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1. Introduction

The problems in daily life have many uncertainties. Classical ”true-false” logic is not sufficient for
uncertain, relative situations. Scientists in many sciences such as economics, sociology, engineering
and medicine are dealing with the complexity of modeling inaccurate information. This situation
has prompted scientists to develop very different mathematical modeling and tools to overcome
uncertainties. As a result of these studies, different theories have been developed for the solution
of uncertain types of problems.

The most common method used in uncertainty related problems is the fuzzy theory devel-
oped by Zadeh in 1965 [14]. While the accuracy value of a proposition is 0 or 1 by Aristo logic,
in fuzzy logic, the accuracy value is all numbers in [0,1]. That is, a fuzzy set is considered as a
function that matches each element in a set with a real number in the unit interval [0,1]. This
function is called membership function. Also, since the construction of the membership function
is completely individual, many membership functions for each case can be created. So, different
results for the same problem appear.

Due to this disadvantage of the membership function, in 1999, it was introduced the concept
of a soft set by Molodtsov as a new mathematical tool for uncertainties, seeing the need for a theory
independent of the membership function [8]. Soft set theory was studied in many different fields
of mathematics [4, 9-11].

The topological examination of the soft set theory was made by Shabir and Naz in 2011
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[13]. In that paper, Shabir and Naz defined the basic topological concepts such as soft open set,
soft closed set, soft subspace, soft interior point, soft closure, soft neighborhood of a soft point
over an initial universe with a fixed set of parameters. After Shabir and Naz gave the definition of
soft topological space, the studies on soft topological spaces have increased. The concept of soft
connectedness was first introduced in the literature by Peyghan et al., in 2013 [12]. In this study, a
soft connected space is defined as not being able to write as a union of two non-empty soft sets which
are soft disjoint and soft open. Peyghan et al., also presented the concept of soft local connected
space in this study. They have also obtained important results related to the soft connectness and
soft local connectedness. In 2014, Al-Khafaj and Mahmood obtained significant results related to
the soft connected sets and soft disconnected sets [2]. The soft topological version of the concept of
path, which is the main element of the path connectedness, was given by Bayramov et al., in 2013
[5]. For this purpose, firstly, by creating a soft topology on the unit interval I = [0,1] and defining
the concept of soft unit space, they proved that soft unit interval is a soft connected space. With
the presentation of a soft unit interval, the concept of a soft path connected space is first presented
in this study. This study which investigated the relationships between soft path connected spaces
and soft connected spaces can be considered as the beginning of the soft homotopy theory. In
this study, we aim to advance the studies on soft connectedness. For this purpose, we give the
definition of a soft locally path connected space. We get some characterizations about soft locally

path connectedness.

2. Preliminaries

We are here going to give fundamental concepts about the soft sets and soft topological spaces.

For this aim, we will consider these concepts as two subsections: Soft sets and soft topological
spaces.

2.1. Soft Sets

We here present some basic information about soft set theory. For details of the information in

this section, we refer the reader to Molodtsov’ s paper.
In this section, we will denote an initial universe and its power set by U and P(U),

respectively. Also F will denote a set of parameters.

Definition 2.1 [8] Let U be an initial universe and A c E be a subset of parameters. Then, a

pair (F,A) is said to be a soft set over U, where F is a map given by F: A— P(U).

In other words, a soft set over U is a parameterized family of subsets of the universe U.

We will denote the set of all soft sets over U by S(U) or S(U,E).

Definition 2.2 [8] A soft set (F,A) over U is called a null soft set, denoted by ®, if F(e) =2

85



M. Habil Giirsoy and Tugba Karagiille / FCMS

forall ec A.

Definition 2.3 [8] A soft set (F,A) over U is called an absolute soft set, denoted by U, if
F(e)=U forallec A.

Definition 2.4 [8] Let (F,A) and (G,B) be two soft sets over U. Then (F,A) is subset of
(G,B), denoted by (F,A)C(G,B) if Ac B and for all ec A, F(e)c G(e).

