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algebra and the cyclic group algebra. Also, we determine the pseudoblocks for the group
algebra of the special linear group SL(2, p) in the natural characteristic being the only finite
group of Lie type of finite representation type.

1. Introduction

In [1], the concept of pseudoblocks of the endomorphism algebra of a module over an algebra was introduced and shown
to have a control on the (Brauer) block distribution of the simple modules for the endomorphism algebra in the light of
the Brauer-Fitting correspondence. In this paper, we borrow the concept of pseudoblock from [1] to introduce it to finite
dimensional (not only endomorphism) algebras. We investigate the pseudoblocks for several known algebras such as the
triangular algebra and the cyclic group algebra. Towards the end, we investigate the pseudoblock distribution for the group
algebra of the special linear group SL(2, p) in the natural characteristic being the only finite group of Lie type of finite
representation type.

2. The pseudoblocks

The Brauer-Fitting correspondence relates the isomorphism classes of indecomposable direct summands of a module to the
projective indecomposable modules for its endomorphism algebra. This correspondence is shown in [1] to be incompatible
with the (Brauer) block distribution of modules in both sides. Instead, the concept of the pseudoblock of an endomorphism
algebra of a module over an algebra was introduced to ensure such compatibility. Here, we borrow this notion and introduce it
for any finite dimensional algebra. Let A be a finite dimensional algebra over an algebraically closed field F', modA denotes
the category of finitely generated A-modules, and we write /ndA for the class of indecomposable A-modules. We also write
(X,Y)4 for the A-homomorphism space Hom4 (X,Y) between two modules X,Y € modA. The pseudoblock linkage relation
P?A is an equivalence relation defined on /ndA in terms of the homomorphism space.

Definition 2.1. If X,Y € IndA, then X P?A Y iff there is a sequence of modules X = X1,Xa,...,X; =Y in IndA such that for all
ic{l1,2,...t}either (X;,Xiy1)a #0 or (Xiy1,Xi)a # 0.
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Clearly, = is an equivalence relation on IndA. We call the equivalence classes IndA/ = are called pseudoblocks of
PSA PSA

the algebra A.

3. Connection with the Brauer blocks

The following shows that the pseudoblock linkage principle }%A is stronger than the Brauer linkage principle f relating

indecomposable modules which belong to the same block.

Lemma 3.1. IfX,Y € IndA and X P?A Y, then X ? Y.

Proof. It X P?A Y, then there is a sequence of modules X = X, X,...,X; =Y in IndA such that for all i € {1,2,...,¢} either
(Xi,Xi+1)a #0or (Xit1,Xi)a # 0. But this implies (see [2], p.93) that for all i € {1,2,...,7} either X; ’7 Xit1 or Xiq1 ? X;, and
so X 'f: Y. O]

Remark 3.2. The converse of lemma 3.1 does not hold. If we take A = FSL(2,4) and CharF = 2, then A has four simple
modules namely 1,21,2,,4 (the latter being the Steinberg module) distributed into two Brauer blocks 1,21,2,, 4 . The two
—

B By
2
indecomposable modules 1, 1 € IndA belong to the same (Brauer) block, but they lie in a two different pseudoblocks of A. To
2

see this,

Figure 3.1: Some blocks in /ndA split into union of pseudoblocks

It follows that, in principle, some (Brauer) blocks of A split into a union of pseudoblocks, and so we have |IndA/ 7 | <
IndA/ =~ |.
[ndA/ PSA|

Motivation 3.3. If we take Y € modA (not necessary indecomposable) and write Inds(Y) for the isomorphism class of
indecomposable A-summands of Y, then applying the linkage relation P?A on Inds(Y), it was shown in [1] that the (Brauer)

block distribution of the simple modules of the endomorphism algebra E(Y) = Enda(Y) is controlled by the pseudoblocks
distribution of Inds(Y); that is if Y;,Y; € Inds(Y) and S;,S; € Irr(E(Y)) are the corresponding simple E (Y )-modules under
the Brauer-Fitting correspondence, then S; (%) S; Y P?A Y;.

