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ABSTRACT

In this paper, we introduce the Berger type deformed Sasaki metric on the cotangent bundle T* M
over an anti-paraKdhler manifold (M, ¢, g). We establish a necessary and sufficient conditions
under which a covector field is harmonic with respect to the Berger type deformed Sasaki metric.
We also construct some examples of harmonic vector fields. we also study the harmonicity of a map
between a Riemannian manifold and a cotangent bundle of another Riemannian manifold and
vice versa.
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1. Introduction

In the field, one of the first works which deal with the cotangent bundles of a manifold as a Riemannian
manifold is that of Patterson, E. M., Walker, A. G. [9] who constructed from an affine symmetric connection
on a manifold a Riemannian metric on the cotangent bundle, which they call the Riemann extension of the
connection. A generalization of this metric had been given by Sekizawa, M.[12] in his classification of natural
transformations of affine connections on manifolds to metrics on their cotangent bundles, obtaining the class
of natural Riemann extensions which is a 2-parameter family of metrics, and which had been intensively
studied by many authors. On the other hand, inspired by the concept of g-natural metrics on tangent bundles
of Riemannian manifolds, Agca, F. considered another class of metrics on cotangent bundles of Riemannian
manifolds, that he callad g-natural metrics [1]. Also, there are studies by other authors Salimov, A. A., Agca, F.
[2, 10], Yano, K., Ishihara, S. [14], Ocak, F. [8], Gezer, A., Altunbas, M. [5] etc...

The main idea in this note consists in the modification of the Sasaki metric [10]. Firstly we introduce the
Berger type deformed Sasaki metric on the cotangent bundle 7*M over an anti-paraKéhler manifold (M, ¢, g)
and we investigate the Levi-Civita connection of this metric (Theorem 3.1). Secondly we study the harmonicity
on cotangent bundle equipped with the Berger type deformed Sasaki metric, then we establish necessary and
sufficient conditions under which a covector field is harmonic with respect to the Berger type deformed Sasaki
metric (Theorem 4.2, Corollary 4.1 and Theorem 4.3). Next we also construct some examples of harmonic
covector fields. Finally we study the harmonicity of the map o : (M, g) — (T*N, h) (Theorem 4.5 and Theorem
4.6) and the map @ : (T*M, g) — (N, h) (Theorem 4.7 and Theorem 4.8).

Consider a smooth map ¢: (M™,g) — (N™, h) between two Riemannian manifolds, then the second
fundamental form of ¢ is defined by

(Vdo)(X,Y) = Vid(Y) — d¢(VxY). (L1)
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Here V is the Riemannian connection on M and V? is the pull-back connection on the pull-back bundle ¢ ~'T'N,
and

T(¢) = trace,Vdo, (1.2)
is the tension field of ¢.
The energy functional of ¢ is defined by
B(0) = [ e@)d, 13)
K
such that K is any compact of M, where
e(¢) = %tracegh(dgb, do), (1.4)

is the energy density of ¢.
A map is called harmonic if it is a critical point of the energy functional E. For any smooth variation {¢; }+cr
of p with g =gpand V = %gf)t , we have

dE(@)‘ S /K h(r(9), V)dv, (15)

t=0

Then ¢ is harmonic if and only if 7(¢) = 0.
One can refer to [7], [6] for background on harmonic maps.

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold, 7* M be its cotangent bundle and 7 : T*M — M the
natural projection. A local chart (U, z*),_1; on M induces a local chart (7= (U), 2", 2* = p;);_1 7 iy ON T* M,
where p; is the component of covector p in each cotangent space Ty M, x € U with respect to the natural coframe
dz'. Let C*°(M) (resp. C>(T*M)) be the ring of real-valued C* functions on M (resp. T* M) and 37 (M) (resp.
S%(T* M)) be the module over C*°(M) (resp. C>(T*M)) of C** tensor fields of type (r, s). Denote by I'}; the
Christoffel symbols of g and by V the Levi-Civita connection of g.

