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ABSTRACT. In this work, we firstly introduce notions of principal directed
curves and principal donor curves which are associated curves of a Frenet curve
in the dual Lorentzian space ]D)‘;’. We give some relations between the curvature
and the torsion of a dual principal directed curve and the curvature and the
torsion of a dual principal donor curve. We show that the dual principal
directed curve of a dual general helix is a plane curve and obtain the equation
of dual general helix by using position vector of plane curve. Then we show
that the principal donor curve of a circle in D2 or a hyperbola in ]D)% and
the principal directed curve of a slant helix in ]D):f are a helix and general
helix, respectively. We explain with an example for the second case. Finally,
according to causal character of the principal donor curve of principal directed
rectifying curve in ]D):I’, we show this curve to correspond to any timelike or
spacelike ruled surface in Minkowski 3—space ]Ri;’,

1. INTRODUCTION

It is very interesting to study curves in both dual space D? and dual Lorentzian
space D$. Because a differentiable curve on dual unit sphere in D? represents a ruled
surface in Euclidean 3—space R? with the aid of the E. Study mapping. Similarly,
a differentiable curve on dual pseudo hyperbolic space H3 in D corresponds to a
timelike ruled surface in Minkowski 3—space R} and the timelike (resp. spacelike)
curve on dual pseudo sphere S? in D corresponds to any spacelike (resp. timelike)
ruled surface in R$. Therefore, we can say something about ruled surfaces in R? or
R? when examining curves in D3 or D, respectively [9,[16/{18].
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In this paper, we examine associated curves of a Frenet curve in D} and show
these curves to correspond to any timelike or spacelike ruled surfaces in Minkowski
3—space R}. For this purpose, we recall the fundamental properties of R} and Dj.

R‘? is the 3—dimensional Lorentzian space (or Minkowski 3—space) with sym-
metric, bilinear and non-degenerate metric given by

(u, vy = —uqv1 + ugvy + uzvs

for vectors u = (uy,uz,u3) and v = (v1,v9,v3) in Euclidean 3—space R3. In R3,
the Lorentzian vector product of u and v is defined by

u X v = (uzva — UaV3, U3V — UTV3, UTV2 — UgV1).

We know that a vector and a curve have three different categories, namely, spacelike,
timelike and null, depending on their causal characters. Then a vector u is said to
be spacelike, timelike or null (lightlike) if (u, u) > 0 (or u = 0), (u,u) < 0, (u,u) =0
(and u # 0), respectively. Similarly, a curve v is called spacelike, timelike or null
(lightlike) if its velocity vector is spacelike, timelike or null vector, respectively. We
also state that Frenet curves are timelike curves and spacelike curves with spacelike
or timelike principal normal vector. Lastly, a surface is named non-degenerate (or
degenerate) if induced metric on its tangent plane is non-degenerate (or degenerate).
The pseudo sphere of radius r > 0 in R} denoted by

SE={peR}: (pp) =r* r>0}
and the pseudo hyperbolic space of radius 7 > 0 in R} denoted by
Hi ={peR}: (p,p) = —r% r >0}

are non-degenerate surfaces [2,/12,/13].
A number expressed as

a=a+¢&a* ora=(a,a")

is called a dual number for Va,a* € R and the set of all dual numbers is indicated
by D, where £ is called as dual unit with properties

€£0,06=60=0, 1¢{=¢1=¢, & =0.

Equality and some operations on D are defined as follows:

i) Equality: G=bfora= a+§a*7A: b+ &b* iff a = b and a* = b*.

i) Addition: @+ b= (a4 &a*) + (b+ &%) = (a+b) + &(a* + b*).

i) Multiplication: @b = (a + £a*)(b+ £b%) = ab + &(ab* + a*b).

iv) Division: £ = & 4 ¢(¢b=eb) £ (.
We note that D is a commutative ring according to the above addition and multi-
plication operations. Also f on DD is defined by

f(@) = fla+€a*) = f(a) + a*f (a),

=
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where f/ represents the derivative of f . For example,
sin(a) = sin(a 4 &a™) = sina + £a™* cosa

(see [9,[17,/19] for more details).

A dual vector Z is an ordered triple of dual numbers (Z1, T2, Z3) and also a dual
vector T has the form T = x + £z* for Vo = (21,22, 23), 2% = (2}, 25, 75) € R3,
where  and z* are the real and dual parts of Z, respectively. The set of all dual
vectors which is denoted as D? is a module on the ring . The Lorentzian inner
product of dual vectors T and ¥ is defined by

(@,y) = (,y) + £({z, y") + (27, 9)).

