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Abstract

In this paper, it is proved that no special spacelike Frenet curve is a Bertrand curve in E;. Therefore, a
generalization of spacelike Bertrand curve is defined and this is called as spacelike (1,3)-Bertrand curve in E3.
Moreover, the characterizations of spacelike (1,3)-Bertrand curves are given in E3.
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1. Introduction

The characterization of a regular curve is one of the important and interesting problems in the theory of curves. The Bertrand
curves found by J. Bertrand in 1850 have an important place in differential geometry. These curves are specific examples of
parallel (offset) curves that have an important place in computer-aided design and computer-aided manufacturing [1]. In E3, a
C=-special Frenet curve 7 is called a Bertrand curve if there exists another C*-special Frenet curve y*, such that the principal
normal vector fields of ¥ and y* coincide at the corresponding points [2], [3].

There are many important papers on the Bertrand curves [4], [S]. Izumiya and Takeuchi proved in their work that Bertrand
curves can be obtained from spherical curves in E3 [6]. The Bertrand curves corresponding to constant parameter curves of
constant slope surfaces are investigated [7]. When we investigated the properties of the Bertrand curves in E”, it is easy to
see that either k, or k3 is zero which means that Bertrand curves in E” are degenerate curves [3]. This result was restated by
Matsuda and Yorozu [2]. They proved that there were not any special Bertrand curves in E” and defined a new kind, which is
called (1,3)-Bertrand curves in 4-dimensional Euclidean space. Ugum et al. examined the (1,3)-Bertrand curves concerning
the casual character of the plane spanned by {N(s), Ba(s)} in Ef [8].

In this paper, we proved that no special spacelike Frenet curve is a Bertrand curve in E;‘ . Additionally, we gave the
characterizations of spacelike (1,3)-Bertrand curve in E; .

2. Preliminaries

To meet the requirements in the upcoming sections, the basic elements of the theory of curves in the semi Euclidean space EE‘
are briefly presented in this section. A more complete elementary information can be found in [9].
The semi-Euclidean space EE‘ is an Euclidean space provided with standard flat metric given by

g = —da} —dd} +da3 +da?,

where (a1,a2,a3,a4) is a rectangular coordinate system of the E; . A vector w in E; is called a spacelike, timelike or null
(lightlike) if hold g(w,w) > 0, g(w,w) < 0 or g(w,w) = 0 and w # 0, respectively. The norm of a vector w is given by
|w|l = v/]g(w,w)|. Therefore, w is a unit vector if g(w,w) = +1. Similarly, an arbitrary curve y = ¥(s) in E5 can locally be
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spacelike, timelike or null (lightlike) if all of its velocity vectors ¥ (s) are spacelike, timelike or null (lightlike), respectively.
The velocity of the curve ¥ is given by ||Y'||. Thus, a spacelike curve ¥ is said to be parametrized by arc length function s if
g(7,Y) = 1. Two vectors u and w in E{ are said to be orthogonal if g(u,w) = 0 [9]. Also,

i. Let us assume that u and w are spacelike vectors, then
« if they span a spacelike plane, there is a unique number 0 < 6 < 7 such that g(u,w) = ||u]| ||w]| cos 6.

« if they span a timelike plane, there is a unique number 6 > 0 such that g(u,w) = € ||ul| ||w|| cosh 6, where € = +1 or
€ = —1 according to sgn(uz) = sgn(wy) or sgn(uz) # sgn(wa), respectively.

ii. Letus assume that u and w are timelike vectors, then there is a unique number 6 > 0 such that g(u,w) = € ||u]| ||w]|| cosh 8,
where € = 41 or € = —1 according to # and w have different time-orientation or the same time-orientation, respectively.

iii. Let us assume that u is spacelike and w is timelike, then there is a unique number 6 > 0 such that
g(u,w) = €l|u|| ||w|| sinh 8, where € = +1 or € = —1 according to sgn(uz) = sgn(w) or sgn(uz) # sgn(wy), respectively.
The corresponding number 6 given above will be called simply the angle between u and w [10].

Let {T(s),N(s),B1(s),Ba2(s)} denotes the moving Frenet frame along ¥ in the semi-Euclidean space E3, then T (s), N(s), B; (s)
and B;(s) are called the tangent, the principal normal, the first binormal, and the second binormal vector fields of ¥, respectively.