We have two complementary distributions on 7*M, the vertical distribution VT*M = Ker(dr) and the

horizontal distribution HT™* M that define a direct sum decomposition
TT*"M =VT*M & HT*M. (2.1)

Let X = X'22: and w = w;dz’ be a local expressions in (U, z%), _17= -2+ U C M of a vector and covector (1-form)

field X € §}(M) and w € & (M ), respectively. Then the Complete and horizontal lifts X, #X € S} (T*M) of
X € 3§(M) and the vertical hft w € SH(T*M) of w € V(M) are defined, respectively by

.0 axh o
C _ % _
S i L 22)
my - xid + pp I X7 9 (2.3)
ax'b lj aml ) .
0
Yo o= wi— 2.4
w = win, @4
with respect to the natural frame { - } (see [14] for more details).
From (2.3) and (2.4) we see that (ai) and Y(dz?) have respectively local expressions of the form
0 0 0
s _ H _ .
€; (8$Z ) = ozt -+ ol ozh’ (2.5)
& = V(da')= 0 (2.6)
oxt’
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The set of vector fields {¢;} on 7= (U) define a local frame for HT*M over 7~ (U) and the set of vector fields
{é&;} on 771(U) define a local frame for VT*M over 7—(U). The set {é,} = {é;, ¢;} define a local frame on T* M,

adapted to the direct sum decomposition (2.1). The indices «, 3, ... = 1, 2m indicate the indices with respect to
the adapted frame .
Using (2.3), (2.4) we have,
Hy = Xxig, X = ()g ) (2.7)
Vw = W;i€; , Vw = < 0 ), (2.8)
Wy

with respect to the adapted frame {é,} (see [14] for more details).

a:m’
Lemma 2.1. [14] Let (M™, g) be a Riemannian manifold. The bracket operation of vertical and horizontal vector fields
on T* M is given by the formulas

(1) [Yw,v6] =0,
(2) [MX,V0) = V(Vx0),
3) [MX,1y] = H[X, Y]+ V(pR(X,Y)),

for all vector fields X,Y € S{(M) and w,0 € SY(M), where V and R denotes respectively the Levi-Civita connection
and the curvature tensor of (M™, g).

Let (M™, g) be a Riemannian manifold, we define to maps

b QYA - SK(M) o be SHM) = SY(M)

N
w = f(w) X = b(X)
by g(f(w),Y) = w(Y) and b(X)(Y) = g(X,Y) respectively for all Y € S} (M).
S

Locally for all X = X2 € S}(M) and w = w;da’ € IY(M), we have

0 o
Hw) = gVwig— and b(X) = g;;X'da!

where (¢g%) is the inverse matrix of the matrix (g;;).
For each x € M the scalar product g=! = (¢"/) is defined on the cotangent space 77 M by, for all w, § € SV (M)

971 (w,0) = g(§(w), 4(0)) = g"wib);.

In this case we have fi(w) = g7 ' ow and h(X) = go X.
In the following, we noted f(w) by @ and b(X) by X for all X € ${(M) and w € SY(M).
Lemma 2.2. Let (M, g) be a Riemannian manifold, we have the following.
Vx@ = Vxw, 2.9)
Xg M w,0) = g (Vxw,0) +g " (w, Vxb), (2.10)
forall X € S{(M), w,0 € SYM) and ¢ € SH(M), where V is the Levi-Civita connection of (M, g).
Proof. Forall Y € S§(M),

— X (w(Y)) - w(VxY)

= (Vxw)(Y)

= g(Vxw,Y),
ngl(w’g) = Xg((:),é)

= g(Vx@,0)+ g(@, Vx0)
= 9(Vxw,0) + g(@,Vx0)
g (Vxw,0) + g ' (w, Vx0).
O
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3. Berger type deformed Sasaki metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost paracomplex
manifold is an almost product manifold (M?™, ), ¢? = id, such that the two eigenbundles T*M and T~ M
associated to the two eigenvalues +1 and —1 of ¢, respectively, have the same rank.

