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1. INTRODUCTION

Durrmeyer operators introduced in [10] and independently by Lupas [17], were one of the
most fecund source of inspiration in approximation by positive linear operators. They were be
known especially after the paper by Derriennic [7]. In References, we give only a very partial
review of contributions in this field. The extension to Jacobi weight was considered by the
author in [20], see also [21], [5]. The limit of Durrmeyer operators with Jacobi weight yields
the so named "genuine" Durrmeyer operators considered firstly by Chen [6], Goodman and
Sharma [14], see also [19], [26], [11]. The eigen-structure of this operators was studied in [22].
For other modifications of Bernstein-Durrmeyer operators mention [18], [27], [16], [3], [1], [15].

In this paper, we are especially interested in the following modification. In [24], there was
constructed a family of operators depending on a parameter p, with property that they pre-
serve linear functions, which make a link between the genuine-Durrmeyer operators and the
Bernstein operators in the following mode:

tkp 1 )(nfk)pfldt
k[), (n - k)p)

where p,, (z) = (})2"(1—z)" %, (0 <k <n), f€C0,1], z € [0,1]. For p = 1, these operators
coincide with genuine-Durrmeyer operators and on the other hand lim, ... U = B,,, where
B,, are the Bernstein operators. These operators are studied more completely in Gonska and
the author in [12]. The eigen-structure of operators Uf was given in Gonska, Rasa, Stanila [13].

The extension of Durrmeyer operators on a simplex is very natural. Mention that the first
Durrmeyer operators on a simplex were considered by Derriennic [8]. The multidimensional

Durrmeyer operators with Jacobi weight were considered by Ditzian [9] and the equivalent of
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the "genuine"-Durrmeyer operators on a simplex are given by Waldron [28]. The genuine Dur-
rmeyer operators on a simplex preserves affine functions. The generalization of the Durrmeyer
operators on a simplex with regard to a arbitrary measure was made by Berdysheva and Jetter
[4], see also [25].

The aim of this paper is to extend operators U on a simplex, obtaining the family of opera-
tors U%, which preserve affine functions.

We also construct an additional class of operators M%?, depending on a scalar parameter p
and on a vector parameter a and we prove that operators U/, are the limit of operators M#2
when a — (—1,...,—1). This class of operators M~? allows to obtain more simply certain
properties of operators U?.

2. PRELIMINARIES AND DEFINITIONS

Let p € N. For any vector x = (x1,...,%,), denote |x| = z1+...+x,. Forany p € R, consider
the standard simplex in R?.

A, ={(z1,...,zp)| x; >0, |x| <1}
If g € C(A,), p € N, denote by pr g the volume integral of g on A,,.
Fix m € N. Denote e;, = (0,...,0,1,0,...,0) € R™,(1 < k < m), where the digit 1 appears
at the k-th place. Denote also ey = (0, ...,0) € R™.

Letx = (z1,...,2,) € R™. Denote the Euclidean norm of x by |x|| = /2% + ... + 22, and
the Ly norm of x by ||x|1 = |z1] + ... + |zm]. If f € C(A,,), denote || f|| = maxxen,, | f(x)]-
For vectors v, ..., v, € R™, denote

p
Apg,vy] = {Z tiv;
i=0

the simplex with vertices vy,...,v,. Numbers %,...,t, are the barycenter coordinates of a
pointin Ay, . v,]- Note that A,;, = Ae,,.. e,

Fix also a number n € N. Put

For k € A, denote supp k := {i € {0,1,...,m}|k; > 0}. If supp k = {ip < ... < iy}, define
Dk = A[eio,...,eip]-

If ¢ € C(Dx), denote by ka gdo the integral of g on Dy. In the case when Dy = A,

m

to,...,tpzo,toJr...tpl},

Ip, 9do = [, g.1f g€ C(Ay), then the restriction of g to Dy is denoted also by g.
For k € A, with supp k = {ip < ... < i,} consider function 6y : A, — Dy defined by

p D
(2.1 ek(ibil, . ,J,‘Z-p) = Zmiseis + <1 - Z.’L‘lb> €y, (.Z'il, R ,.Z'ip) S Ap.
s=1 s=1