E(Y

A Useful Criterion 3.4. The pseudoblock equivalence relation P?A is defined in terms of the homomorphism space (X,Y)a. If
X,Y € IndA, then (X,Y)a # 0 ifand only if 3K <, X : X /K = submodule of Y. For, if 0 # f € (X,Y)a, then K =kerf S X
and X /K = Imf <, Y. Conversely, if 3K <, X : X /K =T <, Y, then composing the map X /K =T — Y with the natural
map X — X /K we get a nonzero map 0 : X — Y. Therefore, we have the figure 3.2

Lemma 3.5. (X,Y)s # 0 ifand only if 3K <, X: X /K = a submodule of Y.

4. Connection with tensor algebras

Suppose that A}, A, are two finite dimensional F-algebras. If X; € Ind(A;);i = 1,2, then it is known (by considering
endomorphism algebras) that X; ® X, € Ind(A; ® A;). The following theorem shows that the concept of pseudo-blocks is
compatible with tensor operation of modules.

Theorem 4.1. [3]. If X;, X! € Ind(A;);i=1,2, then X, ®X, =~ X{®XjifandonlyifX, =~ X N X ~ Xj.
PS(A; @A) PSA; PSA

Ky
1R, 2
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X f: ) {
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N

Figure 3.2

Proof. Since X o Xj, there is a sequence X; = U;,Us,...,U; = X{ in IndA; such that for all j € {1,2,...,7} either
1

(Uj,Ujs1)a, # 0 or (Uj+1,Uj)a, # 0 . Similarly, since X, 2 Xj, there is a sequence X, = V1,V,...,V; = X} in IndA;
2

such that for all j € {1,2,...,r} either (V;,Vj;1)a, # 0 or (Vj41,V})a, # 0 if and only if we have a sequence (with refining
sequences if necessary) X; ® Xo = Uy @ V,U, @ Va,...,U; ®V; = X{ ® X} such that for all j € {1,2,...,t} either

Uj @V, Ui @Vjr)aea, 70 or - (U1 @V, Ui ©Vi)aea, 70

(by taking the tensor homomorphisms). Therefore, X; ® X, =~ X[ ®Xj.
PS(A1®A;)

5. The pseudoblocks of certain finite dimensional algebras

Here, we determine the pseudoblocks for some finite dimensional algebras. It turns out that the two concepts; blocks and
pseudo-blocks, coincide for all.

5.1. Semisimple algebras

It is clear that the two notions; blocks and pseudoblocks, coincide for any finite dimensional semisimple algebra A; that is
IndA/ 2= IndA/ . O

5.2. The symmetric group algebra FS3

LetA =FS;3.

1. If CharF 1 |S3|, then A = FS3 is semisimple, and so IndA/ 2= IndA/ ~as shown above.
2. If CharF =2, then A has two simple module 1,2 and /ndA (consists of three indecomposable modules) has the following

block distribution: 1, 1 2 which clearly coincides with the pseudoblock distribution.
~~ B
By

3. If CharF = 3, then A has two simple modules both of dimension 1; Sg (the trivial module) and S (the sign module), and
IndA consists of six indecomposable modules all lie in one Brauer block and are connected by the following sequence

of A-maps
N So s
S =20 58— 85 =0 8.
S1 So S1
S1 So

Hence, A = F S3 has a single pseudoblock in this case. Therefore, we have the following

Theorem 5.1. For A = F'S3 and in all characteristic of F, we have IndA/ P?A: IndA/ ~. O
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5.3. The triangular algebra

