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ABSTRACT

In this paper, we present screen semi-invariant lightlike submanifolds of golden semi-Riemannian
manifolds. We research several properties of such submanifolds and get the conditions of
integrability of distributions. We prove some results for totally umbilical screen semi-invariant
lightlike submanifolds of golden semi-Riemannian manifolds. We also give an example.
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1. Introduction

The theory of lightlike submanifolds of semi-Riemannian manifolds is one of important topics of differential
geometry. Since the intersection of normal vector bundle and the tangent bundle is non-trivial, then in the
study of lightlike submanifolds is more interesting and remarkably different from the study of non-degenerate
submanifolds. Lightlike submanifolds is developed by Duggal and Bejancu [6] and Duggal and $ahin [9].
Moreover, many authors have studied the geometry of lightlike submanifolds [1, 4, 5, 16, 18, 22].

Duggal and Bejancu presented Cauchy-Riemann (CR)-lightlike submanifolds of Kaehler manifolds [6].
But CR-lightlike submanifolds exclude the complex and totally real submanifolds as subcases. Then Duggal
and Sahin presented a new class of lightlike submanifolds which is called screen Cauchy-Riemann (SCR)-
lightlike submanifolds of indefinite Kaehler manifolds [8]. Kilig, Sahin and Keles introduced screen semi-
invariant (SSI) lightlike submanifolds of a semi-Riemannian product manifold and researched the geometry
of such submanifolds [17]. Khursheed Haider, Thakur and Advin studied Screen Cauchy—-Riemann lightlike
submanifolds of a semi-Riemannian product manifold [15].

The number ¢, which is the real positive root of the equation 22 — z — 1 = 0 (thus, ¢ = % ~ 1.618...) is the
golden ratio. Being inspired by the golden ratio, the notion of golden manifold was defined in [3]. Hretcanu
and Crasmareanu worked invariant submanifolds of a golden Riemannian manifold [13]. They proved that
a golden structure induces on every invariant submanifold a golden Structure, too [14]. Sahin and Akyol
presented golden maps between golden Riemannian manifolds, give an example and show that such map
is harmonic [21]. Ozkan investigated complete and horizontal lifts of the golden structure in the tangent
bundle [19]. Erdogan and Yildirim worked totally umbilical semi-invariant submanifold of golden Riemannian
manifolds [10]. Gok, Keles and Kili¢ studied Schouten and Vranceanu connections on golden manifolds [11].
Poyraz and Yasar presented lightlike submanifolds of golden semi-Riemannian manifolds [20]. Acet studied
screen pseudo-slant lightlike submanifolds of a golden semi-Riemannian manifold [2].

In this paper, we present screen semi-invariant lightlike submanifolds of golden semi-Riemannian
manifolds. We research several properties of such submanifolds and get the conditions of integrability of
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distributions. We prove some results for totally umbilical screen semi-invariant lightlike submanifolds of
golden semi-Riemannian manifolds. We also give an example.

2. Preliminaries

Let N be an m—dimensional differentiable manifold. If a tensor field P of type (1,1) holds the following
equation
P P=P+1 (2.1)
then P is named a golden structure on N, where I is the identity transformation [12].
Let (N, ) be a semi-Riemannian manifold and P be a golden structure on N. If P holds the following
equation
§(PU,V) = g(U, PV), (2.2)

then (N, g v) is called a golden semi-Riemannian manifold [19].
Let (N, g, P) be a golden semi-Riemannian manifold. Then the equation (2.2) is equivalent with

g(PU, PV) = g(PU,V) + g(U, V), (2.3)

forany U,V € I'(TN).