Lemma 2.1. Letk € A, withsupp k = {ip < ... <ip}.

i) If ip = 0, then

2) [ aio= [ o0 g cow;
Dy

Ap

ii) If ip > 0, then

(2.3) / gdo = +\/p+ 1/ gobk, g€ C(Dy).
Dy A,
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Proof. Let prove ii). We have 0(A,) = Dy. We can write Oy (2;,, ..., %;,) = €, + -, @5, (€5 —
e;,). Then 86“ =e;, —¢€;,. Hence

21 ... 1
1 2 ... 1
det[@ek-@@kﬂr=det{<§3ﬂ§3‘f>} ] .
s 2t 1Ss7t§p . . . .
1 1 2

Then,

/ gdo’:/ go@k \/det30k (’99k \/F/ goak
Dy

Using the same method, point 1) is immediate. O

Letk = (ko,...,km) € A. Forx = (21,...,2,) € A, denote

poac) = (" Y D) (o)

n B n!
koki ... km/)  kolki!...Ekpm!

The Bernstein operators on the simplex A,, are given by

(2.4) Zf( )pnk (x), feC(An), x€ A,

keA

where

Fix a number p > 0. For k € A such that supp k = {io,...,i,} consider function @}, : Dx — R
defined by

P P P
(2.5) QL (Z tseis> =Lt Y tees, € Da.
s=0 s=0 s=0

For 8 = (Bo,---,5p), bo, ... ,b, > 0, consider multidimensional beta function
L'(Bo) .- T'(Bp)
B(p) =~ Pw),
B =T

where I is gamma function. If p = 0, then B(3) = 1.
Letk € A, supp k = {ip < ... < i,}. From relation (2.5) and relations (2.2) and (2.3), it follows
that

(26) 5 QﬁdU:B(kiopw"vkipp)) if 10 207
(2.7) / Qudo = ~/p+ 1B(kiyp, ..., ki, p), if ig > 0.
Definition 2.1. Operators U2 : C(A,,) = C(A,,) are defined by
(2.8) =Y F(Ppnx(x), f € C(AR), X € Ay,
keA
where
vdo
2.9) FL () = I, $9i keA, feC(An).

J, Dic Qido
Remark 2.1. For p = 1, operators U?, coincide with operators constructed by Waldron [28].
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Definition 2.2. For a vector a = (ag,...,am), witha; > =1, (0 < i <m),p>1landn € N
define
(2.10) =Y FIR(Hpnx(x), f € C(An), X € Ay,
keA
where
. fRe”
(2.11) FIR(f) = Js.. s [ €C(An), ke A
a, POT
and
PY™(x Hm PR x = (21, @) € Ay @ = 1 [x].

3. LINK PROPERTIES

Theorem 3.1. Forany p>1,n € Nand f € C(A,,), we have

(3.12) lirrjl M22(f)(x) = UL (f)(x), uniformly for x € A,,,
where —1 = (—1,...,—1) € N™+L,

Proof. It is sufficient to show that

(3.13) dim FIE(f) = FLL(f), k€A, f€C(Ap).
If supp k = {0,1,...,m}, then it is possible to pass to limit a — —1 by simple replacement
p = —1, because

fa, (FQD o [, [Qhdo

hm Fr2 = =
U= Qoo ~ I, Qpdo

1nk

and these integrals exist.
In the sequel, we consider that supp k = {ip < ... < i,} C {0,1,...,m}, with p < m. Also, we
denote {ip+1,...,im} :=1{0,1,...,m} \ supp k.