Now take
ailr  apn ... dip
. . ayy ... dyp
AZ{(CZ,'])EM,;(F)|CZ,'1'=0;VZ>]}= a= . . saij €F ¢,
Ann

the algebra of n x n upper triangular matrices (which is isomorphic to the algebra of lower triangular matrices). Then, A is

isomorphic to the path algebra of an equi-oriented quiver of type A,. By Gabriel’s theorem (see [4, Chapter11]), this quiver has
n(n+ 1)/2 indecomposable modules corresponding to the positive roots of Lie algebra of type A,. In fact, A acts on the space
of column vectors U = F" by matrix multiplication and

0 an aln
0 ary ... arp
Nz{ SR }=J<A>;
0 ay1a
0

the Jacobson radical of A, and consequently A has n simple (1-dimensional) representations ¥, : A — F  (a+—> ay,);v =
1,2,...,n (y,is an algebra map ¥, = Yy, < v = ). We also have
V] Vi

V2
NU{ ;
%

n—1
0 0
with dimN"~'U /N'U = 1;¥i=1,2,...,n and N"'U/N'U = y,_;,. Therefore, as A-module, U = F" has the following
(unique) composition series

:v,-GF}7 and N'U = { V”Li :viGF},soUDNUDNZU D...DN"'U > 0is a composition series
0

UDNUDN*UD...ON"'UD0

Yn WYn-1 VYn-2...Y2 VYi.

It follows that the quotient module U; o = N"~'U /N"~"T*U is a uniserial (hence indecomposable) with the following (unique)
composition series

Ui.a'
IP,; 1 NH—EU
tabi—l 1 Nn—i+1U
t,b- " N'n—i+2U

tr‘{"t'—fr+1 T NH_E+CEU

Figure 5.1

and hence U; o = N iU /N"" ey, (i=1,2,...,nand ot = 1,2,...,i) give a complete set of indecomposable A-modules. Not
that Ui 2 U;p = i=jAa= B and U; | = y;. The modules Uy 1,Us 2, ...,U, » give a complete set of projective indecom-

0 0 aly ... 0
0 0 azyy, ... 0
posable A-modules. In fact, it is clear that U,,, = L, = { Do : N apy€eFi<viv=1,2,... ,n} <1A. Note
Ayy

00 0O 0 O
that the composition factors of U, , = N* U /N"U = N""1U are as follows:
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Uv,v
Yy |
1 Nn—v+1U
lpu—l
T Nn*erZU

wl T N*Ttu
<0

Figure 5.2

The triangular algebra A is not semisimple (J(A) = N # 0), hence it has a nontrivial block theory. In fact, A = ):?q <n Uy
(projective indecomposable A-modules PIM decomposition) is known to be connected; i.e. it has a single non-zero central
idempotent, namely 1,, and so it has a single block. On the other hand, from the structure of the objects U; o = N"~'U /N"~¢U
(i=1,2,...,nand o =1,2,...,i) of Ind(A), the objects of the class Ind(A) can be connected by a series of A-maps as follows:

Un,l
/]\
/]\
Ugg — - Upn-z
1) T
U3’1 — U4’2 — ... - Upno
T T T
Ui — Usp — Uz — ... —= Uy
T T T T
U1_1 — U272 — U373 — U474 — cen — U,,J,
—_————
n=2
n=3

n=4

Therefore, A has a single pseudo-block, and so we have:

Theorem 5.2. For the triangular algebra A over a field F, we have IndA/ P?A: IndA/ f' U

5.4. The group algebra of cylic groups

We now consider the group algebra of cyclic group A = FC,;n = p®e; p t e over a field of characteristic p. It is known (see [2],
p.34) that A = FC, has e simple (all are 1-dimensional) modules {5, |4 is an e-th root of 1}, where S; = F on which C, acts
by multiplication with A. It is also known that A = FC, has a total of n = p“e indecomposable modules. For each integer
1 <m < p?, there is a uniserial module L, ,, of dimension m with all composition factors are isomorphic to S (note that
Ly 1 =35)). The set {L ,,|A,m} gives a complete set of n = p®e indecomposable FC,-modules. Clearly, PIM= {Ly pa|A}
(Ly po = P(Sy) is the projective cover of S3), and FC, = Y3 Ly ,a. The group algebra FC, has e blocks {B;|A}, where
By = {L u|1 <m < p}. Itis clear from the structure of L, ,, that FC, has e pseudo-blocks.