A unit speed curve 7 is said to be a Frenet curve if g(y”,y”) # 0. Let v be a C* special spacelike Frenet curve with spacelike
principal normal, timelike both first binormal and second binormal vector fields in E§ , parametrized by arc length function s.
Moreover, non-zero C* scalar functions k7, k» and k3 be the first, second, and third curvatures of ¥, respectively. Then for the
C* special spacelike Frenet curve ¥, the Frenet formula is given by

T" = KN (1)
N = —xT+1B

B'l = KN+ KB

B, = —K3By,

where T, N, B; and B, mutually orthogonal vector fields satisfying
§(T,T)=g(N,N) =1,g(B1,B1) = g(B2,By) = —1. @)

Let y be a C™ special timelike Frenet curve with timelike principal normal, spacelike both first binormal and second binormal
vector fields in E;‘ , parametrized by arc length function s. Then for the C* special timelike Frenet curve ¥, the Frenet formula is
given by

T" = —xN

N = KT+ B

B'l = KN+ KB 3)
B, = —K3Bi,

where T, N, B; and B, mutually orthogonal vector fields satisfying

§(T,T) =g(N,N)=—1,8(B1,B1) =g(B2,B2) =1 “
(for the semi-Euclidean space EC”'I, see [11], [12]).
Definition 1. Let (I,a), (I, B) be coordinate neighbourhoods of the curves o, B € E". Let {Vi(s),...,Vi(s)} ,{V{(5),..., V() }
be the Frenet r-frame at the points a/(s) and B(s) (s € I). If Va(s), V5'(s) are linearly dependent for ¥s € I, the curve pair
(a,B) is called a Bertrand curve pair [13].

3. Spacelike Bertrand curves in E3

The following two theorems related to Bertrand curves in E7 and E; are well known.

Theorem 2. In Elz, every spacelike C”-planar curve is a Bertrand curve [14].
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Theorem 3. In E 13, a C”-special spacelike Frenet curve with first and second curvatures K1 and K is a spacelike Bertrand curve
if and only if there exists a linear relation ax; + bk, = 1, for all s € L, where a, b are nonzero constant real numbers [14], [15].

Now, let us investigate Bertrand curves in Eg .

Definition 4. A C”-special spacelike Frenet curve y: L — Eg is called spacelike Bertrand curve if there exists an another

C=-special Frenet curve y* : L* — Eé‘, distinct from 7y, and a regular C*-map @ : L — L*, (s* = ¢(s), ‘fi—f #0, forall s € L),

such that curve has the same I-normal line at each pair of corresponding points y(s) and y*(s*) = y*(@(s)) under @. Here, s
and s* are arc length parameters of the curves y and y*, respectively. In this case, Y* is called a Bertrand mate of the spacelike
curve .

Definition 5. Let the curve y* with the Frenet vector fields {T*,N*,B}, B3} be a Bertrand mate of curve y with the Frenet
vector fields {T,N,By,By}. There are two possibilities for the Bertrand mate y* of the spacelike curve y;

1. The Bertrand mate y* of the spacelike curve 7 is also spacelike. Thus the vector fields are related by
T*(s*) = &(T(s)cosh 6 + B; sinh ),
since the plane spanned by T and 7* will be timelike according to the frame (1).
2. The Bertrand mate y* of the spacelike curve 7 is timelike. Thus the vector fields are related by
T*(s*) = &(T(s)sinh 6 + B; cosh ).
Theorem 6. In EE‘, no C=-special spacelike Frenet curve is a Bertrand curve.

Proof. Let y* be a mate of Bertrand curve ¥ in E3. Also, the pair of ¥(s) and y*(s*) be the corresponding points of 7 and 7*,
respectively. Then for all s € L the curve y* is given by

Y (s") =7 (@(s)) = v(s) + a(s)N(s), (5)
where o is C*-function on L. By differentiating the equation (5) with respect to s, then
d(y'(s"))
ds*

is obtained. Here and hereafter, the subscript prime denotes the differentiation with respect to s. By using the Frenet formulas,
it is seen that

@' ()T (s") = [1 — a(s) ki (s)IT (s) + &' (s)N(s) + 0x(s) k2 (5) B ().
Considering N(s) and N*(¢(s)) are coincident and g(T*(¢(s)),N(s)) =0 for all s € L, we get

¢'(s) =7 (s) + & (s)N(s) + a(s)N'(s)

a'(s)=0
that is, & is a constant function on L. Thus, the differentiation of the equation (5) with respect to s is

@' (s)T*(s*) = [1 — aki(s)]T (s) + ok (s)By (s). (6)
By the fact that 7 and y* are spacelike curves, the tangent vector field of Bertrand mate of ¥ can be given by

T*(@(s)) =T*(s*) = &(T(s)cosh® + B; sinh 6), 7

where 0 is a hyperbolic angle between the spacelike tangent vector fields 7*(s*) and T (s). According to the equations (6) and
(7), the hyperbolic functions are defined by
1 -ox oK

cosh@ = %(S), sinh(0) = %(S)

£'(s) £q'(s)

By differentiating the equation (7) and applying Frenet formulas,
d(T*(s*)) d(cosh6(s))
/
—_ 8 -
¢'(s) ds* [ ds
is obtained. Since N(s) is coincident with N*(s*), from the above equation, it is seen that

K3 sinh 6(s) = 0.