The integrability of an almost paracomplex structure is equivalent to the vanishing of the Nijenhuis tensor:

Ny (X,Y) = [pX, Y] — p[pX, Y] — p[X, Y] + [ X, Y].

A paracomplex structure is an integrable almost paracomplex structure.
Let (M?™, o) be an almost paracomplex manifold. A Riemannian metric g is said to be an anti-paraHermitian
metric (B-metric)[11] if

9(pX,9Y) = g(X,Y) & g(pX,Y) = g(X, pY), (3.1)

forall X,Y € 3§(M)

If (M?™, o) is an almost paracomplex manifold with an anti-paraHermitian metric g, then the triple
(M?™ p,g) is said to be an almost anti-paraHermitian manifold (an almost B-manifold)[11]. Moreover,
(M?™ p,g) is said to be anti-paraKid manifold (B-manifold)[11] if ¢ is parallel with respect to the Levi-Civita
connection V of gi.e (Vo =0).

It is well known that if (M?™, ¢, g) is a anti-paraKdhler manifold, the Riemannian curvature tensor is pure
[11], and for all Y, Z € 3 (M).

{ R(¢Y,Z) =R(Y,pZ)=R(Y.Z)p = ¢R(Y,Z), (3.2)
R(pY,pZ) = R(Y,Z), '
Definition 3.1. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold and T*M be its tangent bundle. A
fiber-wise Berger type deformation of the Sasaki metric noted g is defined on T*M by

gIX By = ¢(X,Y)=g(X,Y)om, (3.3)
aIx,ve) = o, (3.4)
§("w, V) = g N w,0) + 69w, pe)g (0, pp), (3.5)

forall X,Y € S4 (M), w,0 € SY(M), where § is some constant [3, 13].

Since any tensor field of type (0,s) on T*M where s > 1 is completely determined with the vector fields of
type X and Yw where X € S}(M) and w € 39(M) (see [14]). In the particular case the metric § is tensor field
of type (0,2) on T* M. It follows that § is completely determined by its formulas (3.3), (3.4) and (3.5).

By means of (2.2) and (2.3), the complete lift “X of X € S§(M) is given by

X = X -V(pVX)) (3.6)
where p(VX) = (p(VX))dz® = pp(VX)hdz® = ph(%ﬁj + F%Xj)dxi.
Taking account of (3.3), (3.4), (3.5) and (3.6), we obtain
9(°XY) = V(g(X,Y)) + g7 (p(VX),p(VY))
+6%97 (p(VX), pp)g ™ (D(VY), pp). (37)

where
97 (P(VX),p(VY)) = g" (p(VX))i(p(VY)); = g pupi(VX)P (VY]
97 (p(VX),pp) = g7 (p(VX))i(pe); = 9" pror(VX)} ).
Since the tensor field g € S9(T*M) is completely determined also by its action on vector fields of type “X
and Y (see [14]), we say that formula (3.7) is an alternative characterization of §.
Remark 3.1. From formulas (3.3), (3.4), (3.5), the Berger type deformed Sasaki metric § has components

9ij 0
(3.8)

e
I

0 g+ 029" g7 (pp)(pp)s

with respect to the adapted frame {é,}

a=1,2m"
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Lemma 3.1. Let (M?™, ¢, g) be an anti-paraKihler manifold , we have the following:
1. "Xg71(0,m) = Xg~'(0,m) = g7 (Vxb,n) + 971 (6, Vxn),
2. "X g (0. pp) = g7 (Vx0,pp),
3. Ywg™H(0,pp) = g7 (0,wo),
4. Ywg=H(0,m) =0,
forall X € S{(M) and w,0,n € I9(M).
Lemma 3.2. Let (M>™,,g) be an anti-paraKihler manifold and (T*M, §) its cotangent bundle equipped with the
Berger type deformed Sasaki metric, we have the following:
(1) “Xg(0,"n) = 5("(Vx6), "n) +5("8, "(Vxm),
(2) Ywg("0,"n) = %971 (0.we)g™ (n.pp) + %97 (0, p0)g ! (n,we),
forall X € S{(M) and w,0,n € I9(M).