The dual space D? together with this Lorentzian inner product is called dual
Lorentzian space and it is represented by D3. The causal characterization of a
dual vector T = x + £x* depends on the causal characterization of z, that is a
dual vector 7 is called to be spacelike, timelike, null (lightlike) if the vector x is
spacelike, timelike, null (lightlike), respectively. The Lorentzian vector product of
dual vectors T = (77,72, 73) and § = (71, Y2, ¥3) in D? is defined by

T XY= (T3Y2 — T2Us, T3Y1 — T1Y3, T1Y2 — T2Y1)-

If 2 # 0, then the norm of ¥ is given by

~ —— <z, x*>
12 = VI<2,% >| = [|lzf| + §— :

2
]

A dual vector Z with norm 1+£0 = (1,0) € D is called a dual unit vector. Therefore,
dual pseudo sphere and dual pseudo hyperbolic space are defined by

Si={Z=az+¢&" ||z]| = (1,0); z, 2* € R} and the vector 7 is spacelike}
and
H2 = {z=a+¢&" 2] =(1,0); 2 2° € R? and the vector 7 is timelike} ,

respectively.

Let 7(0) = v(co) + £y*(0) be a dual curve with parameter o € R in D?. The
real curve y(o) is called the (real) indicatrix of ¥(c). If every (o) and v*(o) are
differentiable, then 7(o) is differentiable in D$. The dual arc length of the dual
curve 7 is given by

5= / 1A(0)|| do = / (o)l do + £/ <ty (0) > do = 5 + €5,
0 0 0

where s and t is arclength and the unit tangent vector of ~, respectively. As in
R?$ we call timelike dual curves and spacelike dual curves with spacelike or timelike
dual principal normal vector as dual Frenet curves (or Frenet curves in D3). Assume
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that 7 is a reparametrization curve with the parametrization s of the indicatrix.
Hence the dual Frenet formulae for the dual unit speed Frenet curve 5 are

p t 0 R0 t
d—,\ n = —50512 0 T n y (1)
o b 0 *8182/’7: 0 b

such that < ¢,t >=¢9 = %1, <n,n >=¢; = %1 and < b,b >= g3 = £1, where

k: R - D
s = R(s) =k(s)+Er*(s)

is nowhere pure dual curvature and

~

7: R = D
s = T(s)=7(s) +&1(s)

is nowhere pure dual torsion [4}14]16-20].

Let 4 be a dual unit speed Frenet curve in D} and W be a dual unit vector field
along 4. The curve 7, in D3 is called the W —directional dual curve of 7 if the dual
unit tangent vector to of Y is equal to W. Moreover 7~ is called the W —donor dual
curve of 7,. Thus, we can define three different dual curves by special selection of
W

i) If W =1, then to = t. In this case 7 and 7, are the same dual curves.

i) If W= 7, then to = 7. In this case 7o is called the dual principal directional
curve of 4 and 7 is called the dual principal donor curve of 7.

iii) If W =b then 7o = b. In this case 7o is called the dual binormal directional
curve of 4 and 7 is called the dual binormal donor curve of 7 [1}7,8,/11].

In this paper, we obtain firstly some relations between the curvature and the
torsion of a principal directed curve and the curvature and the torsion of a principal
donor curve in D. We see that the principal directed curve of a dual general helix is
a plane curve and give the equation of a dual general helix by using position vector
of a plane curve. Then we show that the principal donor curve of a circle in D? or a
hyperbola in D? is a dual helix and we also obtain that the principal directed curve
of a dual slant helix is a dual general helix. We give an example for simple closed
dual slant helix. Finally, according to causal character of the principal donor curve
of a principal directed rectifying curve in D$, we show that this curve to correspond
to any timelike or spacelike ruled surface in Minkowski 3—space RS.

2. PRINCIPAL DIRECTIONAL AND PRINCIPAL DONOR CURVES OF A FRENET
CURVE IN D?

In this section, we examine principal directional and principal donor curves of
a Frenet curve in the dual Lorentzian space D3. Firstly, we state that the causal
characterization of a curve 7 in D} depends on the causal characterization of a curve
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~ which is the real part of 5. Then we give the following Lemma from Lemma 3.1
in [§].

Lemma 1. There is no timelike dual general heliz or spacelike dual general helix
with spacelike principal normal that provides the condition |%| = (1,0) in the dual
Lorentzian space D3.

Now we give the following theorem which expresses the relationship between the
dual curvature and torsion of 4(s) and the dual curvature and torsion of 4, which
is the principal direction of 7.

Theorem 1. Let 7§ be a dual unit speed Frenet curve with the dual curvature K and
the dual torsion T and 7, be the principal directional curve of ¥ in D3. Then the
dual curvature Ko and the dual torsion 7o of 7, is

~ ~2 ~

~ ~ —~ ~ ~ g9€160k° d [T
HO\/& (€0H2+5272>7 TO%A(A>, (2)

coR- 4+ 977 ds \ K
where eg =< t,t >, 61 =< n,n >, eg =< b,b >, 21 =< ng,ng > and s =< by, by >
such that {t,n,b} and {tg,ng, by} Frenet frames of the curves vy and ~y,, respectively.