Definition 2.5 [8] Let (F,A) and (G,B) be two soft sets over a common universe U. Let
C =AuB. Then, the union of (F,A) and (G, B) is a soft set (H,C) defined as follows: for all
eeC,

F(e) , ifeec A-B
H(e)=4 G(e) , ifeeB-A
F(e)uG(e) , ifecAnB

Then we denote it by (F,A)U(G,B) = (H,C).

Definition 2.6 [8] Let (F,A) and (G,B) be soft sets over U. The intersection of (F,A) and
(G,B) is a soft set (H,C) = (F,A)A(G, B) defined by H(e) =F(e)nG(e) foralleeC=AnB.

Definition 2.7 [8] A soft set (F,E) is called a soft point, denoted by (x., E), if for each element
eeE, F(e)={z} and F(e') =@ for all element ¢’ € E —{e}.

Definition 2.8 [6] The difference (H, E) of two soft sets (F,E) and (G, E) over U, denoted by

(F,E)\(G,E), is defined as H(e) = F(e)\G(e), for all e E.

Definition 2.9 [4] Let S(X,E) and S(Y,E') be families of the all soft sets defined over the
universe X and Y, respectively. Let u: X -Y and p: E > E' be two maps. Then, the soft map

fup : S(X,E) - S(Y, E') is defined as follows:
(i) Let Ac E and let (F,A)eS(X,E). Then, fu,((F,A)) is an element of S(Y, E') such that

fp(F,A)@)= U Fla)

aep=1(a’'nA)
for a € p(A).

(ii) Let (G,A) e S(Y,E). Then, f;;((G,A')) in an element of S(X, E) such that f;;((G,A’))(a) =

uwH(G(p(a)) for aep(A').
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2.2. Soft Topological Spaces

In this section, we are going to recall fundamental concepts on soft topological spaces.

Definition 2.10 [13] Let E + @ be a set of parameters and X an initial universe. Let (F,E)
be a soft set over X and let us take any x € X. If x € F(«) for all a € E, then it is called that
x belongs to (F,E) and it is denoted by v€(F,E). Also, if x ¢ F(a) for some a € E, then it is

called that = doesn’t belongs to (F,E) and it is written x¢(F,E).

Definition 2.11 [I1] Let x € X. Then the notation (x,E) denotes the soft set for which z(a) =

{z} for all a € E, and it is called soft singleton set.

Definition 2.12 [13] Let (F,E) be a soft set over X and Y be a non-empty subset of X . A sub

soft set of (F,E) over Y is defined by ¥ F(a) =Y nF(a) for a € E and is denoted by (Y F,E).

Definition 2.13 [153] Let 7 be a family of soft sets over X . If the following conditions hold, then

the family T is called a soft topology over X :
(i) &, X er,

(ii) UI(Fi,E) et for (Fj,E)eT, iel,
1€

(iii) f_ﬁl(Fi,E) et for (F;,E)er, i={1,2,...,n}.
Then, the triplet (X, 7, E) is called soft topological space (S.T.S.).

Definition 2.14 [15] Let (X,7,E) be an S.T.S. Each element (F,E) of T is called a soft open
set. Also, for any soft set (F,E), if (F,E) €7, then (F,E) is called soft closed set.

The following theorem states the relation between a soft topological space and a topological
space.

Theorem 2.15 [13] Let (X,7,E) be S.T.S. Then the family 7, = {F(«a) | (F,E) € 7} for each

a € E determines a topology on X .

Definition 2.16 [13] Let X be an initial universe and E be a set of parameters.

(i) If 7 = {®, X}, then T is called soft indiscrete topology over X , and the triplet (X,7,E) is

called soft indiscrete topological space over X .

