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Abstract

The purpose of this article is to research the concept of Fibonacci lacunary ideal convergence of double
sequences in intuitionistic fuzzy normed linear spaces (IFNS). Additionally, a new concept, called
Fibonacci lacunary convergence, is examined. Fibonacci lacunary Z,-limit points and Fibonacci lacunary
T,-cluster points for double sequences in IFNS have been defined and the significant results have been

given. Additionally, Fibonacci lacunary Cauchy and Fibonacci lacunary Z,-Cauchy double sequences in
IENS are worked.
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1. Introduction and Background

Statistical convergence of single and double real sequences was firstly studied by Fast [5] and Mursaaleen and
Edely [17], respectively.

Z-convergence idea was firstly considered by Kostyrko et al. [16]. Tripathy et al. [29] gave the concept of ideal
convergence of double sequences in a metric space and examined fundamental features.

Using lacunary sequence, Fridy and Orhan [6] examined lacunary statistical convergence. Lacunary statistical
convergence of double sequences was worked at initial stage by Savas and Patterson [24]. Lacunary ideal conver-
gence of real sequences was introduced by Tripathy et al. [28]. This kind of convergence extended from single to
double sequences with the study of Hazarika [8]. For different studies on these topic we refer to [3, 4, 21].

After the original study of Zadeh [30], a huge number of research works have appeared on fuzzy theory and its
applications as well as fuzzy analogues of the classical theories. Fuzzy sets (FS), have been extensively applied
in different disciplines and technologies. The theory of intuitionistic fuzzy sets (IFS) was presented by Atanassov
[1]. The FS and IFS have been extensively to analyse many complex problems associated with different fields,
particularly in decision-making. In IFS, membership degrees are described with a pair of a membership degree and
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a nonmembership degree. Intuitionistic fuzzy metric space was investigated by Park [22]. In [23], motivated by
Park’s definition of an IF-metric, Lael and Nourouzi first defined an IF-normed space. Statistical convergence of
single and double sequences in IFNS was defined by Karakus et al [11] and Mursaleen et al [18], respectively. Some
researches of convergence of sequences in some normed linear spaces in a fuzzy settings can be found in [2, 19, 20].
Also, similar works worked by some authors, see [26, 27].

Fibonacci gave Fibonacci sequences which was published in the book ‘Liber Abaci’. This sequences were earlier
stated as Virahanka numbers by Indian mathematics [7]. The sequence

(1,1,2,3,5,8,13,21,34, 55,89, 144, ...)

is known as Fibonacci sequence [15].

Kara and Basarir [9] prensented the first applications of Fibonacci sequence in the sequence spaces. Then, Kara
[10] acquired the Fibonacci difference matrix F via Fibonacci sequence ( f,,) and described some new sequence spaces
in this connection. Recently, Kirisci [12] thought the Fibonacci statistical convergence on IFNS. Kisi and Tuzcuoglu
[13] examined Fibonacci lacunary statistical convergence on IFNS. Additionally, Fibonacci ideal convergence of
double sequences in IFNS was worked by Kisi and Giiler [14].

Let us start with fundamental definitions from the literature.

Let @ # S be a set, and then (§ # Z C P (S) is said to be an ideal on S iff (¢) @ € Z, (ii) Z is additive under union,
(i3i) for each A € 7 and each B C A we get B € 7. A non-empty family of sets F is called filter on S iff (7) 0 ¢ F,
(i7) for each A, B € F we get AN B € F, (iii) for every A € F and each B D A, we obtain B € F. Correlation
between ideal and filter is specified as follows:

F(I)={KcCS:K°eT},

where K¢ =5 — K.
A non-trivial ideal Z» of N x N is named as strongly admissible if {i} x Nand N x {i} belong to Z, for each i € N.
Throughout the paper, we take 7, as a strongly admissible ideal in N x N.
Let (X, p) be a metric space. A double sequence = = (z,,,) is named as Z,-convergent to &, if for any ¢ > 0 we
get P(e) = {(m,n) € NX N: p(@mn,§) > e} € L. In this case, we write
Iy — lim xpm, =€
m,n— oo

A double sequence 0 = 6,,; = {(ky,[s)} is named as double lacunary sequence if there are two increasing sequences
of integers (k,) and (l;) such that

kOZO,hu:ku—ku_l—>OO and lOZO,ESZIS—ls_1—>OO, U, S — 0.