Proof. From Lemma 3.1, we have

(1) "xg("0,"n) = HX[ “O,m) + 67971 (0,p0)g " (0, pe)]
X (g71(0,m) + > X (g7 (0, p90))g~ " (n,pp)) + 629~ (0, p0) X (97" (1, p))
g (Vx0,m) + g 10,V xn) + 829 (Vx0,p0)g~ " (n,p0) + 629 (0, p0)g ™ (V x1,pp)
= Q(V(VX9) n) +3("0,Y(Vxn)).
(2) Ywg("e,"n) = Vw[ (0,m) + 629710, p0)g ™" (n, pp)]

Yw(g™h(0,m) + 6V w(g (0, p0))g (. p0) + 679 (0, pp) 'w(g ™" (0, pe))
= 87 (0,wp)g (0, pe) + 697 (0, p)g ™ (n, we).

O

Theorem 3.1. Let (M>™, ¢, g) be an anti-paraKihler manifold and (T*M, g) its cotangent bundle equipped with the

Berger type deformed Sasaki metric. The Levi-Civita connection V of the Berger type deformed Sasaki metric g on T* M
satisfies the following properties:

1) Vaxy = H(VXY)—i-%V(pR(X,Y)),
(2) Vi = V(Vxb)+ 3 (BEG.0)X),
(3) Tuy = SHRGOY)

» 2
4) Vv,'0 = 11fmg’l(w,19<P)V(p<ﬂ),

forall X,Y € S§(M), w,0 € SY(M) and o = g~ (p, p), where V and R denotes respectively the Levi-Civita connection
and the curvature tensor of (M>™, ¢, g).

The proof of Theorem 3.1 follows directly from Kozul formula and Lemma 3.2 (see [15] for more similar
details).

4. Berger-type deformed Sasaki metric and Harmonicity.

4.1. Harmonic sections w : (M>™, ¢, g) — (T*M, )

Lemma 4.1. [15] Let (M, g) be a Riemannian manifold. If w € I9(M) is a covector field (1-form) on M and £ = (z,p) €
T*M such that w, = p, then we have:
dow(X,) = HXe + V(Vxw)e.

where X € S (M) and V denote the Levi-Civita connection of (M, g).
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Proof. Let (U,z') be a local chart on M in z € M and (7~ '(U), ", p;) be the induced chart on 7*M, if X, =
X'(2) 2o and w, = w;(z)da’|, = p, then

B i 0 i 80Jj 0

— xign 9 k iy 9. k ()2 () 2 () 2
- X (m)axi ¢ + wio ()T (2) X7 () o e — wi(2)TF;(2) X7 () ap: e + X' (2) 55 (2) op; le
i 0 . i\ 0 i Qw0 k i 9

= Xi(z) o le + peT%i(2) X7 (2) op; le + X*(x) BIe () ap; e — wr(2)T5;(2) X" () ap; le

= X X [ DD () — o)y () X 2] V(e
= X+ Y(Vxw)e.

O

Lemma 4.2. Let (M>™, p,g) be an anti-paraKihler manifold and (T*M,§) its cotangent bundle equipped with the
Berger-type deformed Sasaki metric. If w € I9(M), then the energy density associated to w is given by:

1
e(lw) = m+ §t7“aceg (97" (Vw, Vw) + 6% (Vw, we)?]. 4.1)

Proof. Let¢ = (z,p) € T*M,w € SY(M), w, = pand (Ey,- - -, Esy,) be a locale orthonormal frame on M, then:

1
e(w): = itmcegg(dw,dw)f
1 2m
= 0D B, du( )¢
i=1
Using Lemma 4.1, we obtain:
1 2m
ew) = 5 Zﬁ(HEi +Y(VEg,w), "B + V(VE,w))
i=1
1 2m
= 52 AI"ELTE) + 3("(Vew), (Vew)}

i=1

2m
1
- 5 Z {g(Eu Ez) + gil(inwa VE'LOJ) + 52971(VE1.UJ, w<p)2}
=1
1
= m+ §t7”a06g [Qil(va Vw) 4+ 6%9~H(Vw, wgp)2].