If p =0, then Dy = {e;,} and mx(x) = €;,, x € A,,. Then

. Jp, (fQR)obx
o __Jp
other hand it follows £, (f) = 7121( QU0

p > 1. We have to consider two cases.
Case 1. 0 ¢ supp k. Then, 0 € {ip41,...,im}. Consider function 7y : A,,, — D, given by

P
x):inSeqs (1_2% >e10, x €A,
s=1

Hence Dy = A[eio,...,eip] = 7(A,,). We decompose

(3.14) FPA(f) = Ja, (Fom)BP* [y (f = fom)P®
’ n,k -

+
fAm pee fAm P

Ja, (fom) B

P = f(e;,) and on the

A m

= f(e;,) and (3.13) is clear. We consider now that

We show that

. fA (f © Trk)Plf’a P
(3.15) al_l)ﬂ_ll W = Fy ().
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We can write
/ (f ome)P®

1—miy Zq 1 Tig P
/ dx;, / dx;, /0 f(wk(x))Hx1:*p+a“V (Tiy, ..y 2y, )dy

where

1-370 i 1305 m
W . N =L das B kigptaig Yis dos
k(@iyy ooy T,) = Ti, iy T r;*dx;,,,
0 0 s=p+1

where z;) =1 — > " x; .. Denote u = 1 — >-*_, ;.. Using the change of variables z;, = uy;_,

m

p+ 1< s <moneobtains z;,, = u (1 =D i1 yz) and then
Vk(xila o 7xip) _ um—p-‘v-zl»n:pﬂ aist+aig+pkig B(,Okio +a;, + 1, @i,y +1,...q4, + 1)

C(kiyp +ai, + DT, T(ai, +1)

m—p+3_7TL 11 Gistaigtpkig )
r (% + ZT:,,H ai, + pkiy +m—p+ 1)

=Uu

We have

(3.16)

/ Pp,a _ s=0 F(k p + a’l + 1) H:L:erl F(a’is + 1) ]
3 T (la] +np +m+ 1)

m

By combining the relations above, we get

me) P 1w, 1=3202 i,
(317) fA ff Pl;, / d$11 / d'rzz o / f(Trk(X))Tl?(xh P axip)d'rip7
A,

where

i) = I(la|+np+m+1)
"0 (i + X0 0, phig = p 1) T Tk p+ as, +1)

D p m_p+E;'L:p+1 Aig +k7i0 ptaig
ki i
(3.18) x [Tt (1% o
is s
s=1 s=1

It is possible to pass to limit a — —1 in (3.18) and it follows

Cnp) 1 b\
- al,. R kisp=1 (1 _ ,
(3.19) Jim T, w,) = ”zof(kisp)Hx“ (1 29:) .

s=1
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By taking into account relations (3.17), (3.19), (2.5), (2.7), (2.3) and then (2.9), we have succes-
sively
s FemIRet  fy, (- Q) ot
a——1 fAm PP B(ki,p, ... ki p)
CVPTLf (fQR)o b
~ Vp+1B(kiyp, - .- ki,p)
ka Qp do
- ka Qpdo
= Fﬁ,k(f)-

So that relation (3.15) was proved. Now, we show that

o PP’
(3.20) i Jan =7 p j‘) —0
a——1 fAm Pk
Consider on R™ the norm ||x||1, defined in the beginning. Let ¢ > 0. There exist 0 < ¢ < 1,
such thatif x € A, ||x — m(x)|| < 6, then |f(x) — f(7k(x))| < e. Decompose A,, = AU B,
where A = {x € A,| ||x — mk(z)]1 < §} and B = A, \ A. Then

fA(f —fo 71'k)Pll:a
fAm P®

(3.21)

Let x € B. We have

P m P
_ ’/Tk ije] Zx“e“ — <1 — Z.’Eh) €, = Z Ti,€i, + (—1 + Z(Elg> €.
s=1 s=1

s=p+1
Therefore
Ix = me(x) |1 = Z xlsels+1—zgczs—xo+2 Z X,
s=p+1 s=p+1
Since xg € {ipt1,-..,im}, it results [[x — me(x)[r <33°0 @i, It follows that there is at least
anindex j € {ip41,...,4m}, such that z; > %. Define