Theorem 5.3. For the group algebra FC, over a field F, IndFC,/ o = IndFC,/ = O

5.5. p-group algebra in characteristic p

The group algebra F'G of a finite p-group over a field F' of characteristic p is known to be indecomposable and has a single
simple module, namely the trivial module 1 = Fg, and hence has a single block. All indecomposable F'G-modules are uniserial
with all of its composition factors are isomorphic to Fi. Hence, IndF G forms a single pseudo-block of FG.

Theorem 5.4. For the group algebra FG of a finite p-group over a field F of characteristic p, IndFG/ PS%G: IndFG/ ;\V(J; .0
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6. The special linear group SL(2, p)

We now consider the group algebra A = FSL(2, p) in characteristic odd prime number p. It is known that SL(2, p) is the
only finite group of Lie type which is of finite representation type in the natural characteristic (see [5, Chapterl] ). It is
known that SL(2, p) has p (p-regular) conjugacy classes and (hence) p isomorphism classes of simple FSL(2, p)-modules of
dimensions 1,2,3,..., p distributed in three blocks B}, By, B3 (see [6], p.469). We refer to each simple module by its dimension;
hence 1 is the natural representation of SL(2, p) and p is the Steinberg representation. There are p> — p + 1 indecomposable
FSL(2, p)-modules of which 2p — 1 of them are either simple or projective (The Steinberg representation is both simple and
projective). The number of remaining indecomposable (non-simple non-projective) FSL(2, p)-modules is (p — 1)(p —2).
Denote by P;; 1 <i < p, the projective cover of the simple FSL(2, p)-module i. The following theorem describes the structure
of the projective indecomposable modules.

Theorem 6.1. [2]. The projective indecomposable FSL(2, p)-modules have the following structures:

P, B,l<n<p-—1 Py 1ip>12
1 n p—1
p-2 p—1—n p+1—n 2
1 n p—1 , and P,.
Figure 6.1

The structures of the other indecomposable (non-simple, non-projective) FSL(2, p)-modules are explained in the following
theorem

Theorem 6.2. [7]. Every (non-simple,non-projective) indecomposable FSL(2, p)-module M has two socle layers. The socle
of M consists of the modules i,i+2,...,j(i < j), and the top consists of the modules p— j+¢&,p—j+€+2,...,p—i+9,
where €,0 = *1.

The following theorem shows that, the compatiblity between the pseudoblock of FSL(2, p) and block theory.

Theorem 6.3. For the group algebra A = FG;G = SL(2, p) over a field F of characteristic prime number p,

IndA/ =~ = 1IndA/=~.
ndA/ PSA ndA/ A
Proof. First: The block B3 (which contains the Steinberg module p = P,) is clearly pseudoblock.

Second: Since B; contains all odd-dimensional simple A-modules except p, let P, P, be projective indecomposable A-
modules, let m,i be simple A-modules; for all m,i € {1,3,...,p—2}, and let M be non-simple, non-projective, indecom-
posable A-modules; ' = {1,2,...,r}; in which Py, P, m, i and M, in B; for all m,i,i". Let b=i/p—1—i,p+1—i/i
Po=m/p—1—mp+1—m/m, M =i/p—1—ip+1—i, My=p+1—i/ii Ms=p+1—mp—1—m/m,
My=p+1—-mp—1—-m/iim, Ms=m/p—1—mp+1—m, Meg=p+1—ip—1-—ili

Then, we have six cases as follows:
1. Let i,m be any two simple A-modules. Hence,
i— My — m.