(ii) If 7 consists of all soft sets which can be defined over X, then T is called soft discrete topology

over X and the triplet (X,7,E) is called soft discrete topological space over X .
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Definition 2.17 [15] Let (X,7,E) be S.T.S. and let us take any soft set (F,E) over X. The

soft intersection of all soft closed sets which contains (F, E) is called soft closure of (F,E) and it

is denoted by (F,E). Obviously, (F,E) is the smallest soft closed set that contains (F,E).

Definition 2.18 [15] Let (X, 7,E) be S.T.S. and let us take any soft set (F,E) over X . For all
a € E, let us denote the closure of F(a) in 7, by F(a). Then, the soft set (F,E) defined by

F(a)=F(a) for all a€ E, is called relative closure of (F,E).

Definition 2.19 [13] Let (X,7,FE) be S.T.S. Let us take any soft set (G,E) over X and any
element x € X . If there is a soft open set (F,E) such that 2€(F,E)C(G,E), the element x is

called a soft interior point of (G, E). In this case, we said that (G, E) is a soft neighborhood of
x.

Definition 2.20 [7] Let (X,7,E) be S.T.S. Then, a family B c T is called a base of (X,7,E) if

every non-null soft open set (F,E) €T can be written as a union of some elements of B.

Definition 2.21 [7] Let (X,7,E) be S.T.S. and z€X . For every soft neighborhood (F,A) of x,
if there exists a soft set (G,B)e&,) such that (G,B)C(F,A), then the family &,y is called a

soft neighborhoods system of x.

Definition 2.22 [15] Let (X,7,E) be S.T.5. and @+Y c X. Then a family
7y ={(*F,E) = (Y,E)A(F,E): (F,E) et}

is called soft relative topology on' Y , and the triplet (Y, 7y, E) is called soft subspace of (X,7,E).

Definition 2.23 [15] Let (X,7,E) and (Y,0, E') be two S.T.S. over X and Y, respectively.
Then, for any soft point ©.€X , the soft map fup: S(X, E) - S(Y, E') is called soft up-continuous
at x. if for every (G, E') ¢ G‘(Tfup(%)) , there is (F\E) € S{(,.) such that fup(F, E)e(G,E).

If fup 1s soft up-continuous at each soft point of X, then fy, is called soft up-continuous

on X.

Remark 2.24 In terms of notation simplicity, we will be contented with just notation f instead

of a soft up-continuous map fup.

According to this remark, let us restatement the definition of a soft continuous map as

follows in order to get rid of notation confusion later in the article.
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Definition 2.25 Let (X,7,E) and (Y,0,E') be two S.T.S. and let f:S(X,E) - S(Y,E') be a
soft map. Then, f is soft continuous if and only if for every soft set (F,E) over X and every
soft neighborhood (G,E') of f(F,E)) there exists a soft neighborhood (H,E) of (F,E) such that

f((H.E))E(G,E).

As equivalent to Definition 2.25,

Definition 2.26 Let (X,7,E) and (Y,0,E') be two S.T.S., let f:(X,7,E) > (Y,0,E) be a soft
map and r.X . Then [ is soft continuous at x. iff for every soft neighborhood (G, E) containing

f(xze) there is a soft neighborhood (F,E) of x. in X such that f((F,E))C(G,E).

3. Types of Connectedness on Soft Topological Spaces

We will here give the types of connectedness for soft topological spaces. These types are soft
connectedness, soft locally connectedness, soft path connectedness. Also, in the last section, we

present the concept of soft locally path connectedness and obtain some characterizations about it.

3.1. Soft Connectedness
Definition 3.1 /6] Let (X,0,F) bea S.T.S. and (F,E),(G,E) e S(X,E). If (F,E)"(G,E) =2,

then the soft sets (F,E) and (G, E) are called soft disjoint sets.

Definition 3.2 [12] Let (X,0,F) be a S.T.S. and let (F,E),(G,E) € S(X,E) be non-null soft
sets. If (F,E)A(G,E)=® and (F,E)U(G,E) = X, then the pair {(F,E),(G,E)} is called a soft

separation of X .