) , . .
Bj = {XE Am\xj > ?)’rTL}’ J € {Zp—i-la"'vzm}'

From above, it follows that B C U, c0;,.,,....i,.; Bj- Therefore
fB(fffoTrk)Plf’a 2||f|| fBPpa <2||fH Z fBj Plf’a
02,a — p,a p,a "
Ja,, P Ja, B J€lipitim} Ja,, Px
We show that
Jp, B o .
(3.22) Jim W =0, j € {ipy1,-- - im}.

We can consider that a; < 0, (0 < j < m). Letj = i,, with p+ 1 < r < m. In integral
[, P’* if we make the change of variables: z; = 3= + (1 — =) yjand zp = (1 — 32y, for
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le{l,.. m}\{j} Also zg = (1 —
equivalence (x1,...,&m) € B,

e
B;

5 m+np+|al—a;, ptar m o S S i,
(1-52) [ 11 I (g (ma)we)

Am g=0 s=p+1, s#r

221

%) yo, where yo = 1 — (y1 + .

( ..+ Ym). Then, we have the
<= (Y1,---,Ym) € Ay We get

Since a;, < 0 and % < 1, we obtain (% + (1 — %) yir)a” < (L)‘“r < (L)*l _ 3m
Consequently

[
B .

<3ﬂ . i m+np+|al—ai, Hi’zo T(ki,p+a;, +1) H;n:p-i-l, sr I(a;, + 1)T'(1) .
-9 3m I'(np+ la] — a;. + m+1)

By taking into account relation (3.16), it results:

Jo, B _am () 5\ D(pt a4 mer 1)
fAm B4 3m T(np + |a] —a;, +m+1)T(a;, + 1)
But
pe (18 mtnetlal=en Py, 4 lal 4+ m o+ 1) L O\ _Tnp)
im - — =(1—-— _—
a—s—1 3m L(np + |a| — a;, +m+1) 3m I'(np+1)
and lim,—, 1 I'(a;, + 1) = co. Then, one obtains relation (3.22).
Case2.i9p = 0. Thensupp k = {0 =iy < i1 < ... < iy}, where 0 < p < m — 1. Define the
function 7y : A, = Dy, by

(x) = inseis, X = (X1, ,Tm) € Ay

The method of the proof is similar as in Case 1. Consider the decomposition of the form given
in (3.14). First, we show the corresponding relation (3.15). For (x;,,

U(.’Eil,...,xip) = {(xip+1a---7xim)

Then, we can write

z;,) € Ap, we denote

i, >0, (p+1<s<m), sz<1—2mlé}.

_p+1

(fome) - PI®

m

P
f ( 5 Iiseis> Hz “p+a“dz iy e dag
p s=1

"75 kop+ao .
| I T, T dxi,,, ...dz;,.
(CELl) 7ZDLP) s=p+1

X

Il
Qj\p\.»p\



222 Radu Paltanea

Denote u = 1 — x;, — ... — x;,. Using the change of variables zy = uy;,, p+1 < ¢ < m in the
interior integral, we obtain

a“ kop-i-ao )
/ H x; dzi,,, ... dz;,
U

(lea 7x1p)5 p+1

™ p+a0+a1p+1+~~~+a17n+k0pB(kop +ag+1, Qi T+ 1,...,a, +1).

m

By taking also into account relation (3.16), we obtain
Ja, (fom) - P?

Ja, B®
p P P m—p+ao+> L, aistkop
§ : ki, ptai,
:/ f Xi, €4, H xis pra 1-— E Ty, d.]?il e dl‘ip
Ap s=1 s=1 s=1

" I(np+ |a|+m+1)
D(kop+ao+ iy, +...+ai, +m—p+ 1[0 T(kip+ai, +1)
Using (2.1), (2.6), (2.2) and (2.9), it follows

i ST om0 B Qb S0,

im = = - — F” )

a—1 N4 B(kiyp, .. ki p) In, Ok ok

So that relation (3.15) is proved.