Then, all odd-dimensional simple A-modules are connected either ways by a sequence of A-module homomorphisms.
2. Let i,m be simple A-modules, and let P;, P,, be projective indecomposable A-modules. Hence,

P—M —i, m—M;— P,
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Then, all odd-dimensional simple A-modules and all projective indecomposable A-modules are connected either ways by
a sequence of A-module homomorphisms.
3. Let Mp;i* = {1,2,3,5} be any non-simple, non-projective, indecomposable A-modules, and let i,m be any two simple
A-modules. Hence,
My —i, M, —m, Mz— P, — Ms— m.

Then, all odd-dimensional simple A-modules and all non-simple, non-projective, indecomposable A-modules M;;i' =
{1,2,...,r} are connected either ways by a sequence of A-module homomorphisms.
4. Let P;, P, be any two projective indecomposable A-modules. Hence,

B—M —i—=M)—p+1—i— M;— P,

Then, all projective indecomposable A-modules P,,,Vm = {1,3,..., p —2} are connected either ways by a sequence of
A-module homomorphisms.
5. Let P, P, be any two projective indecomposable A-modules, and let M, M3, M5, Mg be non-simple, non-projective,
indecomposable A-modules. Hence,
P —M,, P,— Ms.

Also,
M6 — P,‘, M3 — Pm.

Then, all projective indecomposable A-modules P,,,¥m = {1,3,...,p — 2} and all non-simple, non-projective, indecom-
posable A-modules M, ;i = {1,2,...,r} are connected either ways by a sequence of A-module homomorphisms.
6. Let M1,M>,M3,M4,Ms5, Mg be any non-simple, non-projective, indecomposable A-modules. Hence,

M — B — M,
M1—>i—>M2,

M3—>Pm—>M5,

and
My — Ms.
Then, all non-simple, non-projective, indecomposable A-modules are connected either ways by a sequence of A-module

homomorphisms.

The previous six cases are enough without loss of generality. So, all indecomposable A-modules in B are connected either
ways by a sequence of A-module homomorphisms as follows:

P—Mp —i— ... My m< M < Py;
forall i,me {1,3,5,...,p—2}and ' ={1,2,...,r}.

Thus, the block B; does not split into union of pseudoblocks. So, B; is one pseudoblock.

Third: Similarly, since the block B; contains all even-dimensional simple A-modules.

Let P.,P; be projective indecomposable A-modules, let e, j be simple A-modules; for all j,e € {2,4,...,p— 1}, and let
N be non-simple, non-projective, indecomposable A-modules; ;'=A{1,2,...,r}; in which P,, P;, e, j, and N}, in B; for all
e,j,j‘.LetPj:j/p—l—j,p+l—j/j, Pe:e/p_l_evp+1_e/ev lej/p_l_]vp+1_]’ N2:p+l_]/]’
Ny=p—1—ep+l—efe, Ny=p—1—e,p+1—e¢/e,j, Ns=e/p—1—e,p+1l—e, No=p—1—jp+1—j/j.

Then, we have six cases as follows:

1. Let j,e be any two simple A-modules. Hence,
j—N» —e.

Then, all even-dimensional simple A-modules are connected either ways by a sequence of A-module homomorphisms.
2. Let j,e be simple A-modules, and let P;, P, be projective indecomposable A-modules. Hence,

P;—-Ni—j, e—>N3—PF.

Then, all even-dimensional simple A-modules and all projective indecomposable A-modules are connected either ways
by a sequence of A-module homomorphisms.
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3. Let N j = {1,2,3,5} be any non-simple, non-projective, indecomposable A-modules, and let j,e be any two simple
A-modules. Hence,
Ny —j, Ny—e, N3z—PFP,—Ns—e.

Then, all even-dimensional simple A-modules and all non-simple, non-projective, indecomposable A-modules N ;; j* =
{1,2,...,r} are connected either ways by a sequence of A-module homomorphisms.
4. Let P;, P, be any two projective indecomposable A-modules. Hence,

Pi—N —j—=>N—p+1—j—=>N3—PF.