We utilize the subsequent notations

kus = kulsy hus = huhs

and 6, is determined by
Jus = {(k,1) i ky—1 <k <kyandl;_y <1<},
ku . ls

l571

and Qus = qy,as-

Throughout the paper, by 02 = 0,,; = {(ku,ls)} we will indicate a double lacunary sequence.
Schweizer and Sklar [25] defined continuous t-norm and t-conorm. Using the continuous t-norm and t-conorm,
Lael and Nourouzi [23] defined the concept of IENS as follows:
The five-tuple (X, ¢, w, *, <) is named as IFNS if X is a vector space, * is a continuous t-norm, < is a continuous
t-conorm and ¢, w are fuzzy sets on X x (0, co) fulfilling the subsequent conditions: For every a,b € X and p,q > 0:
(1) ¢ (a,q) +w(aq) <1,
ii) ¢ (a,q) > 0,
i11) ¢ (a,q) = lifand only if a = 0,

(
(
(iv) ¢ (ca,q) = ¢ (a, i) if ¢ £ 0,
Ev)sb(a,Q)*qﬁ(b,p) <é(a+bqg+p),
(

i) ¢ (a,.) : (0,00) — [0, 1] is continuous in ¢;

vi7) limy_y00 ¢ (a,¢) = 1 and lim, 0 ¢ (a,¢) = 0,
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vidi) w(a,q) <1,

1) w (a q) =0ifand onlyif a =0,

x)w (caq)-w(a,‘l)lfc;«éo

fv) (aq)OW(bp)>w(a+bq+p)

axu) w(a,.) : (0,00) = [0,1] is continuous in g;
amz) hmq—>oo w(a,q) =0and lim,,ow (a,q) = 1.

(
(
(
(
(xn
(

2. Main Results

Definition 2.1. Let (X, ¢,w, *, ") be an IFNS. A double sequence = = (zj;) in X is named as Fibonacci lacunary
convergent to { with regards to the IFN (¢, w) if, for every ¢t > 0 and ¢ € (0, 1), there is o € N such that

Z ¢<ﬁ$kz—€7t) hl Z w(ﬁxkz—§7t)<s

S (k)€ Tus S (k)€ Tus
for all u, s > r¢. In this case, we write (¢, w)ew —lim Fax = &.
Theorem 2.1. If(c,zﬁ,w)eu‘“ —lim Fa = &, then (¢,w)™* —lim Fu is unique.

Proof. Presume that (¢,w)? —lim Fz = & and (¢,w)"™ —lim Fz = &. Givene > 0, select v € (0,1) such that
(I1=79)*(1=7)>1—ecand vy < e. Now, for all t > 0, there is r; € N such that

> o (Fou—caut) > w(Pau-git) <e

us (kvl)EJus (k: l)EJus

for all u, s > r1. Also, there is 7, € N such that

Z ¢(ﬁxkl_£27t) Z w<ﬁ$kl—§2,t)<6

U8 (kD)€ Tus U (k)€ Tus

>
S| =

for all u, s > ry. Consider ry = max {r1,72}. Then, for u, s > ro, we take a (m,p) € N x N such that

¢(ﬁ$mp_§la;>>h Z ¢(kal 517 )>1_,-Y

(k,D)ETus

¢(ﬁ9€mp—527;>>h > ¢(F$kl €2, >>1—W

(k,)EJus
Then, we obtain
6 (61— &) = ¢ (Famp = €0,4) %0 (Famp — 2.4
>1—-79)*x(1—v)>1—¢.

Since ¢ > 0 is abritrary, we have ¢ ({1 — &2,t) = 1 for every ¢ > 0, which gives that & = . O

Definition 2.2. A double sequence z = (z;) in IFNS is named as Fibonacci lacunary Z,-convergent to ¢ with
regards to the IFN (¢, w) if, for each ¢ > 0 and ¢ > 0, the set

(4,5) ENx N > o(Fou-gt)<1-c
hus
(kD)€ Lus € To.
or > w(ﬁxkl—f,t>25

hus (k.)€ 1.