In order to prove the corresponding relation (3.20), let ¢ > 0 arbitrarily chosen. There is 0 <

0 < 1, such that inequality ||x — mk(x)||1 < J, x € A,, implies |f(x) — f(mk(x))| < e. Consider
thesets A = {x € A,,| ||x — mk(x)||1 < 0} and B = A,,, \ A. We have

Ja, (f = fom) B [ P2®
| < e o
a, BX Ja, P
If x € B, thereisj € {p+1 .,m}suchthatz; > <. Indeed, otherwise we have ||x—m(x)||1 =

Tiyy +...2q, < (m—p)S <5 whichisa contradlctlon Define

Bj = {X = (xl,...,xm) S Amll‘j > EL j e {ip+1,...,im}.

Therefore B C J;_,,,, Bj, which implies
S s
pra =
fAm j=p+1 fA
Fixr € {p+1,...,m} and j = i,. With the change of variables z;, = £ + (1—2)y; and

=(1—=2)ys, e {1,...,m}\ {r}; the condition x € B; is equivalent to (y1,...,ym) € Ap,
We obtain zo = (1 — 2) yo and then

L
Bj

J

S m+np+lal—a;, m S 5 a;,.
= <1 — > / H yk””‘” (m + <1 — m> yir> dyy ... dym.
m Am =0, t£i,

(=2 w)" < ()™ < (%) =% Then

m m

We have (2

m



Durrmeyer type operators on a simplex 223

m 5\ MHnetlal—ai,
PR —(1—-—
Je=i ()
P

J
—oL(kip+ai, + DT 11 o Dlas, + DT(1)
I(np+la|l —a; +m+1) '

Using also relation (3.16), it follows

o (1 _ 5>m+np+a_a” T(np + |a| + m + 1)
fA Ppa_ 5 m I(np+|al —a; + m+1)'(a; + 1)
But
- i m+np+|al—a;, D(np+|a]+m+1) (i é " T(np)
a—1 m I'(np+lal —a; + m+1) m T(np+1)

and lima 1 I'(a; + 1) = co. Then, the corresponding relations (3.22) are true. Now, it is simple
to deduce that (3.20) is valid. O

Remark 3.2. In the case p = 1, Theorem 3.1 was proved in [28] but using a method which is
not applicable here. In unidimensional case, Theorem 3.1 was proved in [12].

Theorem 3.2. Forany f € C(A,,), we have

(3.23) lim UL (f)(x) = B,(f)(x), uniformly for x € A,,.
p—00
Proof. 1t is sufficient to show that
. kl km
P = —_ _— =
629 lim F () f(n - ) K= (ko ki, - m) €A, £ € C(A).

Let supp k = {ip,...,ip} C {0,1,...,m},p > 0. If p = 0, then relation (3.23) is immediate. Now
consider that p > 1. We introduce simplified notations as follows. Denote p1; = k;;, (0 < j < p).

Recall that Dy = {Z?:o yrenly; =0, (0< 5 <p), S0 gy; = 1}. Define ¢ : A, — R by

H (L =lyD", y = (y1,- -, 4p) € Ap.

We have ¢ > 0 on A,. Since p; > 1,0 < j < p, it follows that ¢ = 0 on the frontier of A,
Consequently, the maximum of ¢ is reached in the interior of domain A,. It is simple to show
that the unique interior critical point of ¢ is y* = (£,...,%2) € A,. Then, y* is the unique
maximum point of .

Define g € C'(A,), g = f o 0k, where 0, was defined in (2.1).