O

Theorem 4.1. Let (M>™, p, g) be an anti-paraKihler manifold and (T* M, g) its cotangent bundle equipped with the
Berger type deformed Sasaki metric.
If w € SY(M), then the tension field associated to w is given by:

2

1 +52ag

T(w) = H[traceg (R((L‘, Vw) * )} + V[traceg (V2w + YVw, (Vw)go)wgo)} , 4.2)

where a = g~ H(w,w) = ||w||?.
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Proof. Let (z,p) € T*M, w € $Y(M), w, =p and {Ei},—75m be a locale orthonormal frame on M such that
(VY E;), =0, then

2m
@ = Y AVE (B, - d(VEE).)

2m

= > {Vaum)dw(E)} )
=1
2m _
= > AVep v (PEi+ Y (VEw) )
i=1
2m B _ _ _
= Z{VHEiHEi + VHE,i V(VEiw) + VV(inw)HEi + VV(VEiw)V(VEQ-W)}(x,p)

i=1
Using Theorem 3.1, we obtain

2m
1 1 1
T(w) = Z |:H(VE7E1) - iv(WR(EZ’EZ)) + V(VE7VE7W) + §H(R(a}7 VEzw)EZ) + §H(R(‘Dv vKw)El)
=1
52 _
14 520’

+ HVew, (VEw)e) (W)

2m
- ¥ [H(R(@, Ve w)E) + (Ve Viw) +
=1

2
oY (Vew, (inw)w)V(w)]
2

_ H[tmceg (R(@’ %) * )] + V[tmceg (V%J + mg_

Ve, (Vw)phwg) |

O

Theorem 4.2. Let (M>™, ¢, g) be an anti-paraKihler manifold and (T*M, g) its cotangent bundle equipped with the
Berger type deformed Sasaki metric. If w € SV (M), w is harmonic covector field if and only the following conditions are
verified

traceg (R(®, %) %) =0, 4.3)
and
2
traceg (VQw + 1JrWg_l(VW, (Vw)p)we) =0, (4.4)
where o = g~ (w,w) = .
Proof. The statement is a direct consequence of Theorem 4.1. O

Corollary 4.1. Let (M*™, ¢, g) be an anti-paraKihler manifold and (T*M, g) its cotangent bundle equipped with the
Berger type deformed Sasaki metric.
Ifw € SY(M), wis a parallel covector field (i.e Vw = 0) then w is harmonic.

Example 4.1. Let (R?, ¢, g) be an anti-paraK&hler manifold such that
g = e*da® + e®dy?.
and

0 e* 0 0 eV 0

Yo~ wdy Yoy eos

The non-null Christoffel symbols of the Riemannian connection are:

Fh = F%z =1,
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then we have,

the covector field w = e*dx + e?dy is harmnic because w is parallel, indeed,

Vow = emdx+emvagdx+eyv§dy:0,

Vaow = e"Vadr+eYdy+eVV.ady=0,
dy oy dy
i.e Vw = 0, then w is harmonic.

Theorem 4.3. Let (M>™, ¢, g) be an anti-paraKihler compact manifold and (T*M, g) its cotangent bundle equipped
with the Berger type deformed Sasaki metric. If w € S (M), w is harmonic covector field if and only if w is parallel (i.e
Vw =0).