¢ is named the Fibonacci Zy-limit of the sequence of (xy;), and we note FI(gf;“’) —limz = €.
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Lemma 2.1. For every e > 0and t > 0, the following demonstrations are equivalent.
(a) Fléf;w) —limz =¢,

(b) {(u,s) ENXN:

Yo o(xm—&t) < 1—5} € I and

us (k,0)€Jus

(u,8) e NxN: o wlrm —&t)>ep €1y,
hus (k,)EJus
(u,s)ENXN:h > ¢(ﬁxkl—§,t)>1—€
(C) us (k,l)EJu,sA c .F(IQ),
and Z w(FJ,‘kg—f,t) <e
hus (k0.

(d){(u,s)eNxN: > ¢(ﬁxkl—g,t)>1—s}ef(12)and

hus (k,)EJTus

o ow (ﬁmkl - §,t> < 5} € F(Iy) and

us (k,1)EJys
(e) FZ{**) —lim ¢ (ﬁxkl —¢ t) — lLand FT{") —limw (ﬁxkl —¢, t) —0

(u,s) e NxN:

Theorem 2.2. If a sequence x = (xy;) in IFNS is Fibonacci lacunary Ty-convergent with regards to the IFN (¢,w), then
FI(d”w) — lim x is unique.

Proof. Assume that FI((zs “ _limz = & and FI(¢ “) _limz = &. Givene € (0,1), select v € (0,1) such that
1-=9)*(1l=v)>1-c¢ and ~v<Oy < €. Then, for any t > 0, take the following sets:

ch,l(%t)_{(U,S)GNXN: > ¢<ﬁ$kz§17§>§17},

us (k,1)€Jys

1

K¢,2(Vat):{(u78)eNXN: d)(ﬁl‘kl—f%é)Sl—’Y},

hus (ki€ 1..,

Kwyl(%t):{(u,s)eNxN: > w(ﬁxkl—ﬁl,é)Z'y},
us (kl)€Jus

Ko (v,t) =14 (u,s) e NxN:
us (k,\)EJys

>, w (ﬁxkl &2, 2) > }
Since FI(¢ “) _limz = &, applying Lemma 2.1, we get Ky 1 (7,t) € Zo and K., 1 (7,t) € I, for every ¢t > 0. Using
FI(gfsw) limz = &, wehave Ky 5 (7,t) € Zo and K, 2 (v,t) € Z, for all ¢ > 0.

Now, take Ky, (7,t) = (Kg1 (7,t) UKg2 (7,1)) N (Ku 1 (7,1) UKy 2 (7,1)). Then, Ky, (7,t) € Zy. This gives
that K§  (v,t) # 0 in F(Zz). If (u,s) € K§ , (7,1), first, contemplate the case (u, s) € (Kgg (v, t) N K, (w,t)).
Then, we get

1

> ¢(ﬁmkl_§17%>>1_'}/and > ¢(ﬁxkl—§2,%)>1—7.

hus (k,1)e 1., hus (k,1)€ 1w

Now, obviously, we will geta (p, ¢) € N x N such that

~ t 1 ~ t
¢(F33pq_§172) > I Z ¢<F$kl—fla2> >1—9

o) (ﬁl'pq — &, ;)

and

> ¢<F£Ukl €2, >>1—’Y

* (kD)€ Tus
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(That is, consider max {gﬁ (ﬁxkl — &, %) 0 (ﬁazkl — &, %) (k1) € Jus} and select that (k, 1) as (p, q) for which the

maximum occurs).
Then, we obtain

66— at) 20 (Fap—€1.8) # 6 (Frpy -0, 4)
>S(I—9y)x(l—v)>1—c¢.

Since ¢ > 0 is arbitrary, we get ¢ ({1 — &2,t) = 1 for each ¢ > 0, which gives that {; = &,. At the same time, if
(u,s) € K§, (7,t) N K§ 5 (7,t), then by using the similar method, it can be demonstrated that w (§; — &2,t) < ¢, for

arbitrary € > 0 and for every ¢ > 0, and so {; = &2. Hence, in all cases, we deduce that FI(gf;w) —lim x is unique. O

Theorem 2.3. If(qb,w)e”“ —lim Fz: = &, then FIéf;w) —limz =¢&.

