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Abstract

This paper deals with some results of fractional inequalities involving two recent recent integral operators: the (k,s, 1) —Riemann-Liouville
integral and the (k,) —Hadamard fractional operator. We generalize some classical integral inequalities as well as some other fractional
inequalities. By simple arguments, we establish a relation between the two considered operators that allows us to establish several integral
results.

Keywords: (k,s,h) —Riemann-Liouville fractional integral, (k,h) —Hadamard fractional operator, Korkine identity, Gruss inequality.
2010 Mathematics Subject Classification: Primary 26D10; Secondary 26A33.

1. Introduction

Let us consider the weighted Korkine’s identity (see [9]):

b

[0 [ peoirecon [

where p is a positive integrable function and ® and ¥ are two real-valued integrable functions which are synchronous on [a, b] : that is:

pweeds [ poeas=1 [ [ p0p@ o) e o ~¥@laar,

(@(1) —@(1)) (¥(r) - ¥(7)) > 0. (1.2)

Also, we consider the weighted Gruss inequality (see [12]):

b b b b M—m)(N—n b 2
| v [ poee e [ podwds [ peedr < W=m V=) ( / p(x)dx) , (1.3)
a Ja Ja Ja a
where p,® and W are three integrable functions on [a, b], satisfying fabp(t)dt > 0 and
m<®u) <M,n<¥u) <N;m,Mn,N R, uc [a,b]. (1.4)

Recently, in [2] M. Bezziou et al. introduced a new class of fractional operators which is called the (k,s,)—Riemann-Liouville fractional
integrals with respect to a given function A:

(s+1)'7%

krk (a) /at <h5+1 ([) 7hs+l (T)) %_1 X (T) h/ (T)f(’f) dT, 1)

Wan(f(1) =

k
where I'y (o) = [ 1% e~ %dr,a >0,k >0,s € R—{—1}.
The same authors introduced another class of fractional operators. It is called (k,h)—Hadamard fractional with respect to & and it is given by:
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where k > 0.

Many researchers have been concerned with the functional (1.1) and the inequality (1.3). For more details, we refer the reader to
[1,3,4,5,7, 11] and the references therein.

The main purpose of this paper is to establish some new inequalities by using the above classes of operators. We generalize some results
already published in the papers [6, 12].

2. Main Results

We begin by proving the following theorem:

Theorem 2.1. Let f be an integrable positive function on [a,b] and let h be a measurable, increasing and positive function on (a,b], with
h € C' ([a,b]). Then for all o > 0, the following inequalities are valid:

o o o —1 (10g%) k o o (01 —1 2
Kl LFO] kg p 17 F O] =T [0 ()] il [Zr f(l)} < Ti(ath) an (@) = ©lgn (@) gy () | 1 2.1

where f € Lo [a,b],
and

(Z _a) (trfl _arfl)

O] G F O =Tl (O] Wy [ (0] < 5 [, (r )] 22)

Proof. We consider the quantity

Q

(s+1)'% -

{Han(0.7) = Sl (#7011 @) (OF (1) (0). 23)

where T € (a,t),t € (a,b] and p : [a,b] — R™ is a continuous function.
From (1.1) and (1.5), we can write

%/1/’ iHa,h (t,7) WHop (1,p) (P (1) —@ (1)) (P (t) —¥ (p))dTdp (2.4)

_ (s+1)? / / hv+1 )=t (z ))Ll <hx+1(t)_hs+1(p)>%*1

2k2r2
xh (t )h’(p)hs( )R (p)p(T)p(p) (P (1) — (7)) (P(t) —¥(p))drdp
pYP) (1)

= WJawp(0) i (pPY) (1) — 12 (p®) (1) iJa

—~

In (2.4), replacing p (t) = f (t), ®(t) =t and ¥(¢) = 1"~ !,1 € [a,b], we have

(s+1)? / [ o-r @) e

1m
s—>—1T k2F2

(hs+l ( ) hs+1 (p))
xf(z)f(p)drdp

t ot s+1 _ s+l %71
_ 1 // lim <h (t)—nh (1))
2kT3 (@) Ja Ja s——1+ s+1

s S %71
y (M) I (o) e (p)} H () K (p)