Let € > 0 arbitrarily chose. We can choose a number r > 0, such that B,(y*) = {y € R?| |ly —
y*[| < r} C IntA, and |g(y) — g(y*)| < §, forally € B,(y*). Define M = max{y(y)| y €
A, \ Br(y*)}. Then M < o(y*). Choose M < My < ¢(y*). Thereis 6 > 0,such that0 < § < r
and ¢(y) > M, forally € Bs(y*).

For p > 1, define ¥ = ¥, x € C(4A,), ¥ = Q4 o O, where Q} and 6y are defined in (2.5) and
(2.1), respectively. Then we can write ¥ = ¢?~1 . ), where

p
—1 _
:Hyjﬂy (17|y|)#«0 17 y:(yla"-vy)GAP'
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We have

/ = / (@) < 0]l Mo~ vol(A,)
Ap\Br(y*) Ap\B;(y*)

/ vz (0)° ' > h - M{™ vol(Bs(y™)),
B (y*) Bs(y*)

and

where h = min{n(y)|y € B,(y*)} > 0. Then

Jamn ¥ _ il vol(a,) (M
U~ h-vol(Bs(y*)) \ My ’

It is possible to choose py > 1, such that

S ¥
M < 57 Vp > po.
fBr(y*)\Il 2

Using formula (2.2) or formula (2.3) depending on the condition 0 € supp k or 0 ¢ supp k, in
both cases it results

201 £1I-

_Jp frQude Ja (@00 fy 00V

’ kaQk do pr Qkoak pr\I/
Then, for p > po:
Ja,9- ¥
P _ Y ey *
N
< fA,, T
< Japs.o) |9 =9yl ¥ N I,y (g =9 ) -
B fAl, v pr v
5 T5=¢
Finally note that g(y*) = f (%7 s %) 0

4. CONVERGENCE PROPERTIES

The moments of operators play a crucial role in the study of the convergence properties of a
sequence of linear positive operators. The computation of moments of operators M# 2 and U,
can be reduced to the moments of the Bernstein operators B,,.

Define the functions 15, € C(A), 1a,, (x) =1and pr; € C(Ay), (1 <i <m), pr;(x) = z;,
X = (x1,...,&m) € App,.

Define

o =Zl|(tr, .. tm) =

Lemma4.2. Form € N,a = (ag,...,a,) ER™,a> -1, p>1,neNandx = (x1,...,2.,) €
A
i) Mp#(1a,,)(x) =1

i o itai+1 .
i) M (pr, ) (x) = ZEEESEL (1 < < ),
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m n Da;(1—z;)+Xi(a,m,x
i) M2 o =) () = L G nton Far sy where

Xi(a,m,x) = (Ja| + m+ 1)(Ja| + m + 2)1‘3 —2(la]| + m+2)(a; + Da; + (a; + 1)(a; + 2).
Proof. Forany k € A, k = (ko, ..., k), we have

a) F(1a,) =1

ki i . .
b) F's,k(pri) = P’ff+‘:‘i;;il’ (1 <t < m)r

14 2y (pkitai+1)(pkitai+2) .
) Fr1c(Pri) = GriTaremt Dpntalmyzm (1 <8< m).
Then, we can apply the known results for Bernstein operator on a simplex. O

By passing to limit a — —1 and using Lemma 4.2 and Theorem 3.1, we obtain:

Corollary 4.1. Form e N, p>1,neNandx = (z1,...,2Tm) € Ap:
i) U2 (£) = ¢, for any affine function,

i) UB (|| o —xI?)(x) = 25 S (1 — ).

Lemma 4.3. For m > 2, we have

max {sz(l — ;)
i=1

Proof. We can apply for instance the Kuhn-Tucker conditions for this maximization problem
and the optimum is obtained for z; = %, (1<i<m). O

For f € C(A,,), h > 0, define

m—1

(1, Tm) EAm} = —.

m

wi(f,h) = sup{|f(x) = f(¥)|, %,y € A, [T -7l < h}.