After these definitions, we can define a soft connected space.

Definition 3.3 [12] An S.T.S. (X,0,E) is called soft connected, if there is not a separation which

consist of soft open sets of (X,0,F). Otherwise, (X,o,E) is said to be soft disconnected.

In other words, if an S.T.S. can be written as union of two non-null separated soft sets, it is

called a soft disconnected space, otherwise is called soft connected space.

Example 3.4 [12] While any soft indiscrete space is soft connected, a soft discrete space is a soft

disconnected space.

Theorem 3.5 [12] An S.T.S. (X,0,E) is soft connected iff the unique soft sets that both soft

open and soft closed are X and ®.
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Definition 3.6 [6] Let (F, E) be a soft set in S.T.S. (X,0,E). If soft subspace ((F,E),0(p gy, E)

is soft connected, it is called soft connected set in (X,0,F).

Definition 3.7 [7] Let (X,0,E) be an S.T.S. and let (F,A) € S(X, E) be a soft connected set. If
there is no larger a soft connected soft subspace that includes the soft subspace ((F,A),0(p ay,A),
then (F,A) is called a soft component of (X,o,E). In other words, the largest soft connected soft

subspace of (X,o,E) is called soft component of (X,0,FE).

Definition 3.8 [7] Let (X,0,FE) be an S.T.S. and let x.€X be any soft point. The soft component
which is contain the soft point x. is called soft component of x. and it is denoted by Cy_ . In other
words, the union of all soft connected subsets containing x. is called soft component of the soft

point z.. Clearly, Cy, is the largest soft connected subset containing x. .

3.2. Soft Locally Connectedness

Definition 3.9 [2/ An S.T.S. (X,0,E) is called soft locally connected at soft point x. if for
every soft open set (F,E) containing x, there exists a soft connected soft open (G,E) containing
x contained in (F,E). If (X,0,F) is soft locally connected at each of its soft points, it is said

simply to be soft locally connected.

Example 3.10 /2] Soft indiscrete and soft discrete topological spaces are soft locally connected
spaces.

Remark 3.11 A soft connected space is soft locally connected, but the opposite is usually not true.

Theorem 3.12 [2] Let (X,0,E) be an S.T.S. and let 3+Y c X. Then (X,0,E) is soft locally

connected iff each component of (Y,oy,E) is element of o.

Proof Let (X,0,F) be soft locally connected, let x.€Y be any soft point and let C be
soft component of z. in (Y,oy,E). Since (X,o0,F) is soft locally connected, there is a soft
connected soft open set (G, E) containing z. in ¢ such that (G, E)CC, and also it is clear that

C= (G, E). Thus, C is soft open in (X,0,E).

]
z.eC

Conversely, let C be soft component of z. in (Y,oy,FE) and C be soft open in (X,0,F).
Then, by definition of a soft locally connected space it is clear that (X,o,FE) is soft locally

connected.

Corollary 3.13 [2] The soft components of a soft locally connected space are both soft open and

soft closed.

90



M. Habil Giirsoy and Tugba Karagiille / FCMS

3.3. Soft Path Connectedness

In this subsection, unless otherwise stated we will take E = IN as the set of parameters and we will
denote the set of rational numbers on the unit interval I =[0,1] by {0, A1, Ae,...,1}. For ee IN,
Ae€@QnI and § >0, let us consider the soft set Gs: E — P(I) defined by Gs(e) = (Ae =0, Ac +9).
Then the collection B = {(Gs, E) | 6 > 0} forms a soft base of soft topology on I. The soft topology

obtained in this way and denoted by o; is called soft topology generated by B.

Definition 3.14 [5] An S.T.S. (1,01, E) is called unit soft interval.