®)

d(sinh 6(s))

T + (k) cosh O(s) + K sinh 6 (s))N + B + k3 sinh 0(s) B3]

If we notice that k3 is different from zero, then sinh 0 (s) = 0. Considering the equations (8) and x»(s) # 0, then a(s) = 0. In
that time the equation (5) implies that v* is coincident with . This is a contradiction. |
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By the fact that 7y is spacelike curve and ¥* is timelike curve, the tangent vector field of Bertrand mate of ¥ can be given by
T*(s*) = &(T(s)sinh 6 + By cosh 0). 9

According to the equations (6) and (9), the hyperbolic functions are defined by

1—
sinh @ = w cosh(8) = O‘Kf<s). (10)
eq'(s) eq'(s)
By differentiating the equation (9) and applying Frenet formulas,
d(T*(s* d(sinh 0 d(cosh @
(p’(s)% = S[WT + (x; sinh O (s) + k2 cosh 6(s))N + w& + K3 cosh 6(s)B) (11)

is obtained. Since N(s) is coincident with N*(s*), from the equation (11), it is seen that
k3coshO(s) =0.

If we notice that k3 is different from zero, then cosh 8 (s) = 0. Considering the equation (10) and k»(s) # 0, then a(s) = 0. In
that time the equation (5) implies that ¥* is coincident with . This is a contradiction. So, the proof is completed.

4. Spacelike (1,3)-Bertrand curves in E;
In this section, we introduce the concept of spacelike (1,3)-Bertrand curve in E5.

Definition 7. Lety: I CR — E; be a C*-special Frenet curve. The plane spanned by the principal normal vector N(s) and the
second binormal vector By (s) is called the (1,3)-normal plane of y at the point s € I.

Definition 8. Let y: I C R — EE‘ andy :I" CR— Eé be C-special Frenet curves. If the Frenet (1,3)-normal plane of ¥
coincides with the (1,3)-normal plane of yv* at corresponding points, then 7y is called a (1,3)-Bertrand curve and y* is called
the (1,3)-Bertrand mate curve of .

Lety:ICR— E; be a spacelike (1,3)-Bertrand curve with the Frenet frame {7,N, B}, B, } and the curvatures ki, k3, K3
and y* : I* C R — E3 be a (1,3)-Bertrand mate curve of y with the Frenet frame {T*,N*, B}, B3} and the curvatures k7, K, Kj.

Theorem 9. Let y be a C™-special spacelike Frenet curve with non-zero curvatures i, K», K3 in E§ . Then 7y is a spacelike
(1,3)-Bertrand curve whose the Bertrand mate y* is also spacelike, if and only if there exists the constant real numbers a., 3,

W, O satisfying

1. axy(s) — Bxrs(s) #0,

2. pufaks(s) — Brs(s)] + aky(s) = 1,u = cosh By(s)(sinh Gy(s)) !,

3. 813 (s) = uKi(s) + Kka(s),8 = cosh @y (s)(sinh ¢o (s)) ",

4. (K} + K3 — KI)U+ K1 Ko (2 + 1) £ 0, for all s € I, where the plane sp(T,T*) and the plane sp(N,N*) are timelike.

Proof. Assume that 7 is a spacelike (1,3)-Bertrand curve parametrized by arc-length s and with nonzero curvature functions
K1, K>, k3 and the curve ¥ is the (1,3)-Bertrand mate curve of the curve y, with arc-length s*. Then the timelike plane
spanned by {N(s),B>(s)} coincides with the plane spanned by {N*(s*),B3(s*)}. Since {N(s),B2(s)} = {N*(s*),B;(s")},
{N*(s),Bj(s)} is a timelike plane and y* can be a spacelike or timelike curve with timelike (1,3)-normal plane. Then we can
write the curve y* as follows:

