα,h (t,ρ)(Φ(τ)−Φ(ρ))(Ψ(τ)−Ψ(ρ))dτdρ

= kIα
a,h [p(t)] kIα [pΦΨ(t)]− kIα

a,h [pΦ(t)]k Iα
a,h [pΨ(t)] . (2.22)

Using Cauchy Schwarz inequality, we get (
kIα

a,h [p(t)] kIα [pΦΨ(t)]− kIα
a,h [pΦ(t)]k Iα

a,h [pΨ(t)]
)2

≤ 1
2

∫ t

a

∫ t

a

s
kHα,h (t,τ)

s
kHα,h (t,ρ)(Φ(τ)−Φ(ρ))2 dτdρ (2.23)

×1
2

∫ t

a

∫ t

a

s
kHα,h (t,τ)

s
kHα,h (t,ρ)(Ψ(τ)−Ψ(ρ))2 dτdρ,
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where
1
2

∫ t

a

∫ t

a

s
kHα,h (t,τ)

s
kHα,h (t,ρ)(Φ(τ)−Φ(ρ))2 dτdρ

=
(

s
kJα

a,h [p(t)]
) (

s
kJα

a,h

[
pΦ

2(t)
])
−
(

s
kJα

a,h [pΦ(t)]
)2

, (2.24)

and
1
2

∫ t

a

∫ t

a

s
kHα,h (t,τ)

s
kHα,h (t,ρ)(Ψ(τ)−Ψ(ρ))2 dτdρ

=
(

s
kJα

a,h [p(t)]
) (

s
kJα

a,h

[
pΨ

2(t)
])
−
(

s
kJα

a,h [pΨ(t)]
)2

. (2.25)

From Lemma 7 and thanks to the inequalities(2.22),(2.24) and (2.25), we have

lim
s−→−1+

[
s
kJα

a,h p(t) s
kJα

a,h (pΦΨ)(t)− s
kJα

a,h (pΦ)(t) s
kJα

a,h (pΨ)(t)
]2

(2.26)

≤ lim
s−→−1+

[(
Ms

kJα
a,h [p(t)]−

s
kJα

a,h [pΦ(t)]
)(

s
kJα

a,h [pΦ(t)]−ms
kkJα

a,h [p(t)]
)]

× lim
s−→−1+

[(
Ns

kJα
a,h [p(t)]−

s
kJα

a,h [pΨ(t)]
)(

s
kJα

a,h [pΨ(t)]−ns
kJα

a,h [p(t)]
)]

.

Which implies that [
kIα

a,h p(t) kIα
a,h (pΦΨ)(t)− kIα

a,h (pΦ)(t) kIα
a,h (pΨ)(t)

]2
(2.27)

≤
[(

MkIα
a,h [p(t)]− kIα

a,h [pΦ(t)]
)(

kIα
a,h [pΦ(t)]−mkIα

a,h [p(t)]
)]

[(
NkIα

a,h [p(t)]− kIα
a,h [pΨ(t)]

)(
kIα

a,h [pΨ(t)]−nkIα
a,h [p(t)]

)]
.

Thanks to the elementary inequality 4xy≤ (x+ y)2,x,y ∈ R, we can obtain(
MkIα

a,h [p(t)]− kIα
a,h [pΦ(t)]

)(
kIα

a,h [pΦ(t)]−mkIα
a,h [p(t)]

)
≤

(
M−m

2
Iα
a,h [p(t)]

)2
(2.28)

and (
NkIα

a,h [p(t)]− kIα
a,h [pΦ(t)]

)(
kIα

a,h [pΦ(t)]−nkIα
a,h [p(t)]

)
≤

(
N−m

2
Iα
a,h [p(t)]

)2
. (2.29)

Hence by (2.27),(2.28) and (2.29) we get (2.18).

Remark 2.8. 1- Taking k = α = 1 and h(x) = ex in (2.18), we get (1.3).
2- Taking k = α = 1,s = 0 and h(x) = x in (2.22), we get (1.1).

Theorem 2.9. Let Φ be an integrable function on [a,b] satisfying the condition (1.4), let p be a positive function on [a,b] and let h be a
measurable, increasing, positive function on (a,b] and h ∈C1 ([a,b]) . Then, we have∣∣∣∣kIα

a,h [p(t)] kIα
[

pΦ
2(t)
]
−
(

kIα
a,h [pΦ(t)]

)2
∣∣∣∣ (2.30)

≤ (M−m)2

4

(
kIα

a,h [p(t)]
)2

.

Proof. Applying Theorem 6 for Φ(x) = Ψ(x) , we obtain (2.30).