Definition 3.15 [5] Let (X, o, E') be any S.T.S. and let (I,07,E) be a unit soft interval. A soft
continuous map f = (f,p): (I,01,E) - (X,0,E") is called a soft path, where f: I — X and
p:E — E'. The soft sets {f (0)p(”)}neE and {f (1)p(n)}neE are called initial and final of the soft

path f, respectively.

It is clear that for each n € E the map f:(I,07) — (X, ap(n)) is a path from f (0)p(n) to

J(1)p(n) in the topological space (X, opm))-

Definition 3.16 [5] Let (X,0,E') be an S.T.S. For all soft points x,, Y €X if there exists a
1 2

soft path f = (f,p) : (I,o1,E) - (X,0,E) such that p(n) = €}, p(nz) = ey, f(0) =« and

f(1) =y, then (X,0, E') is called soft path connected space.

Theorem 3.17 [5] The image of a soft path connected pace under a soft continuous map is also

soft path connected.

Theorem 3.18 [5] The soft unit interval (I,or, E) is both soft path connected and soft connected.

Proposition 3.19 Let (X,0,E ) be an S.T.S. and let x = T Y=Y be soft points in (X,0,E).

If (f,p):(I,o1,E) —> (X,O’7E’) is a soft path from x to y, then a soft map (g,7): (1,01, E) >
(X,0, E’) defined by (g,7)(t) = (f,p)(1=t),t €I is a soft path from y to x. That is, the soft map

(g,7) determines a soft path in the opposite direction of the soft map (f,p).

Proof The proof is straightforward. O

Proposition 3.20 Let (X, o, E’) be an S.T.S. and let x = Ty Y=Y and z = Ze be soft points

n (X,O',El). If (f,p):{,01,FE) —> (X,O’,E,) is a soft path from x to y and (g,7): (I,07,F) —>
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(X, 0, E,) is a soft path from y to z, then the soft map (h,w): (1,07, FE) - (X,0,E") defined as

(f,p) (2t), 0<
(h’s):{ (o) (20~ 1), 1oy

is a soft path from x to z. It is called product of the soft paths (f,p) and (g,r).
Proof The proof is straightforward. |
Theorem 3.21 Let a relation R on an S.T.S. (X,0,E’) be given as follows:
for all soft points x,y
“aRy < there is a soft path between x and y ”
Then the relation R is an equivalence relation.
Proof It follows from Theorem 3.18, Propositions 3.19 and 3.20. ]

Definition 3.22 The equivalence classes according to the equivalence relation defined above on an

S.T.5. (X,o, E') are called soft path components of (X, o, E’),

3.4. Soft Locally Path Connectedness

Definition 3.23 For all soft point x =z in an S.T.S. (X,0,E"), if there is a soft neighborhoods

system consisting of soft path connected soft sets, then (X,o,E") is called soft locally path connected
space.

That is, (X,0,E") is soft locally path connected if and only if there exists a soft path

connected soft neighborhood (G, B) such that

VaeX and V(F, A&, 3(G,B) > 2€(G, B)E(F, A).

Theorem 3.24 An S.T.S. (X, o, E,) s soft locally path connected if and only if the soft path

component of every soft open set is soft open in (X, o, E’).

Proof Let S.T.S. (X7 o, E') be soft locally path connected, let (F, A)SX be a soft open set and
C a soft path component containing (F, A). Let us prove that C' is soft open set. Let us take any
soft point z€C'. Since (X , 0, E,) is the soft locally path connected space, there exists a soft path

connected neighborhood (G, B) of z such that 2€(G, B)S(F, A). But, since the largest soft path

connected set containing z is C', we have 2€(G, B)SC. Thus, C is soft open.
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Conversely, we suppose that the soft path components of every soft open set are soft open.
Let us show that (X ,0, E’) is soft locally path connected space. Let us take any soft point 1€X

and let (F,A) be a soft open neighborhood of . Let C be the soft path component of (F,A)

containing x. Thus, C is a soft open neighborhood of x contained in (F,A). Consequently,

(X, o, E’) is soft locally path connected space. ]

Theorem 3.25 The soft components and soft path components of a soft open set in a soft locally

path connected topological space are same.