Let (N, ) be a real (m + n)—dimensional semi-Riemannian manifold with index ¢, such that m,n > 1,
1<q¢<m+n—1and (N,§) be an m—dimensional submanifold of N, where § is the induced metric of § on
N.If g is degenerate on the tangent bundle TN of N then N is named a lightlike submanifold of N. Then, for
each tangent space Tm]\'f , T € N , we consider

TN+ =uU{V, € T,N : §(V;,U,) = 0,YU, € T,N,z € N},

which is a degenerate n—dimensional subspace of T, N. Thus, both T,N and T, N+ are degenerate orthogonal
subspaces but no longer complementary. Then, there exists a subspace Rad(T,N)=T,N NT,N+ which is
known as radical (null) space. If the mapping

Rad(TN) : x € N — Rad(T,N)

defines a smooth distribution on N of rank r > 0 then the submanifold N of N is named an r—lightlike
submanifold and Rad(TN) is named the radical distribution on N. .

Let S(T'N) be a screen distribution which is a semi-Riemannian complementary distribution of Rad(T'N) in
TN, i.e.

TN = Rad(TN)LS(TN), (2.4)
and S(TN*') is a complementary vector subbundle to Rad(TN) in TN*. Let tr(T'N) and itr(TN) be
complementary (but not orthogonal) vector bundles to TN in TN |, and Rad(TN) in S(TN1)*, respectively.
Thus we have

tr(TN) = ltr(TN)LS(TN*1), (2.5)
TN |y=TN @ tr(TN) = {Rad(TN) @ ltr(TN)} LS(TN) LS(TN™ ). (2.6)

Theorem 2.1. Let (N,§,S(TN),S(TN')) be an r—lightlike submanifold of a semi-Riemannian manifold (N, ).
Suppose that U is a coordinate neighborhood of N and &;, i € {1,..,r} is a basis of F(Rad(TN)|U). Then, there exist
a complementary vector subbundle ltr(TN) of Rad(TN) in S(TN)* and a basis of T(itr(TN )|,) consisting of smooth
section {N;} of S(TNY) such that

1%

G(Ni, Ej) = 655, g(Ni, Nj) =0, (2.7)
foranyi,j e {1,.,r}.

We say that a submanifold (N, g, S(TN), S(TN')) of N is
Case 1: r—lightlike if r < min{m,n},

Case 2: Coisotropic if r = n < m, S(TN1) = {0},

Case 3: Isotropic if r = m < n, S(TN) = {0},

Case 4: Totally lightlike if » = m = n, S(TN) = {0} = S(T'N1).

www.iejgeo.com 208


http://www.iej.geo.com

N. (Onen) Poyraz

Let V be the Levi-Civita connection on N. Then, the Gauss and Weingarten formulas are

VoV = VuV+hU,V), (2.8)
VuN = —AnU+ V4N, (2.9)

for any U,V € T(T'N) and N € I'(tr(TN)), where {VyV, AyU} and {h(U,V),V N} belong to I'(TN) and
L(tr(TN)), respectively. V and V' are linear connections on N and on the vector bundle tr(T'N), respectively.

According to (2.5), considering the projection morphisms L and S of t#(TN) on ltr(TN) and S(TN),
respectively, from (2.8) and (2.9) we have

VoV = VuV+h(UV)+hU V), (2.10)
VuN = —AnU+ VYN + D*(U,N), (2.11)
VoW = —AwU + VW + DU, W), (2.12)

where 'hl(U, V) =LhU,V), h*(UV)=ShUYV), {VuV, AU AwU} € I(S(TN)), {VLN,D{U,W)} ¢
L(itr(TN)) and {V§W,D*(U,N)} € T(S(TN1)). Then, considering (2.10)-(2.12) and taking into account

that V is a metric connection, we derive

g(h* (U, V), W) +g(V, DU, W)) = §AwU,V), (2.13)
g(D*(U,N),W) = g(AwU,N). (2.14)

Let J be a projection of TN on S(T'N). Then, considering (2.4) we have

VyJV = ViJV +h*(U,JV)E, (2.15)
VuE = —AyU+ VilE, (2.16)

for any U,V € T(TN) and E € T'(Rad(TN)), where {V,JV, AU} and {h*(U, JV),VitE} belong to T'(S(TN))
and I'(Rad(TN)), respectively.
By using above equtions, we obtain

g(W U, JV),E) = (AU, JV), (2.17)
g(h*(U,JV),N) = §(ANU,JV), (2.18)
g(h'(U,E),E) = 0, AyE=0. (2.19)

Generally, V on N is not metric connection. Since V is a metric connection, from (2.10) we derive
(Vug)(V, Z) = §(h'(U, V), Z) + §(h'(U, Z), V), (2.20)
forany U, V, Z € T(TN). But, V* is a metric connection on S(T'N).