Proof. Since 7, is the principal direction curve of a dual unit speed Frenet curve

7, the equations to = 0 and % = % are provided. Considering the dual Frenet
formulae we have
dto

-~ = —6051k\t +7b
ds
and
~2 ~ o~ ~2 ~2
Ko < ng,Ng >= cok” + €27 .
Therefore, we obtain
2 2
gok” + €aT
< nNg,Ng >= e — (3)
Ko

The dual curvature of 7 is also

Ko = \/81 (Eoﬁ + €T )

Thus, the dual Frenet vectors along 7, are

~ —coe RELTD ~ Rb + e1697T
to="n, ng = 0°1 bg = £ge 12 . (4)

) 0c1
~ ~2 ~2 ~ ~2 ~2
\/61 (E()K? + EoT ) \/51 (€0I<L + eoT )

By taking differentiation of equation with respect to 5 and this is written in the
equation

~ - dby .
To = —€2 < =, 1o >,
ds
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we have

R(RIZ —74E ~ F(RIZ _74E ~ ST D
5_\0 _ 7’52 < (8062 n(m 3 qui)% ) T (5182( T(n 43 qu) %) b, \/—5051nt+7b

~ ~2 o~
- o189k d (T
TO0= ——QH> 5 = .

Then we get

51(60E2+52?2)
P) 2 I~ =
EoK~ + E2T ds KR
O

We can write the dual curvature ¥ and the dual torsion 7 of 7 in terms of the
dual curvature kg and the dual torsion 7 of 7, in the following theorem:

Theorem 2. Let 7 be a dual unit speed spacelike Frenet curve having a spacelike
principal normal with the dual curvature K and the dual torsion T and 7, with the
dual curvature Ko and the dual torsion To be a spacelike principal direction of ¥ in
D3,

(a) If & > |7, then ¥, is a spacelike dual curve with spacelike dual principal normal.
Then the curvature and the torsion of principal donor curve of 7, are

R(s) =Ro(s) cosh(/ To(8)ds), T(s) =Ro(s) sinh(/ To(s)ds) (5)

(0) If K < |7|, then 7, is a spacelike dual curve with timelike dual principal normal.
Then the curvature and the torsion of principal donor curve of ¥, are

k(s) = Eo(s)sinh(/ To(s)ds), T(s) = —Fo(s) cosh(/?o(s)dg) (6)

Proof. (a) If k > |7|, as a result of (@), 7, is a spacelike dual curve with spacelike
dual principal normal. Then by using the curvature and the torsion functions
of 7, are,

~2 ~
R(5) = R0) = 700, Fals) = e (29 )

72(s) — 72(s) d5 \R(s)
respectively. Firstly we replace %= in the second equation of with f Then the
second equation of is rewritten as

)

o~ o~

) = L df) 1 df(s)
- ()" F =P &

where

Fs) — f(s w(g) = 1) 7)) T(s)K"(s)

On the other hand, since k > |7|, | f(s)| is less than 1. Thus, we get that
d

(s)
T sd§:/d7§d§:tanhflAs +c,
[ 7o) T is)




ASSOCIATED CURVES OF A FRENET CURVE IN THE DUAL LORENTZIAN SPACE 291

where ¢ is dual constant. If we take ¢ = 0 without breaking the generality, then we

obtain
f(s) = tanh (/ ?O(s)d§> .
we obtain

7(s) = tanh ( / ?0(s)d§> R(s).

If this equation is written in place of the first equation of @ and the necessary
arrangements are made, then both equations of are obtained.
(b) The proof is similar to the proof of the statement (a). O

)

By using ]?:

Similarly, we can write Theorem 3 and Theorem 4.

Theorem 3. Let 7 be a dual unit speed spacelike Frenet curve having a timelike
principal normal with the dual curvature K and the dual torsion T and 7, with the
dual curvature Ko and the dual torsion T be a timelike principal direction of 7 in
D3$. Then the dual curvature and the dual torsion of principal donor curve of 7,
are

Kk(s) = Ko(s) cos(/?g(s)d’s\), 7(s) = —FKo(s) sin(/?o(s)a@). (8)

Theorem 4. Let 7 be a dual unit speed timelike Frenet curve with the dual curvature
K and the dual torsion T and 7, with the dual curvature Ky and the dual torsion T¢
be principal direction of 7 in D3.

(a) If & < |7], then ¥, is a spacelike dual curve with spacelike dual principal normal.
Then the dual curvature and the dual torsion of principal donor curve of 7, are

k(s) = Ro(s) Sinh(/?o(s)d@, T(s) = Ro(s) cosh(/ To(s)ds). (9)

(b) If k > |7|, then 7, is a spacelike dual curve with timelike dual principal normal.
Then the dual curvature and the dual torsion of principal donor curve of 7, are

k(s) = Ro(s) cosh(/ To(s)ds), T(s) = —Fo(s) sinh(/?o(s)d§). (10)

3. PrRINCIPAL DIRECTIONAL CURVES OF GENERAL HELICES IN }D)i”

In this section, we show that principal directional curves of general helices in D?
is plane curves. Then we obtain the position vectors of dual general helices with
the aid of this plane curves (see [5,12] for general helix in R?).

Theorem 5. A dual unit speed Frenet curve 7 in D3} is a general heliz iff the
principal directional curve of 7 is a plane curve.
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Proof. Since 7 is a dual unit speed Frenet curve, we will only give the proof for a
spacelike dual Frenet curve with timelike principal normal.