Proof. If w is parallel, from Corollary 4.1, we deduce that w is harmonic covector field.
Inversely, let ¢, be a compactly supported variation of w defined by:

RxM —s T,M
(t,x) — e(x) = (14w,

From lemma 4.2 we have:

1+1)? 1+1)*
e(d) = m+ (1+1) trace,g~ " (Vw, Vw) + %52 tracegg™ ! (Vw, wp)®
2
E(¢) = mVol(M)+ Chald) / trace,g~ (Vw, Vw)dv, + L+ 52/ trace g~ (Vw, wp)?dv,
M M
If w is a critical point of the energy functional, then we have :
0
0 = aE(Qﬁt)‘t:O
d (1+1t)? _ or(1+t)4 _
= 5 {mV (M) + /Mtracegg 1(Vw7Vw)dvg]t:0 + a[ 5 52 /M tracegg I(Vw,wga)2dvg} o
= / trace,g~ " (Vw, Vw)dv, + 262/ trace,g~ ' (Vw,wp)?dv,
M M
= / traceg (g7 (Vw, Vw) + 269~ (Vw, wep)?] du,
M
which gives
_1(Vw7 VUJ) + 2(529_1(Vw, w(p)2 =0,
hence Vw = 0. O

Example 4.2. (Counterexample) Let (R?™, p, <, >) be an anti-paraKahler real euclidean space (flat manifold
and non compact) and T*R?*™ its cotangent bundle equipped with the Berger type deformed Sasaki metric,
such that ¢ is the canonical para complex structure on R*™ [4] it is given by the matrix

0 Iy
I, O

Ifw= (w1, - ,wam) € SY(R?*™) is a covector field on R>™

For § = 0, we have
277

2m
T(w) = trace,Viw = Z 22

1) If w is constant, then w is harmonic.
2) If w; = a;x; and a; # 0, then w is harmonic (7(w) = 0) but Vw # 0.

indeed 5
=V o w:Zaivagj (zidx;) 25 a;dr; = ajdr; # 0.

] J

2

www.iejgeo.com 190


http://www.iej.geo.com

A.Zagane

Remark 4.1. In general , using Corollary 4.1 and Theorem 4.3, we can construct many examples for harmonic
covector fields.

Theorem 4.4. Let (R*™, ¢, <, >) be an anti-paraKihler real euclidean space and T*R*™ its cotangent bundle equipped
with the Berger type deformed Sasaki metric. Ifw = (w?,- -+ ,w?™) € SV (R?™), then w is harmonic if and only if w verifies
the following system of equations

2m 2m 2m
02wy, 52 Owt Owy, . ‘
2 {8(9:1)2 T eer 2 e g ) >t 45
=1 t,k=1 t=1
forall h = 1,2m, where o', denoting the components of o, {%}izm be a canonical frame on R*™ and ||w||? =< w,w >.
Proof. Let {%}i:m be a canonical frame on R?*™. Using Theorem 4.2, we have, the equation (4.3) is trivial,
then
(44) & tracey[Viw+ Lgfl(Vw (Vw)p)we] =0
| T e
2m (52 .
o 2T Vet T Ve (Vo] =0
2m 2m 2m 2m
r 02wy, 52 Ow; Owy,
& = dx” —_— el APl td h} =0
Z Z (a(xz)2 &z ) + 1 +52||w||2( Ozt Ozt Sat) Z WrPpdT
i=1  h=1 tk=1 hot=1
2 2m 2m
r 0%wp, 52 Owt Owy, 1. ‘
= ‘ _8(951)2 + 1+52HWH2< 9z O (Pt)zwt‘ph} s
i=1 t,k=1 t=1
for all h = 1,2m, where ¢} denoting the components of (. O

Corollary 4.2. Let (R?™, ¢, <, >) be an anti-paraKihler real euclidean space and T*R?*™ its cotangent bundle equipped
with the Berger type deformed Sasaki metric, such that ¢ is the canonical para complex structure on R*™ [4].

Ifw= (w1, ,wam) € STR*™) is a covector field on R*™, then w is harmonic if and only if w verifies the following
system of equations

2m 2m
azwh 2(52 8Wj 8wm+j
, L mATY =0, 1< h <m. 4.
; [8(3:1)2 + 7 ¥ 02|[w|2 (j:1 ot Oz Jw +h:| 0 m (4.6)
2m 2m
2wy, 26> Ow; Owp+j
. : - = <h< . .
; [3(1;1)2 + 1+ 02||w]|2 (j:1 ozt Oz )wh:| 0, m+1<h<2m 4.7)
where { 32 },_1=m be a canonical frame on R*™.