Theorem 2.2. Let N be semi-Riemannian manifold and N be an r-lightlike submanifold of N. Then V is a metric
connection iff Rad(TN) is a parallel distribution with respect to V [6].

Definition 2.1. A lightlike submanifold N of a semi-Riemannian manifold N is called totally umbilical in N, if
there is a smooth transversal vector field H € T'(itr(TN)) such that

h(U, V)= Hg(U,V), (2.21)
forany U,V € I(TN) [7].

It is known that N is totally umbilical iff on each coordinate neighborhood U, there exists smooth vector
fields H' € T'(Itr(TN)) and H® € T(S(T'N")) such that

RNU, V) = H'g(U,V),h*(U,V) = H*¢(U,V) and D' (U, W) = 0, (2.22)

forany U,V € I'(TN) and W € T'(S(TN*1)).
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3. Screen Semi-Invariant Lightlike Submanifolds

Definition 3.1. Let N be a lightlike submanifold of a golden semi-Riemannian manifold N. We say that N is
SSI-lightlike submanifold of IV if the following statements are satisfied:

1) There exists a non-null distribution z € S(T'N) such that
S(TN) = p@ p*, P(p) = p, P(u) € S(TN*), pnpt = {0}, (3.1)

where - is orthogonal complementary to z in S(TN).
2) Rad(TN) is invariant with respect to P, i. e., P(Rad(TN)) = Rad(TN).
Then we have
P(ltr(TN)) = ltr(TN), (3.2)
TN =u' & pt, ) = pLRad(TN). (3.3)
Thus it follows that y/ is also invariant with respect to P. We indicate the orthogonal complement to P(u™)
in S(TN1) by 1. Then we obtain
tr(TN) = ltr(TN) LP(ut) Lpo. (3.4)
If 1 # {0} and p* # {0}, then N is called a proper SSI-lightlike submanifold of N. Thus, for on proper N,
we have dim(u) > 1, dim(u*) > 1, dim(N) > 3 and dim(N) > 5. Moreover, there exists no proper SSI-lightlike
hypersurface of a golden semi-Riemannian manifold.
If u = {0},i. e, P(S(T'N)) C S(TN"'), then N is called screen anti-invariant lightlike submanifold.

Let (N, g,S(TN),S(TN1)) be a lightlike submanifold of a golden semi-Riemannian manifold N. Then, for
any U € T(TN) and N € T'(tr(T'N)) we can write

PU = PU+wU, (3.5)
PN = BN +CN, (3.6)

where PU, BN € I'(T'N) and wU, CN € I'(tr(TN)). If N is a SSI-lightlike submanifold of N, then PU € T'(1/'),
wU € T(P(ut)), BN € T(u-) and CN € I'(tr(TN)), respectively.

Lemma 3.1. Let N be a screen semi-invariant lightlike submanifold of a golden semi-Riemannian manifold N. Then, one
has

P*U = PU + U — BwU, 3.7)

CwU = wPU, (3.8)

PBN = BN — BCN, 3.9)

C?N =CN + N —wBN, (3.10)

g(PU, V) —g(U, PV) = g(U,wV) — g(wU, V), (3.11)
g(PU,PV) = g¢g(PUV)+g(UV)+ ¢(wUV)— g(PUwV)

—g(wU, PV) — g(wU,wV), (3.12)

forany U,V € T(TN) and N € T(tr(TN)).