(=) Let 4(s) be a dual unit speed Frenet curve with the dual curvature ¥ and
the dual torsion 7 and 7, be the principal directional curve of 7 in D3. Then it is

clear that
= —tan </ ?O(s)d§> (11)

from the equation . By taking derivative of with respect to § we have

d% (;) — _%o(s) sec? (/?0(s)d§> —0.

Since sec? ([ To(s)ds) # 0, we say that 7o(s) = 0. Then 7 is a plane curve in D

(<) Let 3, which is principal directional curve of 4 be a plane curve in D?.
Then 79 = 0. As a result of K # 0, d% (%) =0 and % is a dual constant from 1'
Consequently the Frenet curve 7 is a general helix in D3. O

) )

Similarly, we can also prove in case 7 is a timelike curve or a spacelike curve
with spacelike principal normal D3.

Theorem 6. Let 5 be a spacelike plane curve with the dual curvature & in D3.
(a) If the principal normal vector of 5 in D3 is a spacelike, then the position vector
of 7 is given by

5(s) = / (o,cos ( / E(s)d?) sin ( / R(s)dé\)) s, (12)

(b) If the principal normal vector of 5 in D3 is a timelike, then the position vector
of 7 is given by

5(s) = / (sinh ( / ’/%(s)d§) cosh ( / E(s)d?) ,o) ds. (13)

Proof. Let 4 be a spacelike plane curve with the dual curvature % in D$. Since 7
is a spacelike dual curve, <t,@ = (1,0). On the other hand if we consider the dual

Frenet formulae and 0 = J R(s)ds, then the following statements hold:

(a) If the principal normal vector of 7 is spacelike, then #(s) = (070085, sin@).
Therefore, we have the equation .

(b) If the principal normal vector of 7 is timelike, then #(s) = (sinh/ﬁ\, cosh, O).
Therefore, we have the equation . [

Theorem 7. The position vector 7 of a timelike plane curve with the dual curvature K
in D3 is given by

A(s) = / <cosh < / E(s)d?) ,sinh ( / R(s)d?) 70) ds. (14)
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Theorem 8. Let 7 be a dual unit speed spacelike general helixz having a spacelike
principal normal with the dual curvature K and the dual torsion T = mk for dual
constant m = m + &m* in D3,

(a) If % = |m| < 1, then the position vector 7 is given by

01 (o (15 ) o (5 )

and the principal directional curve of 7 is a spacelike plane curve with a spacelike
principal normal in D?,
(b) If % = |m| > 1 then the position vector 7 is given by

s (o (1 ) s (551 0). )

and the principal directional curve of ¥ is a spacelike plane curve with a timelike
principal normal in D2.

V() =

Proof. Let 7, be principal directional curve of 5 in D3. 7, is a spacelike dual curve
because 7 has a spacelike principal normal.
In case (a) we can say that 7, has the dual Frenet vectors,

to(s) = (0, cos U Ro(s ds] sin [ [ Ro(s dsD
7:50(5) (0, —sin [ [ Ro(s ds] cos [ [ Ro(s)ds])
bo(s) =(1,0,0)

by using . If we consider the equation and 0 < |m| < 1, then the equations
as) = —00)_nd R (s) = ()
V1—m?2

are hold. From (4) and %(s) = #(s)v/1 — m2, the dual unit tangent vector # is
obtained as

R <m,sm [m / E(s)d?} — cos [m / E(s)d?]) .

1—-m

Hence, if i = |m| < 1, then a 5pacehke general helix with a spacelike principal
normal in ID)3 is given by the equation (1 .
(b) The proof is similar to the proof of the statement (a). O

Similarly, we have Theorem 9 and Theorem 10.

Theorem 9. Let 7§ be a dual unit speed spacelike general heliz having timelike
principal normal with the dual curvature K and the dual torsion T = mk for dual
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constant m = m + Em* in D3. The position vector of § is given by

3(s) Vit w2 / E(s)d?} cosh {m / E(s)d?} ,—m) d5

(17)

=g/ (]

and the principal directional curve of ¥ is a timelike plane curve in D? .

Theorem 10. Let 5 be a dual unit speed timelike general heliz with the dual cur-
vature & and the dual torsion T = mk for dual constant m = m + Em* in D3.

(a) If ‘%l = |m| > 1, then the position vector of 7 is given by

A(s) = \/% / (m,sm {\/ﬁﬁ / E(s)d% , — cos {\/ﬁﬁ / E(s)d?} )(f)

and the principal directional curve of 5 is a spacelike plane curve with spacelike
principal normal in D2,
(b) If % = |m| < 1, then the position vector of ¥ is given by

As) = ﬁ / (cosh {m / E(s)d?} ,sinh {m / E(s)d?} ﬁ)(lci

and the principal directional curve of 7 is a spacelike plane curve with timelike
principal normal in D3.

Taking into consideration the above three theorems, the following three results
are obtained:

Corollary 1. Let 7 be a dual unit speed spacelike Frenet curve with a spacelike
principal normal and 3, be a spacelike principal directional curve of § in D$. Then
Ao s a plane curve in D? or D? iff 7 is a general heliz in D3 with inequalities rk > |7|
or k < |7| , respectively. Furthermore 7, is a circle in D? or spacelike hyperbola in
D? if and only if 5 is a heliz in D} with k > |7| or a heliz k < |7| ,respectively.