& _q
k

W (p)H (p)(z—p) (T’*‘ —p’*‘) 2.5)

s+1
x(z=p) (7' =p" 1) £(5) £ (p) dedp

= kZF% . // (10 ;)‘Z] (log%)

(a)
0H (p)
)
(

o
k

Er nip) - P) (¢t =p") £(2) f (p)drdp
= 4l h[f I h[f f(n)]— klgh [tf (2)] k[gh [lrilf(l)]
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Since f € Lo [a,b], then we have

rly> = 1)2(('_5) [ o-rr@) ™ (et w-wr o)

2k21"]% o
< (D) (p)* (1)1 (p) (2~ p) (" = p™1) £(5) f (p) dvdp 26)
(S—i-l)z(]_%) toty " P
< (r,ps)lél[:’b]2|f(r)f(p)|2k21—%(a)~/a /a (h H(l‘)—h+ (T))
<H (D) (p) I (2) ¥ (p) (z—p) (" —p" ") dredp
< IR [ () MET) — W8 W)

This implies that
If () f ()l R (1) — s+ (1)
)I[) 2 2kF (o) //(13£>T|+|:(M>
X I (D) () (D) (p) (2= p) (v —p™") ] dedp @.7)
= Il [klgf’l(l) Klan(t") = kg (8) klgy(t Pl)] :

Hence, by (2.5), (2.6) and (2.7), we get (2.1).
To obtain (2.2) we observe that from (2.5), we get

W L O W, F (0] - kzg_h f (O] W1, 17 £ )]

=p) m [ (O —r @
: (T,ps)?[)a,t} 2k 1-*2 //<1st1+ |:( s+1 )
K3 5 %71
x (W) W (2K () () (p)f(r)f(p)] dedp 8)

(t—a) (" —a") ol h(n)\F! h(t) \ V(o) (p)
= 20T () L (bgm) (‘°gh<p>) 1(x)h(p)
f(r)f(p)ldrdp.
Thanks to (2.8), we end the proof. O

Remark 2.2. - If we take =k = 1,h(x) =€ andt = b in (2.1), we obtain the second part of Theorem 5 in [9].
2- If we take oo = k = 1,h(x) = €* and t = b in the (2.2), we obtain the first part of Theorem 5 of [9].

Theorem 2.3. Let f be an integrable positive function on |a,b] and let h be a measurable, increasing and positive function on (a,b] with
h e C' ([a,b]). Then for all o > 0, the following inequalities hold:

(1)
I U] 17 0] - (8 [ 0)]) < M

o (T a (r—1 2 2
o M) = (WD) WA, 29)

where f € Lo [a,b],
and

(Zr—l 7ar—1)2 [

o o[ o = 1 2 o 2
A& W] Al f )= (ks [r 1 ()]) < A )] (2.10)
Proof. Applying Theorem 1 for ® (x) = ¥ (x) ="', we obtain (2.9) and (2.10). O

Theorem 2.4. Let f be an integrable positive function on [a,b] and let h be a measurable, increasing and positive function on (a,b] with
h e C'([a,b]). Then for all t € (a,b] and o > 0, > 0 the following inequalities hold:

W FO) )l 1 F O 11D, O] 141177 (1)
e Ol [ 1 (0] =1, ef (0] Wiy [0 £ ()]

<*>

o (Y _ g B (-1
Fk(ﬁ +k) kla,h(t) kla,h(l)klaﬁ(l ) (2.11)

log 775 B
— %P ()~ M .| 1712,
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where f € Lo [a,b],
and