Proof. Applying P to (3.5), considering (2.1) and taking tangential and transversal parts of the resulting
equation, we derive (3.7) and (3.8). Similarly, applying P to (3.6), using (2.1) and taking tangential and
transversal parts of the resulting equation, we obtain (3.9) and (3.10). Considering (2.2), (2.3) and (3.5), we
derive (3.11) and (3.12). O

Throughout this paper, we suppose that VP = 0.
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Example 3.1. Let (N = R$, §) be a 8-dimensional semi-Euclidean space with signature (—, —, +, +, +, +, +, +)
and (x1, 29,23, 24,25, Te, T7,23) be the standard coordinate system of N. If we define a mappmg P by
P(x1, 22, 13, 24, T35, T6, T7, 28) = (dx1, p2, dx3, (1 — )4, P25, PT6, P27, P28) then P2 =P + T and P is a golden
structure on N. Let N be a lightlike submanifold in N given by the equations

T = U1+ U2, Ty = —uUp + U,
T3 = U5, T4 = Pus,

Ts = Ul +U3,Te = —Up + U3,
Ty = Uzt Ug,Tg = U — Uy,

where u;, 1 < i < 4, are real parameters. Thus TN = Span{Uy, Us, Us, Uy, Us }, where

o 9 0 9 9, 9 0 9 9
vt 8%‘1 81’2 81‘5 83@6’ 2 81‘1 8.%‘2 (9.%’7 81)8’
0 0 0 0 0 0

U = T ore U T b 0T By 0y

The radical distribution Rad(T'N) is spanned by {U;,Us}. Hence N is a 2-lightlike submanifold of N. S(T'N)
and S(T'N*) are spanned by {Us, Uy, Us} and {W}, respectively, where

0
W¢%‘ﬂ

Furthermore, Itr(TN) is spanned by
1, 0 0 o) 0

100 Yo T o 0w
1 0 0 0 0

Ny = “(—=———+—+—).
2 4( 8,’B1 8:c2+8m7+8m8)

N, =

Then p = Span{Us,U,}, p* = Span{Us}, uo = {0} and we can easily check that Rad(TN),  and itr(TN)
are invariant distributions and P(p) = S(TN*). Thus, N is a proper SSI-lightlike submanifold of N with
/Jl = Spcm{Ul, UQ, U3, U4}

Theorem 3.1. Let N be a SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then S(TN) is integrable
iff the following conditions are satisfied

G(ANV, PU) = g(ANU, PV), U,V € T'(p), (3.13)
g(ANV, PU) = §(D*(U,N), PV), U € T'(),V € T(u™), (3.14)
§(D*(U,N), PV) = §(D*(V,N), PU), U,V € T(u™). (3.15)

Proof. Forany U,V € T(S(TN)) and N € I'(ltr(T'N)), we obtain

g([U7V] 7PN) = g(ANU,PV) _g(DS(UﬂN)vpv)
—g(ANV, PU) + g(D*(V,N), PU). (3.16)

Since S(TN) = pLut, letting U,V € T'(12) in (3.16) we derive (3.13), taking U € I'(u) and V € T'() in (3.16) we
get (3.14) and letting U,V € T'(u+) in (3.16) we get (3.15). Hence we have the assertion of the theorem. O

Theorem 3.2. Let N be a SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then the following
assertions are equivalent.

(i) u' is integrable.

(ii) (U, PV) = h(PU, V), for any U,V € T'(1/).

(iii) w vanishies on y'.

Proof. Since Vi PV = PV V, for any U,V € T'(i/), from (2.8), (3.5) and (3.6) we obtain h(U, J?V) =wVyV +
Ch(U,V), for any U,V € I'(i/). Since h is symmetric and V is torsion free, we obtain h(U, PV) — h(PU,V)
= w[U, V]. From this equation the proof is completed. O
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Theorem 3.3. Let N be a SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then the following
assertions are equivalent.

(i) pt is integrable.