Corollary 2. Let 7 be a dual unit speed spacelike Frenet curve with a timelike
principal normal and 7, be a timelike principal directional curve of 5 in D3. Then
Ao is a plane curve iff ¥ is a general heliz in D}. Furthermore 3, is a timelike
hyperbola if and only if ¥ is a heliz in D3.

Corollary 3. Let7 be a dual unit speed timelike Frenet curve and 7, be a spacelike
principal directional curve of ¥ in D3. Then 7, is a plane curve in D* or D? iff 7 is
a general heliz in D} with inequalities k < |T| or k > |T| , respectively. Furthermore
Yo is a circle in D? or a spacelike hyperbola in D3 iff ¥ is a heliz in D} with k < |7|
or k > |1|, respectively.

Consequently, the general helices are characterized in D3 according to the asso-
ciated curve as follows:

Theorem 11. A general heliz in D3 is the principal donor curve of some planar
curves.
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4. PRINCIPAL DIRECTIONAL CURVES OF SLANT HELICES IN ]D)il3

In this section, we examine the causal characters of general helices which are
principal directional curves of slant helices according to causal characters of slant
helices in Df’ . We are state that the connections between general helices and slant
helices in ]D)if as follows:

Let 4 be a Frenet curve in ]D)‘?’ and W be a dual unit vector along the dual Frenet

curve 7. If W has a constant dual angle with a constant dual vector V along 7,
then the tangent vector of 7, which is the W —directional curve of 7, also has a
constant dual angle with 1% along 7. Conversely, if the dual unit tangent vector of
the Frenet curve 5, in D® makes a constant dual angle with the constant vector v
in ]D)f’ then 7 is the W —donor curve of 5 Yo-

In the expression given above, we take principal normal vector instead of 1%
along ¥ in Df’. Then 7 is a dual slant helix (slant helix in D$) that is the principal
normal vector of ¥ makes a constant dual angle with a constant vector Vin D3 iff
the principal directional curve of 7 is a general helix in D$ that is the dual unit
tangent vector of 74, makes a constant dual angle with a constant vector V in D3.
On the other hand, a slant helix is the principal donor curve of a general helix and
a general helix is the principal directional curve of a slant helix in D3 (see [3,/15)
for slant helices)

Now let 7, be a spacelike general helix having a spacelike dual principal normal
with the dual curvature & and the dual torsion 7o = ¢kg for dual constant ¢ in
D3 Then the spacelike principal donor curve 7, of 7, has the dual curvature k; =

s) cosh [ f Ro(s ds] and the dual torsion 71 = Ko (s )blnh [Cf/io ds] A time-
hke pr1nc1pa1 donor curve 7, of 4, has the dual curvature F2 = Ro(s) sinh [c J Rol(s ds}
and the dual torsion 75 = &o(s) cosh [¢ [ Ro(s)ds]. The dual Frenet curves 5, and
75 hold the equations of slant hehces

~2 . 2 o~ o
R d (7 cosh” [¢ [ Ro(s)ds] d A/A N N
(=) = — | tanh d = 2
(= A2)3/2 A (;51) 7o g5\t |€ [ Ro(s)ds| | =2 (20)

ki1 —T
and
2 ~ .12
—R5 d (T2 __smh[fﬁo ]7 [ A
T P& <E2> = e coth |¢ [ Ro(s)ds| | =&,
(7-%)
(21)
respectively.

Let 7, be a spacelike general helix having a timelike principal normal with
the dual curvature K and the dual torsion 7o = ¢rg for dual constant ¢ in ]D):f.
Then the spacelike principal donor curve ﬁg of 7, has the dual curvature k3 =

(s)sinh [¢ [ Ko(s)ds] and the dual torsion 73 = —Fo(s) cosh [¢ [ Ko (s)d5]. The
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timelike principal donor curve 74 of 4, has the dual curvature kqy = Ro(s) cosh [ J Ro(s
and the dual torsion 74 = —Ro(s) sinh [¢ [ Ro(s)ds]. The dual Frenet curves 75 and
7, hold the equations of slant hehces

2 R 12 N g

R d <T3) sinh [cf Hods] d ( {A/A 1) N
—_— | )| =————"——=— | —coth |C [ Rod5| | =¢C 22
(72— r2) B\ Rols)  d3 ’ )

3 3

and
~2 ~
—R3 d (T4 cosh? [ [ Fo(s ds] d A/ R R ~
PR A — | —tanh d =
(7{2 _ 5_\2)3/2 d§ (7‘%4) K/O( ) djs\ an c KO(S) S C,
4 4 o
respectively.