Then, all projective indecomposable A-modules P,,Ve = {2,4,...,p— 1} are connected either ways by a sequence of
A-module homomorphisms.
5. Let Pj, P, be any two projective indecomposable A-modules, and let Ni,N3,Ns5,Ng be non-simple, non-projective,
indecomposable A-modules. Hence,
Pj —N;, P, —Ns.

Also,

N¢ — Pj, N3 — P,.
Then, all projective indecomposable A-modules P,;Ve = {2,4,...,p — 1} and all non-simple, non-projective, indecom-
posable A-modules N; /' = {1,2,...,r} are connected either ways by a sequence of A-module homomorphisms.

6. Let Ni,N>,N3,N4, N5, Ng be any non-simple, non-projective, indecomposable A-modules. Hence,
Ng — Pj — Ny,
N — ] — Nz,

N3 —)Pe—>N5,

and
Ny — N3.

Then, all non-simple, non-projective, indecomposable A-modules are connected either ways by a sequence of A-module
homomorphisms.

The previous six cases are enough without loss of generality. So, all indecomposable A-modules in B; are connected either
ways by a sequence of A-module homomorphisms as follows:

Pj—>Nj\—>j—>...<—N}\<—e<—N}§ePe;
forall j,e € {2,4,...,p—1}and j' ={1,2,...,r}.

Thus, the block B; does not split into union of pseudoblocks. So, B; is one pseudoblock.
Thus, for group algebra FSL(2, p) in characteristic odd prime p the two notions blocks and pseudoblocks coincide.

Example 6.4. If p =2, then the representations of SL(2,2) = S3 in characteristic 2; hence the two notions blocks and
pseudoblocks coincide as stated in section 5.

If p =11, then the following are the indecomposable FSL(2,7)-modules:

o The simple FSL(2,7)-modules are: 1,3,5,2,4,6, 7 .
Y N

B B, B3
* The projective indecomposable FSL(2,7)-modules are:

1/5/1, 3/3,5/3, 5/1,3/5, 4/2,4/4, 2/4,6/2, 6/2/6, 7.

* The (non-projective non-simple) indecomposable FSL(2,7)-modules are:
5/1, 1/5, 3/5, 5/3, 3/3, 3,5/3, 3/3,5 1,3/5, 5/1,3, 3,5/1,3,5,
1,3,5/3,5, 1,3,5/1,3,5, 3,5/1,3, 3,5/3,5, 1,3/3,5.(inBy)

2/6, 6/2, 4/2, 2/4, 4/4, 4,6/2, 2/4,6, 2,4/4, 4/2,4, 2,4/24.6,
2,4,6/2,4, 2,4.6/2,4.6, 2,4/2,4, 2.4/46, 4,6/2,4. (inB,)
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The total number of indecomposable modules is 43 = 7> — 7+ 1, where Extpsi2,7) (i,j) are 1-dimension for all indecompos-
able FSL(2,7)-modules as stated in ([5], p.117).

The indecomposable FSL(2,7)-modules in B) forms a single pseudoblock via the following sequence of homomorphisms:
3/3—1,3,5/1,3,5—~1,3,5/3,5—~1,3/3,5—-1,3/5—-5/1,3/5—5/1,3—3,5/1,3—3,5/1,3,5—3,5/3,5—3,5/3 =
3/3,5/3—-+3/3,5—-3/5—-3-5/3-5=>1/5-1-=5/1—=1/5/1.

The indecomposable FSL(2,7)-modules in B, forms a single pseudoblock via the following sequence of homomorphisms:
4/4 —2.4,6/2,4,6 52,4,6/2,4—4,6/2,4—4,6/2—2/4,6/2—2/4,6—2,4/46—2,4/246—24/24—24/4—
4/2,4/4 - 4/2,4 54/2 54 —-2/4 -2 —6/2—-56—2/6—6/2/6.

O
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