(i) §(ApwZ,N) = §(Ap,W.N) and §(Apy2.U) = §(Ap,W.U), for any U eT(n), Z,W e T(ut), Ne
L(ltr(TN)).

(iii) Ay is self-adjoint on p*, for any N € T(itr(TN)) and A py, Z has no components in u, for any Z, W € T'(u™b).

Proof. pu* is integrable iff ) )
9([2,W],PN) = 4([Z,W], PU) = 0,

forany Z,W € I'(ut), U € T(u) and N € L (Itr(TN)). Then from (2.2) and (2.12) we derive

i([Z,W],PU) = §(VzW,PU)— §(VwZ, PU)
= §g(VzPW,U) - g(VwPZ,U)

forany Z,W € I'(pt),Uc ['(u) and N € [ (Itr(TN)). Thus we obtain (i)==(ii).
Since §(PW, N) = 0 and V is a metric connection, we get

G(VzPW,N) + g(W,VzPN) = 0. (3.19)
Using (2.11) and (2.12) in (3.19) we obtain
HApwZ,N) = —3(W, Apy Z). (3.20)
By replacing role of vector fields W and Z in (3.20)
W Ap,W,N) = —4(Z, AppW). (3.21)

Thus from (3.20), (3.21) and (ii) Ay is self-adjoint on ut.
Considering (2.13) we get i
g(h*(Z,U),PW) = §(Apw Z,U), (3.22)

forany Z,W € I'(u*) and U € I'(i). Considering (2.10) and (2.12) we derive
G(h*(U, Z), PW) = —g(Ap,U,W). (3.23)
Thus from (3.22) and (3.23) and using to symmetric of 4* we have
9 ApwZ,U) = —g(Ap U W). (3.24)
Since V is a metric connection, §(Z, PU) = 0 and using to symmetric of h*, we obtain
9(ApW,U) = g(Ap U, W). (3.25)
Since p' is integrable, considering (3.18), (3.24) and (3.25) we derive

g([Zv W] 7PU) = 79(A15WZa U) + g(APZWa U)
25(Ap, W, U). (3.26)

From this we obtain §(A sy, Z,U) = 0. Thus we get (ii)=(iii).

Suppose that Apy,Z has no components in x and Ay is self-adjoint on y*. Then from (3.26) we obtain
g([Z,W],PU) =0, forany Z,W € T'(u*) and U € I'(i). Since V is a metric connection and Ay is self-adjoint on
pt from (2.11) we get

W2 W), PN) = g(VzW,PN) — (¥ 7, PN)
= —g(W,VzPN)+§(Z VwPN)
= G(W, ApnZ) - §(Z, ApW) = 0.

O

Thus p* is integrable. Thus we obtain (iii)==>(i).
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Theorem 3.4. Let N be a SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then  is integrable iff
the following statements hold:

(i) Ay is self adjoint on p, for any N € T'(Itr(TN)).

(ii) g(PV, Ap,U) = g(PU, Ap,V), forany U,V € T'(u) and Z € T(u™).

Proof. p is integrable iff
9([U, V], N) = 4(lU, V], 2) = 0,

for any U,V € T'(y), Z € T(u*) any N € T(itr(TN)). Since V is a metric connection, considering (2.3), (2.10),
(2.11) and (2.12) we derive

g([U,V],N) = g(ANU,V) — §(U, ANV), (3.27)
iU V],2) = §(VuV,Z)—§(VvU, 2)
= §(VuPV,PZ) - §(VyV,PZ) - §(VvPU,PZ)+ §g(VyU,PZ)
= §(VyPV,PZ) - §(VyPU,PZ) (3.28)
—g(h*(U,V) = h*(V,U), PZ)
= —g(PV,VyPZ)+ g(PU,VyPZ)
g(p‘/a Ap,U) — g(PU, ApzV),

for any U,V € '(n), Z € T(p*) any N € L(ltr(TN)). Hence from (3.27) and (3.28) we obtain (i) and (ii),
respectively. Conversely, (i) and (ii) are satisfied. From (3.27) and (3.28), we have [U,V] € I'(u), for any
U,V eT(u). O

Theorem 3.5. Let N be a SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then Rad(TN) is
integrable iff

g(h'(E,U), E') (3.29)
g(h*(E,PE"),PZ) = g(h*(E',PE),PZ), (3.30)

|
@
<
&
S
IS

forany E, E' € T(Rad(TN)), U € T'(p) and Z € T'(u™).