Finally, let 74, be a timelike general helix with the dual curvature % and the
dual torsion 7o = ¢kg for dual constant ¢ in ]D)?’ Then the principal donor curve
5 of 7, has the dual curvature ks = Ro(s )cos [¢ [ Ro(s)ds] and the dual torsion

Ts = —Ro(s) sin [ f Ro(s ] The dual Frenet curve 45 hold the equation of slant
helix:

7_% 4 (T = — cos” [¢) Fo(s)d5] 4 — tan ’c\/k\ (s)ds| | =c.
2 2\3/2d5 \ Rs Ro(s) ds 0 '
(7’5 =+ 55)
(24)

The value of a dual slant helix equation is called the dual slant helix constant.
Then we can write following proposition:

Proposition 1. Let 4,(s) be a general helix with the dual curvature Ko and the
dual torsion To and 5 be the principal donor curve of 3, in D3. Then 7 is a dual
slant heliz with the dual slant heliz constant ,E—‘;

In the previous section, general helices were constructed in D3 with the help of
plane curves. The above methods gave idea to construct slant helix with the help
of general helices in D}. Now, by using the method in the third chapter the slant
helices will be constructed from the general helices in D3.

Theorem 12. Let 7 be a dual unit speed spacelike slant heliz having a spacelike
principal normal with the dual curvature & and the dual torsion 7T in D3 and ¢ =
c+&ct be a dual slant helix constant.

)ds]
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(a) If k > |7| and |c| < 1, then the position vector 7 is given by

Ss) = —f( Sinh[oR )],

cosh ’C\IA(l(s) cos mf(l(s) _ Zsinh[eRs ()] sin[VIZER1 (o)

. . vi-e " (25)
cosh |¢K(s)| sin |1 — 2Ky (s)

n Esinh[EKl (s)\]/;:cise[;/ 1-¢2K; (s)] ) d§7

where K1 = \/AQ —72 s)ds.

(b) If k > |T| and |c| > 1 then the position vector 7 is given by

is) = — (sinE [EIAQ(S)} sinh J;\/eﬁf(l(s)]
_ECOSh[EKl(S)]\/C;Sﬂmm(s)] ,sinh [EIAQ(S)} cosh {\/62 — 1}?1(5)

_ ¢cosh [61?1 (5)} sinh[\/EQ—li?l(s)] cosh[EI?l (s)] ) a5

Ve2—1 ’ Ve2—1

where K1 =/ \/R2(s) — 72(s)ds.

(o) If Kk < \T| then the position vector 7 is given by
(i) = —f (sinh |:/C\I?2(S):| cosh {\/1—1—762[?2(5)}
_ Goosh[eRs ()] sinh [ VITER, ()] , sinh |:/C\I?2(S):| cosh {\/1—1—7621?2(5)}

(26)

Vi4e?
ECOSh[ERQ(S)] sinh|v/ 1+€2]/€2(s)] COSh[EI?2(S)] a5
N 14¢2 RV e )ds |,

(27)

where Kg = \/72(s) — R2(s)ds.

Proof. Let 7, the principal directional curve of 7 in D3. Since 7, is a general helix
with the dual torsion Ty = ¢kg for dual constant .
(a) From the equation we obtain

to(s) = ﬁ (E, sin [V1 — ¢ [Ro(s)ds]

—cos [V1—-22 fﬁo AD
fo(s) = (0 cos [\/1 — flio ] i [\/1 — ¢ [Ro(s)ds]), . (28)

\/ﬁ (1, —Csin[V1I-22 fKJQ ds]
¢cos [\/lfifno ])

On the other hand from . ) it is clear that

£ = —cosh [ / ?O(S)dg] fig + sinh [ / ?O(S)dg} Do.

i~
(==}
=
»
&z
Il
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If we take into consideration the equation then the dual unit tangent vector ¢
of 4 can be written as

%" _ (sinh[f To(s)ds]

1-¢c2 ’

—cosh [ [ To(s)ds] cos [V1 — 2 [ Ro(s)ds] — esinh(/ 7o S)ds\z“[v & [ Rols )ds]

— cosh U To(s)d ] [\/1_7f Ro(s A] Esinh[ [ 7o (s)ds] Cfs_[;ffﬁo(‘)ds]) '

By using the equations Ki(s = [Ro(s)ds = [/R*(s) —7°(s)d5 and oK1 (s) =

[ To(s)ds we have

%\ _ (sinh 6/\1(5)]

T
— cosh [EAl(s)] cos (mfgl(s)) _ @sinh[eK, (s )\]/glm(\/iKl( 9)
[A/\

—cosh | { = ] n Esinh[?l?l(s }cos[\/ Kl(s)]>

1(5)] sin

\/]. —EQKl(S) Vi

29
If we take into consideration ¢ = d(q %) and integrate both sides of the equation (|2
with respect to 3, then we get (25 .
The proofs of (b) and (c¢) are similar to the proof of the statement (a). O

Similarly, we have Theorem 13 and Theorem 14.

Theorem 13. Let 5 be a dual unit speed spacelike slant helix having a timelike
principal normal with the dual curvature & and the dual torsion 7 in D} and ¢ =
c+ &t be a dual slant helix constant.