Proof. Let (qb,w)e“s —lim Fz = . Then, for every t > 0 and ¢ € (0, 1), there is ry € N such that

hl Z ¢<ﬁmkl—£,t)>1—5andhl

S (k1) EJus RN

w (ﬁmkl —5,15) <e

for all u, s > ro. Therefore, we obtain

1 ~
(u,8) € Nx N : > qb(kal—g,t)Sl—s
s us (k)€ Jus
or > w(ﬁxkl—f,t> > e

hus (k,)EJTus

- {(L 1) ) (272) PR (kO —1,ko — 1)} .

But, with 7, being admissible ideal, we get A € Z,. Hence, FIéf;w) —limz = ¢£. O
Theorem 2.4. If (¢, w)e“ —lim F'z = &, then there exists a subsequence (%'mw(s)) of « such that (¢, w)H”S —limFz,, 0., =
&
Proof. Let (¢, w)e“““ —lim Fz = . Then, for every t > 0 and ¢ € (0, 1), there exists ry € N such that
1 ~ 1 ~
Z ¢<kal—§,t)>1—sand w(Fl’kl*f,t)<€
U (k)€ Tus U (kD)€ Tus

for all u, s > ry. Obviously, for each u, s > 1o, we can select (k' (u),1’ (s)) € Jys such that

¢ (ﬁmk,(u)l,(s) -~ g,t) > S ¢ (ﬁxkl - §,t) S1—¢

hus (k.)€ Ju.

1

and w (ﬁmk/(u)p(s) — §,t) < oow (ﬁxkl — 5,1&) <e.

hus (k,D)EJTus

It follows that (¢, w)?** — lim F =¢. O

K/ (u)l! (s)

Definition 2.3. A double sequence = = () in IFNS is named as Fibonacci lacunary Cauchy with regards to the
IEN (¢,w) if, for each e > 0 and ¢ > 0, there exist N = N (¢) and M = M (¢) such that, forall j,p > N, k,q > M,

]. = e ]_ e -~
Z ¢(ijk—Fqu,t)>1—sandh Z w(ijk—Fqu,t)<5.

UGk, (@) Edus U (k) (pra) € Tus

Definition 2.4. A double sequence z = (z,;) in IFNS is named as Fibonacci lacunary Z,-Cauchy with regards to
the IFN (¢, w) if, for every € € (0,1) and ¢ > 0, there exists (p, ¢) € N x N fulfilling

1 ~ ~
(u,s) € Nx N: > ¢(szk—Fqu,t)>175
us (j,k)GJus c .F(IQ)
and oow (ﬁxjk — Fap,, t) <e

us (j,k)€Jus
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Definition 2.5. A double sequence z = (z,;) in IFNS is named as Fibonacci lacunary Z3-Cauchy with regards
to the IEN (¢, w) if there is a subset M = {(jm, km) : j1 < j2 < ...;k1 < k2 < ...} of N x N such that the set M’ =
{(u,s) € NXN: (ju, ks) € Jus} € F(Z2) and the subsequence (. ) is a Fibonacci lacunary Cauchy sequence with
regards to the IFN (¢, w).

Theorem 2.5. A double sequence x = (x;i,) is Fibonacci lacunary Z,-convergent with regards to the IFN (¢, w) iff it is
Fibonacci lacunary Zo-Cauchy with regards to (¢, w).

Proof. Let z = (z,;) be Fibonacci lacunary Z,-convergent to £ with regards to the IFN (¢, w). Then

1 N
(u,5) €N x N : > ¢(ijk—§,g)g1—a
us (k)€ Jus €T,
or oow (ﬁmjk —&, %) > e

huys (j,k)ETus

Specifically, for j = M, k= N

1 ~
(u,s) €N x N : > qS(FxMN—{,%)gl—g
s (M,N)EJys
1 ~ € Is.
or Z w(FZ‘MNfg,%)E{:‘
hus (v, Ny e g,
Since
- o = =~ t t
~ t —~ t
> ¢(ijk_f72> *¢(F$MN—§72)
and
w (Fitjk — F.I'MN,t> <w <£Cjk —&, 2) Qw <1'MN =&, 2) ’
we obtain .
(u,s) e NxN: > M(ﬁajjk—ﬁ.r]y[]v,t>§1—8
hus (j )€ e 7
1 ~ ~ € Lo.
or oow (F:cjk — FxMN,t) >

hus (4,k) € Tus

That is, x is Fibonacci Zz-lacunary Cauchy with regards to (¢, w).
In contrast, let « = (z;%) be Fibonacci Z;-lacunary Cauchy but not Fibonacci lacunary Z,-convergent with
regards to the IFN (¢, w). Then, there are N and M such that the set A (¢,t) € Z,, where