Proof. Rad(TN) is integrable iff
g([E,E/] U) = g([EvEl] Z) =0,

for any E, E' € T'(Rad(TN)), U € T() and Z € T'(u*). Since V is a metric connection, considering (2.3) and
(2.10) we derive

(B, E),U) = §(VEE,U)-g§(VpE,U)=-g(E,VgU)+ §(E,VgU)
—g(h(E,U),E") + g(h(E',U), E), (3.31)

g([E’El]’Z) =g

,PE"),PZ) - g(h*(E,E'),PZ) (3.32)
_g hg( /,PE),PZ) +g(hs(E/>E)a
= g(h*(E,PE"),PZ) - §(h*(E', PE),

Thus the proof follows from (3.31) and (3.32). O
Theorem 3.6. Let N be a SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then i’ is integrable iff
§(Ap U, PV) = §(Ap,V,PU), (333)

forany U,V € T'(y') and Z € T(u™h).
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Proof. 1 is integrable iff §([U,V],Z) =0, forany U,V € I'(¢’) and Z € I'(u). Then from (2.3), (2.10) and (2.12)
we derive

g'([U,V],Z) = g
,PZ)+ §(VvU, PZ)
V)= h(V,U),PZ)

#(Ap U, PV) — §(Ap,V, PU), (334)
forany U,V € I'(¢/) and Z € T'(ut). From (3.34) the proof is completed. O

Theorem 3.7. Let N be a SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then the following
assertions are equivalent.
(i) h* (U, PV') has no components in P(u™), for any U,V € T(i').
(ii) g(PE, DU, PZ)) = Oand Ap,U has no components in y, forany U € T(y'), E € T(Rad(TN)) and Z € T'(u™).
(iii) i’ defines totally geodesic foliation on N.

Proof. From (2.13) we derive
g(h*(U, PV), PZ) + §(PV,D'(U, PZ)) = §(Ap,U, PV),

for any U,V €T()/) and ZeT(ut). Replacing V by FE €T(Rad(TN)) in this equation we have
g(h*(U, PE),PZ) = —§(PE,D'(U, PZ)). Using (i) in this equation we derive §(PE, D'(U, PZ)) = 0. If we take
V eT'(p)in (2.13) we get g(h*(U, PV), PZ) = g(Ap,U, PV). Thus, Ap,U has no components in p.. Thus we get
(()=(ii).
Since V is a metric connection, considering (2.3) and (2.12) we derive
VoV, Z) = §(VuV,Z)=g(VuPV,PZ) - §(VuV, PZ)
= —9(PV,VuPZ)+y(V,VuPZ)
= g(APZUapV) - g<Dl(U7 PZ)aPV) - g(AT:’ZUa V) +g(Dl(U7 PZ)?V)a

forany U,V € I'(¢/) and Z € T'(ut). Thus we derive ViV € p and we obtain (ii)==(iii). Considering (2.3) and
(2.10) we derive

9(VuV,2) = §(VuV,Z) = §(VuPV,PZ) - §(Vy PV, 2)
for any U,V €T'(¢/) and Z € T(u*). Since ViV €/ and p/ is invariant, Vi PV € p/. Thus we obtain
(iii)==(i). O

Theorem 3.8. Let N be a SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then the following
assertions are equivalent.
(i) Apy U has no components in ', for any U,V € T'(u').
(ii) h*(U, PZ) and D*(U, PN have no components in P(ut), forany U € T(ut), Z € T(p) and N € T(itrT(N)).
(iii) u* defines totally geodesic foliation on N.