(a) If |¢| > 1 then the position vector 7 is given by

CIEE =

CSIH[CKS( )] cos| fQile(S)] — cos [/C\[?3(8):| sin {\/ET—U?:;(S)] ;

Ve
2sin[eK;3(s)] sin[vE2—1K3(s ~> = ~
[eKs( )]\/62[_\/1 3(s)] + cos [ch(s)} cos [\/52 - 1K3(s)]> ds
(30)

where K3 = [\/R ) +72(

(b) If |c| < 1 then the position vector 7 is given by

() = [ (cos |:C\I?3(S)i| sinh [ﬁkg(s)]

+ESin[EK3(S)]\C/jSh6[2 —CRa)] ,cos [Ef?g(s)} cosh [mf{g(s) (31)

+Esin[€[?3(s)] smh[\/l 22K3(5)] sirl[El?g(s)]>d,S\

Vi— 7oV1-¢2



ASSOCIATED CURVES OF A FRENET CURVE IN THE DUAL LORENTZIAN SPACE 299

where K3 = [\/R )+ 7

Theorem 14. Let 7(s) be a dual unit speed timelike slant heliz with the dual
curvature & and the dual torsion 7 in D} and ¢ = ¢ + &c* be a dual slant heliz
constant.
(a) If k < |7| and |c| < 1 then the position vector 7 is given by

smh[cKz(s }

A(s) = f(F s cos (VI =@Rs(s) ) cosh [eRa(s)|
i sin (\/ﬁf@(s)) sinh [61?2(5): ,

sin [mf(g(s)] cosh I:EI?Q(S)} o
—&—\/%762 cos [mgg(s)} sinh [EI?Q(S) ) ds
where Kg = \/72(s) — R2(s)ds.
(0) If k < |7| and |c| > 1 then 5 can denoted by
(i) = [ (cosh [/c\f?z(s)} sinh [\/Eflf?z(S)} _ Ceoh[eRa(s )1/005}1[\/71(2( dl
sinh {Ef?z(s)} cosh {\/527—1?(2(8)} - CCOSh[CKQ(S)]/Slnh[\/im(sﬂ
,COSh[;fi?I(S)] )> ds,
(33)

where K2 = \/ — 22 )ds.

(¢) If k > |7| then the position vector 7 is given by

F(s) = [(cosh [EIAG(S)} cosh [\/1—&—762[?1(8)]

¢sinh[eK1 (s)] sinh[vVI+E2 K (s T . =
_ [ER 1 ( )\]/1+m[2 A )], cosh [cKl(s)] sinh [\/1 + 2K, (5)}
)d3,

Esinh[ﬁl?l(s)] cosh[\/1+621?1(s)] sinh[EKl(s)]
- Viter V>

where K1 = [\/R —7%(s)ds.

In Theorem 11, general helices in D$ were characterized according to the as-
sociated curve. Slrmlarly, the characterlzatlon of slant helices in D} is given as
follows:

(34)

Theorem 15. A slant heliz in D3} is the second principal donor curve of some
plane curves.
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A Frenet curve 3y in D} is called a circular slant helix or hyperbolic slant helix
if the second principal directional curve of 7 a circle in D? or a hyperbola in D?,
respectively. These curves are called simple dual curves.

Now we will deal with simple closed slant helices in D$. Taking into consideration
the equations - and (| , we can state that there are no closed simple
dual slant helices given by (25} . and . (34). Therefore we only interest a
closed simple dual slant hehx glven by |.)

Remark 1. Let 7 be a spacelike circular slant heliz providing the equation @) and
its first principal directional curve of 4, and its second principal directional curve
of 41 be a helix with |;‘;| lc| > 1 and a circle with radius 7 in D3, respectively.
Since the dual curvature of 7, is Ry = ?, the dual curvature Ko is expressed by

Ro = = 61271. Thus the dual function IA(g n @) is given by
[~2 | ~2 g~ g S
s) = /{—FTCZS:/KdS:i.
) / T AE—1
Therefore, by the a simple integration we can give that 4 is closed iff ﬁ 1s
rational. Similarly, it appears that other simple dual slant helices are not closed.
Example 1. A spacelike circular dual slant heliz
A(s) =(s) +&v"(s) (35)
of (@) can be denoted by

v(s) = —r( cos [7 NG ]

(20 — 1) cos \/“’271 [f] +2¢v/c2 — 1sin r\/% sin [f] ,
(2¢% — 1) cos T\/Z%l sin [£] — 2¢v/c? = 1sin 7= | €08 [f])
) (36)
an
o) = (s [ e ]

(es1* (1= ) +c*sr (1 - 262)) sin [ i ] cos [2]
+ <% + ﬁgff) cos L %271} sin [£]
+ (r* = 2r*c® — dec*r) cos [T\/Z;j} cos [£]
e (g [t [, 0

(csr* (1 — 02) + c*sr (1 — 202)) sin [T £ } sin [f]

_[r’s 2cc*s cs s
( =+ 62_1) cos {T T—l} cos [£]

+ (r* —2r*c? — 400*7‘) cos [T\/Zji_l} sin [;]

cctr4crt—r*\ o cs . [s
+2c (7\/ﬂ ) sin L 6271] cos [T]) .
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If we put ¢ = % for dual constant ¢ = ¢ + &£c* and T = (1,0), then the closed
condition ﬁ = 3 is provided and an example of a spacelike closed circular dual
slant heliz with timelike principal normal is given by