Remark 4.2. Using Theorem 4.4 and Corollary 4.2 we can construct many examples of non trivial harmonic
covector fields.

Example 4.3. Let (R*™, ¢, <,>) be an anti-paraKahler real euclidean space and T*R?™ its cotangent bundle
equipped with the Berger type deformed Sasaki metric, such that ¢ is the canonical para complex structure on
R2™,

From Corollary 4.2, we deduce that, w = (y(z1),0, - - - , 0) is a harmonic covector field if and only the function y
is solution of differential equation:

Yy’ =0. (4.8)
iey(r) =azxy1 +b a,beR.

4.2. Harmonicity of the map o : (M, g) — (T*N, h)

Lemma 4.3. Let ¢: (M™,g) — (N™, h) be a smooth map between Riemannian manifolds and let o : M — T*N a
smooth map such that ¢ = mn o o where mn : T*N — N is the canonical projection, then

do(X) = f(dp(X)) + "(V§o0), (4.9)
for all X € S{(M), where V¢ is the pull-back connection.
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Proof. Let z € M and w € SY(N) such that o(z) = (¢(z),wy () € T*N and wy(y) = q € T;, )N ieo=wog,for
all X € §§(M) from Lemma 4.1, we obtain:
dyo(Xz) = dy(w o ¢)(Xy)
= dy(o)w(dz9(Xz))

= do(X)) o)) T (Vagx0)@) (6(2).0)

= H(do (X)) o@1.00 TV (ViW © ) (21,0

= "(do(X)) 5210 + (V%) (6(01.0)-

O

Theorem 4.5. Let (M™, g) be a Riemannian manifold, (N>", , h) be an anti-paraKihler manifold and let (T* N, h) the
cotangent bundle of N equipped with Berger type deformed Sasaki metric. Let ¢ : M — N be a smooth map and

o:M — T*N
z — ($(x),q)
a smooth map such that ¢ = wy o o and q € T}, N. The tension field of o is given by

(o) = H(T(¢) + tracegRN(&, %)dgb(*))
52

v 2
+ (traceg[(v¢) o+ T 52012 HIEE

WY (Vea, (Veo)p)oy)] ) (4.10)

where ||o||? = h(o,0).

Proof. Let x € M and {E;},_1; be a locale orthonormal frame on M such that (V} E;), =0 and o(z) =
(¢(x),q),q € T;(w)N. Using lemma 4.3, we have

> {(Vedo (). - do (VY B }
i=1

=2 {VT (501 (B )}(as(xm)

i=1

7(0)z

Using Lemma 4.3, we obtain:

M-

_ T*N H ) Vive
7(0)s = {V(H(dqu N+Y(Ve o))( (do(E:) + (VEiU))}(W),q)

i=1

M

{VHidbcen Md0(E)) + Vi) (V0) + VI, o) + VI, V(VEa)f

i=1

From the theorem 3.1, we obtain:

(o) = Xinj [, 0 (B)) + 5 V(o RN (d0(Br), do(E)) + 3 "(RY (5, 9%0)d6(E)
+V(V ) Vo) + ;H(RN(a,%)m(Ei))er?;'Whl(vgia,(vga)@v(w)
- ZE[ (V,do(E) + H(RN(‘}’%)M(EZ'))+V(V%iV%i")+mgstph_l(V%p, (V%io)tp)v(ago)}
Therfore we ge
rlo) = (7(0) + trace,RY (5, Voa)do(x) )+ (trace, [(V*)%0 + mf;ﬂhl(v%, (Veo)p)oe]).

O
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From Theorem 4.5 we obtain.