W LFO) 1T, 17 O]+ 1B [F00) (18167 1 1)
e )8 [ 0] —kza PO, [ 0)]
(r=a) (= =) & L O] Wb, L (0]

IN

Proof. We consider the quantities

a
2

5 ll,g' RS () — st
o (%) = “ OO (@) () (),

and

?vhw

s ll—ﬁ () — s+l -1
H  (1,p) = OO (o)1 (p) p (p).

where T € (a,t),p € (a,t),t € (a,b] and p : [a,b] — R is a continuous function.
From (1.1) and (2.13), we can write

/at/al ‘;(H(xh (¢,7) iHﬁh(t p)(®(1)—® (7)) (P (t)—¥(p))drds

« B
2k2sr+1 // hs+1 Wt (c >T71(hs+1 et )?71
% (
)
(

xh’()h’() () $(0) p(7) p (P) (@ (1) — @ (1)) (¥ (1) — W (p)) drdp
= W40 P, (p®) (1) + 1P p(1) %, (pBE) (1)
—I% (p®) (1) WP, (p®) (1) — kfﬁ,, (p®) (1) 3184 () (1).

Taking p(t) = f(¢), @(t) =t and ¥(¢) = "1 € [a,b] in (2.14), we have

h*‘ (g %71
(A, RT@TB) o //a BERE

)T(B)
B r )\ T
x (EROEEN) T (@) (p) (2 - p)

x (! —p’*l) f(r)f(p)drdp

a
= lim 7h+1 )it ) 7
2k21"k(a LB J, Jos—o1t s+1

(%)“'h( )i (p) () (p)
x (=p) (v =p"™") £(2) £ (p)| dedp
= O] Rl O 0] B [ £ )]
— kIl [ O] I O] I8 O] D, 11 ().

The fact that f € L [a, b] allows us to observe that

W O B 1 (0] = I8 7)) 418 [ 0]
— kI [ O] I O] I8 O] B, 1 (1)

F@r@l o [t -t @)
< (T,ps)zib]zwrk(a)rk(ﬁ)/a/asi1+K st 1 )
sHL sl £-1
X(%) h’(r)h’(p)(r—p)(f“1 p ) drdp
< U2 R () W6 i I 0 )

— (I (ORI (0 = W (1) 118, 00

Hence, by (2.15) and (2.16), we get (2.11).

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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On the other hand, we have

WS OVl 1 F @1+ I2, [F(0O) S, [ F (1))
gt ()] kzﬁh {f 1f<z>} 4l [ O) Wlgy [ (0)]

wp NPT g ]y [t @)
< (17p>;[)a’t]2 2k? Fk //asl),ﬁ < s+ 1 )
s s %71
x (M) h’(f)h’(P)hs(T)hs(p)f(f)f(P)} dvdp @
s+1
(—a) (™ —a ) g )\ h@
KT (o) T (B) ./a/a(l‘)gh(rJ (bgh(p))
H (D) (p)
7ﬁgyﬁagyf(f)f(P)deP~
Thanks to (2.15) and (2.17), we obtain (2.12). o

Remark 2.5. If we take oo = B in Theorem 4, we obtain Theorem 1.

Theorem 2.6. Let @ and ¥ be two integrable functions on [a,b] satisfying the condition (1.4) ,p be a positive function on [a,b] and h be a
measurable, increasing, positive function on (a,b], with h € C' ([a,b]) . Then, we have:

Ko [(O] 11 PP ()] = il [P0 Loy [P¥(0)] (2.18)
< WA o),
where o > 0,k > 0.
We need the following lemma:

Lemma 2.7. Let ¢ be an integrable function on [a,b] satisfying the condition (1.4) on [a, D], let p be a positive function on [a,b] and let h
be a measurable, increasing, positive function on (a,b] with h € C' ([a,b]) . Then, we have

8 0] 1 [p0°0)] — (11 oo(e)) (2.19)
= (M (&P 0)]) = W o)) (1% ()] = m (W, [p(1)]) )
— (WP ]) (k1844 (M = 9(6)) (0(6) = m) p()]) .