Now we use two real positive parameters to prove the resuts:

Theorem 2.10. Let Φ and Ψ be two integrable functions on [a,b] satisfying the condition (1.4), let p be a positive function on [a,b] and let
h be a measurable, increasing, positive function on (a,b] with h ∈C1 ([a,b]) . Then, the following inequality holds∣∣∣kIα

a,h [p(t)] kIβ [pΦΨ(t)]+k Iβ

a,h [p(t)] kIα [pΦΨ(t)] (2.31)

− kIα
a,h [pΦ(t)]k Iβ

a,h [pΨ(t)]− kIβ

a,h [pΦ(t)]k Iα
a,h [pΨ(t)]

∣∣∣2
≤

{[(
MkIα

a,h [p(t)]− kIα
a,h [pΦ(t)]

)(
kIβ

a,h [pΦ(t)]−mkIβ

a,h [p(t)]
)]

+
[(

MkIβ

a,h [p(t)]− kIβ

a,h [pΦ(t)]
)(

kIα
a,h [pΦ(t)]−mkIα

a,h [p(t)]
)]}

×
{[(

NkIα
a,h [p(t)]− kIα

a,h [pΨ(t)]
)(

kIβ

a,h [pΨ(t)]−nkIβ

a,h [p(t)]
)]

+
[(

NkIβ

a,h [p(t)]− kIβ

a,h [pΨ(t)]
)(

kIα
a,h [pΨ(t)]−nkIα

a,h [p(t)]
)]}

,

where α,β > 0,k > 0.
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We need the two following lemmas.

Lemma 2.11. Let Φ and Ψ be two integrable functions on [a,b] satisfying the condition (1.4), let p be a positive function on [a,b] and let h
be a measurable, increasing, positive function on (a,b] with h ∈C1 ([a,b]) . Then for all α,β > 0, we have

{
kIα

a,h [p(t)] kIβ

a,h [pΦΨ(t)]+k Iβ

a,h [p(t)] kIα
a,h [pΦΨ(t)]

− kIα
a,h [pΦ(t)]k Iβ

a,h [pΨ(t)]− kIβ

a,h [pΦ(t)]k Iα
a,h [pΨ(t)]

}2

≤
{

kIα
a,h [p(t)] kIβ

a,h

[
pΦ

2(t)
]
+k Iβ

a,h [p(t)] kIα
a,h

[
pΦ

2(t)
]

(2.32)

− 2kIα
a,h [pΦ(t)]k Iβ

a,h [pΦ(t)]
}

×
{

kIα
a,h [p(t)] kIβ

a,h

[
pΨ

2(t)
]
+k Iβ

a,h [p(t)] kIα
a,h

[
pΨ

2(t)
]

− 2kIα
a,h [pΨ(t)]k Iβ

a,h [pΨ(t)]
}
.

Proof. Using (2.13), we get

∫ t

a

∫ t

a

s
kHα,h (t,τ)

s
kHβ ,h (t,ρ)(Φ(t)−Φ(τ))(Ψ(t)−Ψ(ρ))dτds

= s
kJα

a,h p(t) s
kJβ

a,h (pΦΨ)(t)+ s
kJβ

a,h p(t) s
kJα

a,h (pΦΨ)(t) (2.33)

−s
kJα

a,h (pΦ)(t) s
kJβ

a,h (pΨ)(t)− s
kJβ

a,h (pΦ)(t) s
kJα

a,h (pΨ)(t).

Then, by Cauchy Schwarz inequality, we get

[(
s
kJα

a,h [p(t)]
) (

s
kJβ

a,h [pΦΨ(t)]
)
+
(

s
kJβ

a,h [p(t)]
) (

s
kJα

a,h [pΦΨ(t)]
)

−
(

s
kJα

a,h [pΦ(t)]
)(

s
kJβ

a,h [pΨ(t)]
)
−
(

s
kJβ

a,h [pΦ(t)]
)(

s
kJα

a,h [pΨ(t)]
)]2

≤
{

s
kJα

a,h [p(t)]
s
kJβ

a,h

[
pΦ

2(t)
]
+s

k Jβ

a,h [p(t)]
s
kJα

a,h

[
pΦ

2(t)
]

(2.34)

− 2s
kJα

a,h [pΦ(t)]sk Jβ

a,h [pΦ(t)]
}

×
{

s
kJα

a,h [p(t)]
s
kJβ

a,h

[
pΨ

2(t)
]
+s

k Jβ

a,h [p(t)]
s
kJα

a,h

[
pΨ

2(t)
]

− 2s
kJα

a,h [pΨ(t)]sk Jβ

a,h [pΨ(t)]
}
.

Now, applying limit to both sides of (2.34) for s−→−1+, we get (2.32).

Lemma 2.12. Let ϕ be an integrable function on [a,b] satisfying the condition (1.4) on [a,b] , let p be a positive function on [a,b] and let h
be a measurable, increasing, positive function on (a,b] with h ∈C1 ([a,b]) . Then for all α,β > 0, we have

kIα
a,h [p(t)] kIβ

a,h

[
pϕ

2(t)
]
+k Iβ

a,h [p(t)] kIα
a,h

[
pϕ

2(t)
]

−2
(

kIα
a,h [pϕ(t)]

)(
kIβ

a,h [pϕ(t)]
)

=
(

M
(

kIβ

a,h [p(t)]
)
− kIβ

a,h [pϕ(t)]
)(

kIα
a,h [pϕ(t)]−m

(
kIα

a,h [p(t)]
))

+
(

M
(

kIα
a,h [p(t)]

)
− kIα

a,h [pϕ(t)]
)(

kIβ

a,h [pϕ(t)]−m
(

kIβ

a,h [p(t)]
))

(2.35)

−
(

kIα
a,h [p(t)]

)(
kIβ

a,h [(M−ϕ(t))(ϕ(t)−m) p(t)]
)

−
(

kIβ

a,h [p(t)]
)(

kIα
a,h [(M−ϕ(t))(ϕ(t)−m) p(t)]

)
.