1
(u,8) e NxN: > ¢(zig—zun,t) <1l—c¢
_ hus (k)€ s
Alg,t) = 1
or o w(mg —auN,t)>e

us (j,k)€Jus

and also B (g,t) € Iy, where

1 N
(u5) ENxN::— % ¢(ijk—g,g)g1—a
B(e,t) = 1 us (j,k)€Jus
or Soow (ﬁmjk —5,%) >e¢

P (J,k)ETus

Since
— ~ ~ t
0] (Fl‘jk —FJUMN,t) > 2¢ (ijk —572) >1-—g¢
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and
~ - ~ t
w(FJij—F:L‘MN,t) < 2w (Fl‘Jk —f, 2) <eg,

if ¢ (ﬁxjk —&, %) > (155) and w (F\xjk —&, %) < 5. Therefore,

1 ~ -
(u,8) € N x N : > ¢(ijk—FxMN,t)>1—€
has (GR)E s R €T,
or Z w(ijkfFIMN,t)<€

hus (k)€ T

that is, A°(e,t) € Z, and hence, A (¢,t) € F (Z2), which leads to a contradiction. Hence = must be Fibonacci
lacunary Z,-convergent with regards to the IFN (¢, w). O

Theorem 2.6. If (pys) is a double lacunary refinement of 0,5 and FI,(,f;“’) —limz =&, then FI(SfS’“) —limz =¢.

v(u),w(s)

Proof. Presume that each Z,, of 6, involves the points (k.. [, ;) of (pys) so that

i,j=1

ku_1 < Eu,l < Eu’g < ... < Eu,v(u) = ku7 where Zuﬂ' = (Eu,ifhku,i] R

o1 < 25’1 < Zs’z <. < ls,w(s) = ls, where 75J = (Zs,j—hls,j] s

and
ju,s,i,j = {(k;l) :Eu,i—l <k S Eu/‘ Zs,j—l <l S Zs}

for all u,s and v (u) > 1,w(s) > 1 this gives that (ky,l;) C (ku,ls). Let (jw)fj: , be the sequence of abutting
blocks of (J,,s,,;) ordered by increasing a lower right index points. Since FZ, (f;‘”)
following for each t > 0 and ¢ € (0, 1)

— limx = £, we obtain the

(i f) ENxN:i g 5 ¢ (Pou-¢t) <1-e
1] —
X Jis s € To. 2.1)
or > w(Fa:kl—§,t>26

* ju CJus

As before, we take hys = hyhs; hui = kui — kuio1; hsj = ls,j — Ls j—1-
Foreacht > 0and e € (0,1) we get

(u,5) ENxN: 1 3 (b(ﬁxkl—f,t) <l—¢
“ (kD€ Tus
orﬁ Yoow kal—@t) > ¢
(k,0)ETus

(u,s)ENxN:h%S > {(i,5) e NxN:
(kvl)EJus

> > ¢(ﬁ$m—f,t)§1—5

rJ

- Jij CIusi(k1)ETs;

T 1/]‘7 > w(ﬁxkl—f,t)zs

Tij CJus;(k,)ET 15

N
=

o
=

By (2.1), foreach t > 0 and € € (0, 1) if we define

1 -~ 00,00
Loy o(Feu-gt)<1-¢
Los = (k,1)edq;
LV 1 -~ 7
or - > w(Fa:kl—g,t) >

7 T3 Clusi(k)ET 5 i =1
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then (¢; ;) is a Pringsheim null sequence. The transformation

) Eijﬁl,_ Zﬁ ¢(ﬁ$k1*§,t>§1*€
(At) _ Z (k,1)ed

us h 7.. 1 ~ .
us (iyed,. | OF Mg T > w (Fl‘kz £, L‘) >e€
JrijC.]us;(k,l)EJ

fulfills all situations for a matrix transformation to map a Pringsheim null sequence into a Pringsheim null sequence.
Hence, FIéf;w) —limz = &. O

Definition 2.6. Let (X,¢,w, *, <) be an IFNS.