Proof. Let ¢ be an integrable function on [a, b] satisfying the condition (1.4) on [a,b] . For any 7, p € [a,b], we have the following identity

( )o(p) —mp(p)) (2.20)
—p(P)p(t)(M—o(7)) (¢(T) —m)
=p(T)p(p)(M—o(p))(¢(p)—m)

We consider the quantity (2.3). Then, multiplying (2.20) by {Hy , (t,7) X Hap (t,0),(T,0) € (a,1)?,s € R—{—1} and integrating with
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respect to T and p over (a,1)*, we get
s ( s+1 -1
() { [ [ am {(’1;}”) B (O (2) (p(7) (%)~ mp ()

s+1 s+1 i1
y (’”U—hﬂm) A (p)h’(p)(Mp<p)—p(p><p<p)>} ddp

s+1
H‘l s+1 -1
+f [, m, [(hﬁf()) W () (2) (M (5) - p () 9(2)

[

s+1 _ s+l k
. (M) ” (p)h’(p)@(p)w(p)—mp(p»} dvdp

s+1
1

[ m [(W) W (K (2) (M~ 9() (9(5) —m)

s—r—1F

s+1 _ s+l i1
x (%) s (p)h’(p)p(p)p(f)] dtdp

/ /a vimw [(W)%_lhs(f)h/(T)P(T)

s+1 _ s+l %_l
« () h-wp)h'(p)p(p)(M—w(p))«p(p)—m)} drdp}

s+1
therefore,
1 0ot n(t)\ <! h(t)\ 'K (1)
25Ty ){/ I [(I"g(r)) (oeier)
< 5L (41p (p) ~ () 9(p)) (0 (2)9(5) ~mp (1)) | aap
[ (10g MO Y (10 B0 Y1 (p)
+// _<1g @) (i) 5
x (Mp(r)w(r)w(r))(p(pw(p)fmp<p>>}drdp
,— RO\ (k@) N (p)
// _(l"g()) (oeiigs) ity @)
x ((’))pu)(M—w(r))«p(r) )}drdp
h(t) )\ (D)
L1 {( 5 (i) e
< B ) M- 0(p) (0lp) ) axap ).
Which ends the proof of lemma 7. O

Proof. of Theorem 6. Let us define the functional

G(1,p) = (2(1) =@ (p)) (¥(7) =¥ (p)), T:p € (a,0) 1 € (a,b], (2.21)

where ® and W are two integrable functions on [a, b] satisfying (1.4).
Now, multiplying (2.21) by {Hy j, (t,7) {Ha 4 (1,p),7,p € (a,t), which gives (2.3) and integrating the resulting identity with respect to 7

and p over (a,1)?, we have

3 s 0.5 e 4.p) (@(5) (0 (8 (2) - W ) ddp
= gy [p(0)] (I [p@Y(1)] — 41, [PP(0)] 17, [P¥(1)]- (2.22)

Using Cauchy Schwarz inequality, we get

(% 1P (0) 11 [p9(0)] — 412, (P00} 15 (1))

1 t ot
< 5 | Han0.0) iHan(e.p) (@(2) (p)drdp .23)

x%/al/al WHon (t,7) WHan (up)(\{l(f)_\y(p))zdmm
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where
%/az/a’ $He j (1,T) $Hep (8,0) (® (1) — @ (p))* d1dp
= (welw)) (v [per0]) -~ (b)) .
and