31 (S) _ 2v2 0305[33] ) 5 cos[3s] cos[s]i—B sin[3s] sin[s] ) 5 cos[3s] sin[s] 13 sin[3s] cos[s] )

9 3
_3\/5 cos [38} cos [S} _ 9\/§sin[235] sin(s] ) —b5s sin[fs] sin[s] 12\/29 oS [38] cos [S]
—3v/2 cos [3s] sin [s] + w> )

+€C* (8 cos[3s]  64ssin[3s] ) —bs sin[is] cos|s] + 12\/58 cos [38] sin [S]

If we put ¢ = 2 for dual constant ¢ = c+&c* and 7 = (1,0), then the closed condition
\/7 = % is not provided and the an example of a spacelike non-closed circular
dual slant heliz with timelike principal normal is given by

ols) = — <CO§[2*2F] 7 cos [s] cos [\f] + 44/3 sin {\2/%} sin [s],
7 cos [ } sin [s] — 4v/3 sin [\2/5} cos [s ]) +&c* COS[;%] - ssn;[\[?] ,
—T7ssin {27} cos [ 4 cos { } sin [s] — 8 cos % cos [s]
f [7} sin[s], — 7ssin [ } sin [s] — 4 cos %} cos [s]

—8¢ {\2/5} sin [s] + \% sin [\/g} cos [s])

Corollary 4. The closed simple slant heliz 7 given by (.) whose real part @
and dual part (.) in D3 is a spacelike circular slant heliz with timelike principal
normal having slant helm: constant ¢ = ¢ + &c* providing the condition \/65771 18

rational.

5. PRINCIPAL DIRECTED RECTIFYING CURVE IN D3

In this section, we examine the principal directed rectifying curve whose the
position vector always lie in rectifying plane of its principal donor curve in D3 (see
[6,10L|{14/19] for rectifying curve). We show that a principal directional rectifying
curve in D corresponds to a spacelike or a timelike ruled surface in R} depending
on causal characters of its principal donor curves.

Theorem 16. Let 7, be a pseudo spherical Frenet curve (a Frenet curve lies on
S? or H3) and 7 be a principal donor curve of 3, in D3. Then 7, is a principal
directed rectifying curve.

Proof. Let 7, be a pseudo spherical Frenet curve and 74 be a principal donor curve
of 7y in D$. According to the dual Frenet frame of 7, the position vector of 7, is
written as

o~

Fo(s) = A(s)E(s) + Als)7ils) + B(s)b(s), (38)
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. T o~ > . d~ -~
for some dual functions A, 7i and . Since 2 = to, we have

- dx [~ du - B\ ~
o (SRS i s WL LR ) PO N
ds ds ds

Thus the system of equations
& c0EIRA =0
A+ & —ea1e2mf =1 (39)
~~  d
HT + 35 =
is formed. Since ¥, is a pseudo spherical Frenet curve, taking into consideration
the equation we obtain
0A(s)? + e1fi(s)® + e2f3(s)* = F7.
If we take derivative of this last equation with respect to s, then we get

EOX% + 81/7% + 523% = (40)

is denoted. By using the equations and it is clear that fi(s) = 0. Hence
we can rewrite the equation as

Fo(s) = Ms)ils) + B(s)b(s).
So the position vector of ¥, (s) lies in the rectifying plane of 5 which is the principal
donor curve of 7,. Therefore, 7, is principal directed rectifying curve. O
Theorem 17. Let ¥ be a Frenet curve with the dual curvature K and the dual
torsion T and a pseudo spherical Frenet curve 7, be principal directional curve of
4 in D$. Then the position vector of 7, lies in the normal plane S, {ﬁo,go} and
the position vector of 7 is given by

CIT + €pe1Cak ~

N £1(1C1R + £2CoT) — — N bo(s) (41)
G (50/<c + eoT ))3/2

Yo(s) = — no(s) +

(gl (60/22 + 52’/7'\2> )3/2

for dual constants ¢1 and ¢s.

Proof. Let 7 is a Frenet curve with the dual curvature s and the dual torsion 7 and
a pseudo spherical Frenet curve 7, be principal directional curve of 7 in Dj. We
know that the dual curve 7, lies on the rectifying plane of 4. Then the position
vector of 7, can be written by

Fo(s) = At(s) + Bb(s) (42)
for dual functions \ and 3 If we take derivative of the equation with respect
to s, then we have

dh~ dB~

= i(s) + (AR — £12287)7(s) + Zeh(s).
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From the last equation it is clear that 2 = ¢1 and B = ¢y are dual constants.
Therefore, we obtain by using . ([

Corollary 5. Let 5 be a spacelike Frenet curve with a spacelike principal normal
in D3. Then the principal directed rectifying curve of 3 corresponds to a timelike
ruled surface in R3.

Corollary 6. Let 7 be a spacelike Frenet curve with a timelike principal normal
in D3. Then the principal directed rectifying curve of ¥ corresponds to a spacelike
ruled surface in R3.

Corollary 7. Let 7 be a timelike Frenet curve in D3. Then the principal directed
rectifying curve of 3 corresponds to a timelike ruled surface in R3.
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