(a) An element £ € X is named as Fibonacci lacunary Z,-limit point of = (zy,) if there is set
M = {(k1,l1) < (ko,l2) < ... < (ku,ls) < ...} C N x Nsuch that the set

M’ ={(u,s) e Nx N: (ky,ls) € Jus} & Io
and (¢, w)" — lim Fay,,,. = €.

(b) ¢ € X is named as Fibonacci lacunary Z,-cluster point of = (xy,) if, for every ¢t > 0 and
€ (0,1), we get

(u5) ENXN: 7 3 qs(kal g,t)>1—s

S (k) EJTus

> (F:rkl—f,t> <e

(k )EJus

¢ .

Af;b Jous (x) and F@IQ Yous (x) indicate the set of all Fibonacci lacunary Z,-limit points and the set of all Fibonacci

lacunary Z,-cluster points in IFNS, respectively.

Theorem 2.7. For every sequence = = (xy;) in IFNS, we have AFI2 )P (z) C F@Iz)gus (z).

Proof. Let & € AFIZ)GM (x). Then, there is a set M C N x N such that the set M’ ¢ Z,, where M and M’ are as in
Definition 2.6, fulfills (¢, w)e’“ —lim Fxy,;, = & Hence, for every ¢t > 0 and € € (0, 1), there are ug, sgp € N such that

Z <I5(Fl‘kl Et) hl Z w(ﬁwkuls—ﬁ,t)<s

G S (k)€ Tus

for all u > ug, s > sg. Therefore,

(u,5) €N x N : ) ¢>(ka1 g,t)>1—s
B * (kD)ETus
and% Z w(kal—f,t)<6
“ (k1) E€Tus

D M/\{(kl,ll) < (kQ,ZQ) <. < (kuo;lso)} .

Now, with 7, being admissible, we must have M'\ {(k1,11) < (k2,l2) < ... < (ky,,lsy)} ¢ Z2 and as such B ¢ I.
Hence, € € FI;I:)GM (). O
Theorem 2.8. The following observations are equivalent.

(a) & is Fibonacci lacunary Z,-limit point of x.

(b) There are two sequences y = (yx;) and z = (zx;) in IFNS such that z = y + z and (¢, w)’ —limFy = ¢
and

{(u,s) e NxN: (k1) € Jus, 21y # 0} € Is.
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Proof. Presume that (a) holds. Then there are M and M’ are as in Definition 2.6 such that M’ ¢ 7, and (¢, w)?e —
lim Fz = €. Take the sequences y and z as follows:

| oz, if (K1) € Jus, (u,s) € M’
Ykt = £, otherwise.

and B
. 0, if (k,1) € Jus, (u,s) € M’
M7 2w — €, otherwise.
It is adequate to think the case (k,1) € J,s such that (u,s) € N x N\ M’. Then, for each ¢ > 0 and ¢ € (0, 1). Then,

we have ¢ (ﬁykl — §,t> =1>1—-¢candw (ﬁykl - §,t) = 0 < e. Thus, we write

1
h’U.S

1

> 6(Pwm-&t)=1>1-cand

(k,1)EJTus

Z w(ﬁykl—f,t) =0<e.

U5 (k)€ Tus

Hence, (¢, w)e’“ —limy = £. Now, we have
{(u,s) e NxN: (k1) € Jus, 20 #0} CNx N\ M.

But N x N\ M’ € I, and so
{(u,s) e NxN: (k1) € Jus, 20 # 0} € Io.

Now, presume that (b) holds. Let M’ = {(u,s) € Nx N: (k,1) € Jys, 2z = 0}. Then, obviously M’ € F (I,) and
so it is an infinite set. Construct the set

M = {(k‘l,ll) < (kjg,lg) << (ku,ls) < } C NxN
such that (ky,ls) € Jus and 2z, = 0. Since zy,;, = yx,;. and (qﬁ,w)e“ — lim Fly = £ we obtain (gb,w)e“"‘ -

lim ka'u,ls = f O
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