Proof Let (F,A) be a soft open set in a soft locally path connected space (X, o, E'). We will

show that soft components and soft path components of (F, A) are the same. Let C be a soft
component of (F,A), and let D be a soft path component of C. By Theorem 3.12, CS(F, A) is
a soft open set. Since a soft path component of a soft open set in a soft locally path connected
space is a soft open, DEC is soft open. At the same time, DSC is soft closed. But, since C is

soft connected, we have D=C'. Therefore, C' is a soft path connected component. O

Let us state two main results of this theorem.

Corollary 3.26 The soft components and soft path components of a soft locally path connected
space are same.

Corollary 3.27 A soft topological space which is both soft connected and soft locally path connected

is a soft path connected space.

4. Conclusion

In this paper, we have presented the concept of soft locally path connectedness. We have obtained
two results about the soft locally path connected spaces. This work is a beginning of next our

papers about the coverings and liftings of soft topological spaces.

References
[1] Ali M., Feng F., Liu X., Min W.K., Shabir M., On some new operationsin soft set theory, Computers
and Mathematics with Applications, 57, 1547-1553, 2009.

[2] Al-Khafaj M.A.K., Mahmood M.H., Some properties of soft connected spaces and soft locally connected
spaces, IOSR Journal of Mathematics, 10(5), 102-107, 2014.

[3] Aygiinoglu A., Ayglin H., Some notes on soft topological spaces, Neural Computing and Applications,
21, 113-119, 2012.

[4] Babitha K.V., Sunil J.J., Soft set relations and functions, Computers and Mathematics with Appli-
cations, 60, 1840-1849, 2010.

93



[5]

[10]

(11]

[12]

(13]

(14]
(15]

94

M. Habil Giirsoy and Tugba Karagiille / FCMS

Bayramov S., Gunduz C., Erdem A., Soft path connectedness on soft topological spaces, Proceedings
of the 13th International Conference on Computational and Mathematical Methods in Science and
Engineering, Cabo de Gata, Almeria, Spain, 24-27 June 2013.

Hussain S.,; A note on soft connectedness, Journal of the Egyptian Mathematical Society, 23, 6-11,
2015.
Lin F., Soft connected spaces and soft paracompact spaces, World Academy of Science, Engineering

and Technology International Journal of Mathematical and Computational Sciences, 7(2), 277-283,
2013.

Molodtsov D., Soft set theory-First results, Computers and Mathematics with Applications, 37, 19-31,
1999.

Oguz G., Giirsoy M.H., Icen 1., On soft topological categories, Hacettepe Journal of Mathematics and
Statistics, 48(6), 1675-1681, 2019.

Oguz G., Glrsoy M.H., Icen 1., A soft approach to ring groupoids, ITM Web of Conferences 22, 01012,
2018.

Oguz G., Icen 1., Giirsoy M.H., Actions of soft groups, Communications Faculty of Sciences University

of Ankara Series Al-Mathematics and Statistics, 68(1), 1163-1174, 2019.

Peyghan E., Samadi B., Tayebi A., About soft topological spaces, Journal of New Results in Science,
2, 60-75, 2013.

Shabir M., Naz M., On soft topological spaces, Computers and Mathematics with Applications, 61,
1786-1799, 2011.

Zadeh L.A., Fuzzy sets, Information and Control, 8, 338-353, 1965.

Zorlutuna I., Akdag M., Min W.K., Atmaca S., Remarks on soft topological spaces, Annals of Fuzzy
Mathematics and Informatics, 3(2), 171-185, 2012.



	Introduction
	Preliminaries
	Soft Sets
	Soft Topological Spaces

	Types of Connectedness on Soft Topological Spaces
	Soft Connectedness
	Soft Locally Connectedness
	Soft Path Connectedness
	Soft Locally Path Connectedness

	Conclusion