Proof. (i)==(ii). From (2.13) we obtain
9(ApyU, PZ) = §(h*(U, PZ), PV),
forany U,V € I'(ut) and Z € I'(i). Hence h* (U, PZ) has no components in P(u*). Also, using (2.14) we derive
0= §(ApyU, PN) = g(D*(U, PN), PV).

Thus D*(U, PN) has no components in P(u) which implies (ii).
(ii)==(iii). Since y and ltr(T'N) are invariant distribution, for any Z € T'(1) and N € ['(ltr(TN)), we have PZ
€ I'(u) and PN € T'(itr(TN)), respectively. Then the distribution ;! defines totally geodesic foliation on N iff
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9(VuV,PZ) = §(VyV,PN) =0, forany U,V € T'(u*), Z € T'(u) and N € T'(Itr(TN)). Then taking into account
that V is a metric connection and using (2.2), (2.10) and (2.11) we have

a(VuV,PZ) = g(VyV,PZ)=g(VyPV,Z)

= —g(PV,VyZ)=—g(h*(U,Z), PV),
§(VuV,PN) = §(VyV,PN)=g(VyPV,N)

= —g(PV,VyN) = —g§(D*(U,N), PV),

which implies (iii).
(iii)==(i). Since pu* defines totally geodesic foliation on N, §(Vy'V, PZ) = §(VyV, PN) = 0, for any U,V ¢
[(ut), Z € T(p) and N € T'(Itr(TN)). Considering (2.2) and (2.12) we have

i(VuV,PZ) = §(VyV,PZ)=§(VyPV,Z)
= —9(4py U, 2)
§J(VuV,PN) = §(VuV,PN)=g(VyPV,N)
= *g(APVUv N)v
which implies (i). O

Corollary 3.1. Let N be a totally umbilical SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then
- is totally geodesic in N
Proof. For any U,V € T'(ut), we have ) B

VoV =VyV +1(U,V)
where ViV € T'(pt) and (U, V) € ['(y'). Since 1 is an invariant distribution, for any Z € I'('), we have PZ
€ I'(¢). Then taking into account that V is a metric connection and using (2.2) and (2.10), it can be easily
calculated

g(hU,V),PZ) = §(VuV,PZ)=g(VyV,PZ) = §(VuPV,Z)
—§(PV,VyZ) = —g§(PV,h*(U, Z)). (3.35)
Using (2.22) we derive
h(U,Z)=H*y(U,Z) =0,
forany U € I'(ut) and Z € T'(//) and we have assertion of corollary. O

Theorem 3.9. Let N be a totally umbilical SSI-lightlike submanifold of a golden semi-Riemannian manifold N. Then
following assertions are equivalent.
(i) y' is totally geodesic in N.
(ii) Ap, is pt—valued, for any Z € T'(ut).
(iii) H® € T'(po).
Proof. For any U,V € I'(/'), we have
ViV =V V + K (U,V)
where V4,V € T(1/) and 1/(U,V) € T(u*). Then taking into account that V is a metric connection and using
(2.2) and (2.10) it can be easily calculated
g(W'(U,PV),2) = §(VuPV,Z)=g§(VuPV,Z)=§(VuV,PZ)
= 79(VvapZ) :g(APZU7 V)7
forany U,V € I'(¢/) and Z € T'(u+). Thus we obtain (1)==>(ii).
From (2.13) and (2.22) we derive
§(Ap U V) = g(h*(U, V), PZ) — §(V,D'(U, PZ)) = §(U,V)g(H", PZ).
Thus we get (ii)==(iii).
Since V is a metric connection, considering (2.2), (2.10) and (2.22) we derive
(WU, PV),Z) = §(VuPV,Z)=§(NuPV,Z) = §(VuV,PZ)
= g(h*(U,V),PZ) = g(UV)y(H*,PZ).

Thus we obtain (iii)=-(i). O
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