Proof. Let us multiplying (2.20) by s
kHα,h (t,τ)×s

k Hβ ,h (t,ρ) ,(τ,ρ) ∈ (a, t)2 ,s ∈ R−{−1} and integrating with respect to τ and ρ over



Konuralp Journal of Mathematics 205

(a, t)2 , we get

1
2k2Γ2

k (α)

{∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

hs (τ)h′ (τ)(p(τ)ϕ(τ)−mp(τ))

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) β

k −1

hs (ρ)h′ (ρ)(Mp(ρ)− p(ρ)ϕ(ρ))

dτdρ

+
∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

hs (τ)h′ (τ)(Mp(τ)− p(τ)ϕ(τ))

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) β

k −1

hs (ρ)h′ (ρ)(p(ρ)ϕ(ρ)−mp(ρ))

dτdρ

−
∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

hs (τ)h′ (τ)(M−ϕ(τ))(ϕ(τ)−m)

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) β

k −1

hs (ρ)h′ (ρ) p(ρ) p(τ)

dτdρ

−
∫ t

a

∫ t

a
lim

s−→−1+

[(
hs+1 (t)−hs+1 (τ)

s+1

) α

k −1

hs (τ)h′ (τ) p(τ)

×
(

hs+1 (t)−hs+1 (ρ)

s+1

) β

k −1

hs (ρ)h′ (ρ) p(ρ)(M−ϕ(ρ))(ϕ(ρ)−m)

dτdρ


which implies that

1
2k2Γk (α)Γk (β )


∫ t

a

∫ t

a

(log
h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) β

k −1 h′ (τ)
h(τ)

× h′ (ρ)
h(ρ)

(Mp(ρ)− p(ρ)ϕ(ρ))(p(τ)ϕ(τ)−mp(τ))
]

dτdρ

+
∫ t

a

∫ t

a

(log
h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) β

k −1 h′ (ρ)
h(ρ)

× h′ (τ)
h(τ)

(Mp(τ)− p(τ)ϕ(τ))(p(ρ)ϕ(ρ)−mp(ρ))
]

dτdρ

−
∫ t

a

∫ t

a

(log
h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) β

k −1 h′ (ρ)
h(ρ)

p(ρ)

× h′ (τ)
h(τ)

p(τ)(M−ϕ(τ))(ϕ(τ)−m)

]
dτdρ

−
∫ t

a

∫ t

a

(log
h(t)
h(τ)

) α

k −1(
log

h(t)
h(ρ)

) β

k −1 h′ (τ)
h(τ)

p(τ)

× h′ (ρ)
h(ρ)

p(ρ)(M−ϕ(ρ))(ϕ(ρ)−m)

]
dτdρ

}
.

Lemma 12 is thus proved.

Now, we give the proof of the Theorem 10.

Proof. We have

(M−Φ(t))(Φ(t)−m)≥ 0 and (N−Ψ(t))(Ψ(t)−m)≥ 0, (2.36)

then, we observe that

−
(

s
kJα

a,h [p(t)]
)(

s
kJβ

a,h [(M−ϕ(t))(ϕ(t)−m) p(t)]
)

(2.37)

−
(

s
kJβ

a,h [p(t)]
)(

s
kJα

a,h [(M−ϕ(t))(ϕ(t)−m) p(t)]
)
≤ 0.

And from Lemma 12, using the identity with the (s,k,h)−Riemann-Liouville fractional integral and applying Cauchy Schwarz integral

inequality for double integrals with two parameters α,β > 0, the Lemma 11, (2.36), (2.37) and lim
s−→−1+

(
s
kJα

a,h,
s
k Jβ

a,h

)
we get (2.31).
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Theorem 2.13. Let Φ be integrable functions on [a,b] satisfying the condition (1.4), let p be a positive function on [a,b] and let h be a
measurable, increasing, positive function on (a,b] with h ∈C1 ([a,b]) . Then for all t > 0, the following inequality holds∣∣∣kIα

a,h [p(t)] kIβ
[

pΦ
2(t)
]
+k Iβ

a,h [p(t)] kIα
[

pΦ
2(t)
]

− 2 kIα
a,h [pΦ(t)]k Iβ

a,h [pΦ(t)]
∣∣∣2 (2.38)

≤ 2
{[(

MkIα
a,h [p(t)]− kIα

a,h [pΦ(t)]
)(

kIβ

a,h [pΦ(t)]−mkIβ

a,h [p(t)]
)]

+
[(

MkIβ

a,h [p(t)]− kIβ

a,h [pΦ(t)]
)(

kIα
a,h [pΦ(t)]−mkIα

a,h [p(t)]
)]}

,

where α,β > 0,k > 0.

Proof. Applying Theorem 10 for Φ(x) = Ψ(x) , we obtain (2.38).
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