%./at / Hap (1,7) {Hap (1,0) (¥ (1) =¥ (p))* dedp

(o)) (1% [p20)]) (2 le)” @25

From Lemma 7 and thanks to the inequalities(2.22),(2.24) and (2.25), we have

tim[1Ep(e) 1 () (1) — 18 (p) (1) 15, (09 ()] (226)
< tim (008, 1p0)] = 198 pe0)]) (18, 0]~ mi I, p0)])
x tim | (N () = 38 P2 O)]) (e P2 O] = ma g, Ip(0)])]
Which implies that
(L1, (0) IS5, (P®) (1) — 415, () 1) 1%, (%) (0)] @27)
< [(Mkla b 10 = 2 @ (1)]) (W, ()] — el [p(1)]) |
(N2 (0] = 418 [P2(0)]) (15 02 (0] = el [p(0)]) |
Thanks to the elementary inequality 4xy < (x+y)2,x,y € R, we can obtain
(M, [p(0)] = W12, I (0)]) (IS5, [pP(0)] = el [p(0)])
< ( sl lp ])2 (2.28)
and
(Mg 1o 0] = #1854 [pP)]) (4185, [pP)] = il 5, 1p(0)])
< (sz 1 ]>2. (2.29)
Hence by (2.27),(2.28) and (2.29) we get (2.18). O

Remark 2.8. - Taking k= a =1 and h(x) = ¢e" in (2.18), we get (1.3).

2-Takingk=a=1,s=0and h(x) =xin (2.22), we get (1.1).

Theorem 2.9. Let ® be an integrable function on [a,b] satisfying the condition (1.4), let p be a positive function on [a,b] and let h be a
measurable, increasing, positive function on (a,b) and h € C' ([a,b]) . Then, we have

2
(1 0] 1 [p920)] = (st 00| 230
M —m)? 2
< W o)
Proof. Applying Theorem 6 for @ (x) = ¥ (x), we obtain (2.30). O

Now we use two real positive parameters to prove the resuts:

Theorem 2.10. Let @ and ¥ be two integrable functions on [a,b] satisfying the condition (1.4), let p be a positive function on [a,b] and let
h be a measurable, increasing, positive function on (a,b) with h € C' ([a,b]) . Then, the following inequality holds

W ()] 1P [pDP(1)] +k1ﬁh [p(t)] k1% [pP¥(1)] (231

— I PRI [P 0)] — B, [P 1, [P )}]2

< {[(Mka,h[ (0] = 2 [p(0)]) (K12, [ (0)) el [p(0)) |
[(Mu’* = utf, p@0)]) (12 [p@(0) = mid, 1)) | }

S C RGBT 0N (kf“h[p% —mdl p0)])]
- [(Nkl’* 0= ol P21 (M2 P¥0] -t 0] |}

where o, > 0,k > 0.
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We need the two following lemmas.

Lemma 2.11. Let ® and \¥ be two integrable functions on [a,b] satisfying the condition (1.4), let p be a positive function on [a,b] and let h
be a measurable, increasing, positive function on (a,b] with h € C' ([a,b]) . Then for all &, > 0, we have

(K& )] 8, PP (O] 18, [p(1)] 412 [p2P(1)]
I 208, () — 8 (o)) 15, (0]}
< {klﬁfh p(O)] 41}, [p@z(t)] 18, 0] WIS, [pcbz(o] (2:32)
W2 @] 1L, ()]}
{kﬂh ()] 2, [P 0] 4412, (0] W, [ P22 (0)]

= 208 PP, P01}

Proof. Using (2.13), we get

/az /a’ WHeon (t,7) (Hpj (t,0) (@ (1) —@ (7)) (¥ (1) —¥(p))drds
WP () i (PP®) (0 + 110 (0) 155, (p) (1) (233)

% (p®) (1) 32, (D) (1) — 318, (p®) (1) 1, (D) (1)

Then, by Cauchy Schwarz inequality, we get

(e 1p0)]) (72, 1p@e(0)]) + (W92, p(0)]) (8 [pe )
— (2 loen) (192, %)) — (2, 100))) (1 e )])]

< {slp) 38, [p920)] 198, 0] 18, [pe? )] (2.34)
— 28, @)L, (o))}
< {1 0] 12, [P 0)] I8, )] 198 [P 0)]
— 28, PYORIL, PO} -
Now, applying limit to both sides of (2.34) for s — —17, we get (2.32). O