Theorem 4.3. Form € N, a = (ag,...,a,) € R™, a > —1,and p > 1, we have
(4.25) IMAA(f) = fIl < 2wi(f, Vitm), f € C(AR), n €N,
where

pn = sup Mo2(|| o —x|*)(x)
xXEA,

and

1
pn =0 (n) , uniformly with regard to p € [1,00).

Proof. For m > 2, from Lemma 4.2, Lemma 4.3, since |a| +m + 1 > 0, it follows:

s < Zl np(p+ Dzi(1 _(ni;));r [Ai(a, m, o)

1
<=
n

prl mo1 LS amel| < (243 Iam. o)
: \a,m,e ~ — i ,m, e .
p m np2 i=1 n i=1

This final estimate exists also in the case m = 1. Then, we apply the generalized theorem of
Shisha and Mond, given in Altomare and Campiti [2]- Proposition 5.1.5. in the following form:

L6 - 601 < (14 FER) - ex) ) a(f.0),

where L : C(K) — B(K) is a positive linear operator which preserves affine functions, K is a
compact set in an inner product space, e(x) = ||x||?,x € K, f € C(K) and § > 0. Here, we take
K=A,,, L=M’*and 6 = \/fin. O




226 Radu Paltanea

Theorem 4.4. For m € Nand p > 1, we have

()60 = (0] < 2n (fJ LEN w m) L fEC(An), nEN, x€ A,

10200) — 71 < 200 (o 250 max {3, 1) e can nen

Proof. We apply Corollary 4.1, Lemma 4.3 and the generalized theorem of Shisha and Mond as
in the proof of Theorem 4.3. O

Corollary 4.2. Forany f € C(A,,), we have

i) lim, o |[MP2(f) — f|]| =0, wherea > —1, p >0,
ii) limy, o0 |[UL(f) — f|| = 0, where p > 0, m > 2.

Corollary 4.3. Forany m € N, p > 1 and n € N, operator U?, interpolates each function f € C(A,)
in the vertices of the simplex A, i.e.,

U5 (f)(ei) = fle;), (0<i<m).

More refined estimates with second order moduli can be given for operators U? because
they reproduce the affine functions.
For f € C(A,,,Y), h > 0, define

waf.h) = s {[£60 = 27 (304 9)) + )] %3 € A I =yl <1}

We apply the following scalar version of a theorem given in [23, Th. 7.2.4].
Theorem A. Let D C R™ be a compact convex set. Let F : C(D) — R be a functional given by a
positive Borel measure . Suppose (D) = 1. Let x € D be the barycenter of . Then

1
IF(f) = F60] < [m+ Sh2F (|| ¢ =x|I*) |wa(f, 1)
for f € C(D), h>0.
Theorem 4.5. Forn € N, p >0, f € C(A,,), m>2and h >0

1 1 —1
R R R PR e}

Proof. For any fixed x € A,,, define the functional on C(A,,), F(f) = U2(f,x). This is a
functional defined by a positive Borel measure, say p. From Corollary 4.1 - i), it follows that x
is the barycenter of y. Then, we can apply Theorem A. O

An other second modulus can be defined as follows. For f € C'(A,,) and h > 0, define

,pEN, XaYieAma

wa(f,h) = SUP{‘ i)\z'f(}%) - f(x)

P

X_ZALYM >\ 6 0 1 ) ZAL':L ||X—y1||§h}

1=1 1=1

The theorem below is a scalar version of a result given in [23, Th. 6.2.9].
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Theorem B. Let D C R™ be a compact convex set. Let F' : C(D) — R be a functional given by a
positive Borel measure p. Suppose (D) = 1. Let x € D be the barycenter of . Then

F(f) = ) < [1+h72F (|| =2]%)| @ (/)

for f € C(D)and h > 0.
In a similar mode as in the proof of Theorem 4.5, we obtain

Theorem 4.6. Forn e N,p >0, f € C(A,,), m € Nand h > 0,

osr) = £l < (1ALt {3 ) (1),
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