Theorem 4.6. Let (M™, g) be a Riemannian manifold, (N*", o, h) be an anti-paraKihler manifold and let (T*N, h) the
cotangent bundle of N equipped with Berger type deformed Sasaki metric. Let ¢ : M — N be a smooth map and
c:M — T*N
z o ($(z),q)

a smooth map such that ¢ =y oo and v € Tj | N, then o is a harmonic if and only if the following conditions are
verified

() = —trace, RN (5, V90)do (), (4.11)

and

52

traceo (VP + e

h=1(V?a, (V¢a)g0)ag0] =0. (4.12)

4.3. Harmonicity of the map ® : (T*M,g) — (N, h)
Lemma 4.4. Let (M>™,,g) be an anti-paraKihler manifold and (T*M, §) its cotangent bundle equipped with the
Berger type deformed Sasaki metric. The canonical projection

W:(T*Mvg) — Mag)
(z,p) +—

is harmonic i.e 7(mw) = 0.

Proof. We putr = 2m, Let {E;},_17 and {w'},_7= be a local orthonormal frame, coframe on M respectively and

1;:177‘ i:l,T‘

{F}j},—15; be alocale frame on T M defined by

HE;, 1<j<r
F; = (4.13)

V=" r4+1<5<2r
The tension field of 7 is given by

T(m) = trace;Vdm
2r
- ¥ ~”‘{VM dr(F;) — dr(VEME,
= 9 dr(F;) T\ L5 m(VE, " Fj)

4,j=1

such that (%) is the inverse matrix of the matrix (g;;) of g where:

§ij:6ij ].SZ,]ST’
Gij =0 1<i<nrr+1<j<2r
Gij = 0ij + 02 (pp)i—r(pp)j—r T+ 1<, j<2r
and
g7 = bi; 1<i, j<r
g7 =0 1<i<r,r+1<j<2r
0+ 67 %055 — i—r j—r
g = i (MM\;Q(M? (pe)j—r) ril<i j<or
1+ 6%[pel|
where pp = (pp),w", then
r 2r
T(m) = Y g”{vg,{(HEi)dw(HEj) - dw(vi’;?fHEj)} + ) glﬂ{vg,{(vwi,r)dw(vwﬂ) - dﬂ(vzgj%mrr)}
i.j=1 LI=rHL
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as dr(Yw) = 0 and dr(#X) = X o7 for any X € $3(M) and w € $Y(M) then:

T

ZN”{wEM)(Ew) n((VEE) - 5 oR(E E))}

ij=1

Z g” 1+52 “Hw W T p)dn(V(pe))

i,j=r+1

S G {(VEE) o — (VEE;) or}

i,j=1

= 0.

7(7)

O

Theorem 4.7. Let (M>™, ¢, g) be an anti-paraKihler manifold, (N™, h) be a Riemannian manifold and let (T* M, g) the
cotangent bundle of M equipped with Berger type deformed Sasaki metric. Let ¢ : (M, g) — (N, h) a smooth map. The
tension field of the map

is given by:
T(®) = 7(¢)om. (4.14)

Proof. We put r = 2m, Let { E;},_1 and {w'},_i- be a local orthonormal frame, coframe on M respectively and
{F} ;-1 be alocale frame on T*M defined by (4.13), as the ® is defined by ® = ¢ o 7, we have:

T(®) = 7(¢om)
= do(r(m)) + tracez Vde(dr, dr)

trace,; Vde(dm,dr) = ZGij{v%(dw(m)m(dw(zﬁj))—d¢(v§{r(Fi)d7r(Fj))}

= Z 5w d(b(dﬂ' (HE; ))d¢(d7T( i) — d¢( dr(HE;) dm( EJ))]

7,7=1

= 2 [Vis)do(B:) - do(VE E))] o
_ r@er
Using Lemma 4.4, we obtain:
T(®) = 7(¢)om.
O

Theorem 4.8. Let (M>™, ¢, g) be an anti-paraKihler manifold, (N™, h) be a Riemannian manifold and let (T* M, g) the
cotangent bundle of M equipped with Berger type deformed Sasaki metric. Let ¢ : (M, g) — (N, h) a smooth map. The
map

is a harmonic if and only if ¢ is harmonic.
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