Lemma 2.12. Let ¢ be an integrable function on [a,b) satisfying the condition (1.4) on |a,b], let p be a positive function on [a,b] and let h
be a measurable, increasing, positive function on (a,b] with h € C' ([a,b]) . Then for all a,B > 0, we have

A lp®)] 4l [ (0)] 41 (p0)] 124 [po? ()]
=2 (W& [pe(0)]) (u1f, Ipo(r 1)

= (M (et 1p0]) = B, 1) (181 m(kzzh[pm]))

(0 (st p(0)]) = 4154 00 0)]) (12, TP 0] = (412, (1)) ) 235)

= (1t Ip0]) (2,101 = 9(0)) (01) - )()1)
( (

Proof. Let us multiplying (2.20) by }Hg 1, (1,7) X} Hg , (1,p), (7,p) € (a,1)?,s € R—{—1} and integrating with respect to 7 and p over
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(a,1)*, we get

herl hs+1 %*1 E ,
e { [ 1{(H”) W (2K (3) (p (1) 9(2) ~mp(2))

s+1 _pstl %71
y (W) 1 (p)H (p)(MP(P)_P(P)‘P(P))] drdp

o[ [ i [(M)Zlhsmh/(r)wp(r)p(r)q»(r))

s——1F s+1

(e (t)—hfﬂ(p))f‘

ST 1w (p)H (p) (p(p)@(p) mp(p))] dtdp

[ [ i [(W”‘“U)Zlhsmh/(r)w<p(r>><<p<r>m)

s——1" s+1

s+1 _ s+l %71
. (W) W (p)H <p>p<p>p<r>] dudp

a_y

7/41 A sgmﬁ [(W) B ()i () p(7)

s+1 _ s+l %71
« () h%p)h’(p)zo(p)(Mw(p))(q»(p)m)] drdp}

which implies that

o

s () (ett) 4
h’((p
L) (o) 55

T
T

//{( %) ( (?)) h<(5>)”(")

I )= m)] asap

L[t () e
h(p))

~

X

(Mp(p)— P(P)@(P))(P(T)q’(f)*mp(f))} dtdp

=
v

—~
N2

X

3‘

(Mp (1) - p(r)<p(r>><p<p><p<p>—mp(p»} dvdp

~—

X

X

p(p) (M <p<p>><<p<p>—m>} drdp}.

Lemma 12 is thus proved.
Now, we give the proof of the Theorem 10.
Proof. We have
(M= (1)) (® (1) = m) = 0and (N =¥ (1)) (¥ (1) —m) > 0,
then, we observe that
(e p()]) (2, 1M — () (9(2) = m) p(1)])
= (W2, p0))) (924 [ = 0(0)) (9(1) —m) plr)]) <.

(2.36)

(2.37)

And from Lemma 12, using the identity with the (s,k, h) —Riemann-Liouville fractional integral and applying Cauchy Schwarz integral

inequality for double integrals with two parameters ¢, 8 > 0, the Lemma 11, (2.36), (2.37) and lim1+ ( J*
N

k“a,h’

kJﬁ ) we get (2.31).

O
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Theorem 2.13. Ler ® be integrable functions on [a,b] satisfying the condition (1.4), let p be a positive function on [a,b] and let h be a
measurable, increasing, positive function on (a,b] with h € C' ([a,b]) . Then for all t > 0, the following inequality holds

24 p(0)] 4P [p22(0)] 4428, Ip(0)] 41 [p02 ()]

248 o) 1, (o] 38)
< 2 {[(Md2y p0) — 1% [p20)]) (2, p@0)] =il 1p(0)])
[ (Ml 101 = 418, (0] (11 ()] — il [p(0)]) | }
where o, > 0,k > 0.
Proof. Applying Theorem 10 for & (x) = ¥ (x), we obtain (2.38). O
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