V() = v (9(s)) = ¥(s) + a(s)N(s) + B(s)Ba(s) (12)

for all s* € I*,s € I, where o/(s) and B(s) are C*-functions on /. Differentiating (12) with respect to s and using the Frenet
formula (1), we get

Q' ()T (s") = [1 — ] T(s) + &' ()N(s) + [tk — B3| Bi (s) + B (5)Ba(s). (13)
Multiplying equation (13) by N(s) and B;(s), respectively, we have

o'(s) =0,p'(s) =0,
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that is, o and f are constant functions on /. Then, we find
¢'(5)T"(s") = [1 = aky (5)] T (5) + [oiz (5) — B3 (5)]B1 () (14)
from the equality (13). Since 7'(s) is spacelike and T*(s*) is spacelike or timelike, then

+(¢/(9))* = [1 - ai (5)] — [orka(s) — B (s)]. (15)

Also, if y* is a spacelike curve and the plane spanned by {7, 7"} is timelike, then we can write

T*(s*) = &(cosh@(s)T(s)+sinhO(s)B;(s)) 16)
cosh6(s) = W,Sinhe(s)—ow’

where 6 is a hyperbolic angle between the tangent vector fields 7'(s) and T*(s*) of y and y*. By differentiating the equation
(16) with respect to and applying Frenet formulas,

o' (s)KIN* = gwrﬁ[m coshO(s) + KzSinhG(s)]N+gw

is obtained. Since N*(s*) is a linear combination N(s) and B (s), it easily seen that

B +ex3sinh 0 (s)B,

d(coshf(s)) d(sinh6(s))
ds =0, ds =0

that is, 6 is a constant function on / with value 6y. Thus, we rewrite the equation (16) as

T*(s*) = €(cosh By (s)T (s) + sinh 6y (s)B; (s)) (17)
and

e@'(s)coshBy(s) = 1—ax(s) (18)

€@'(s)sinhOp(s) = oK (s)—Prs(s) (19)

for all s € I. According to these last two equations, it is seen that

(1 — ok (s))sinh 6y(s) = (axa(s) — Bxs(s)) coshBy(s) (20)
If sinh By (s) = 0, then it satisfies cosh 8y = 1 and T*(s*) = T (s). The differentiation of this equality with respect to s is

@' (s)K7 (s")N"(s7) = K1 (5)N(s),

that is, N(s) is linear dependence with N*(s). According to Theorem 6 this is a contradiction. Thus, only the case of
sinh 6y (s) # 0 must be considered. The equation (20) satisfies

akz(s) — Brs(s) # 0
that is, the relation given in the first clause of the theorem is proved. |
Since sinh 6y (s) # 0, the equation (20) can be rewritten as

__cosh6y(s)

n sinh 6y (s) (o) = Prs(s)) + ki ().

Let us denote the constant value y = cosh 8 (s)(sinh 8y(s))~! by the constant real number g, then g is an element of interval
(—e0,—1)U(1,00) and

M(OCKQ(S) —ﬁK3(S)) + oK (S) =1.

This proves the relation given in the second clause of the theorem.
By differentiating the equation (17) with respect to s and applying Frenet formulas, we have

o' (s)Kk; (s*)N*(s*) = €[(cosh 6y (s) Ky + sinh Oy (s) &2 )N + sinh Oy (s) k3 B3]
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for all s € I. Taking into consideration the equations (18), (19) and the second clause of the theorem, the above equality satisfy

(@' (9)K{ (5))* = (ara(s) — Bres (s))*[(krcr (5) + K2 (5))> = K3 ()] (@ (5)) 2.

From the equation (15) and the second clause of the theorem, we get

(¢'(5))” = (0 = D]k (s) — Brs(s)]*.
Thus, we obtain

(00K (57)2 = Sz (b (5)+ o) = 300 e

On the other hand, since the vector field N* is spacelike, if the plane spanned by {N,N*} is timelike, we can give
N*(s*) = €(cosh @ (s)N(s) +sinh ¢ (s)Ba(s)). (22)
From the equations (18), (19) and the second clause of the theorem, we obtain

ok (s) = Brs(s)] (1K (s) + ka(s))
(¢’ ()77 (s%) ’

cosh@(s) = [ (23)

sinh¢(s) _ [O”Q(S)7[31(3(‘5‘)]1(3(5)7 (24)

&('(s))? k] (s)

for all s € I and ¢(s) € C™-function on /. By differentiating the equation (22) with respect to s and applying Frenet formulas,
we have

d(cosh¢(s))
ds

d(sinh ¢ (s))

=0
ds

= O’
that is, ¢ (s) is a constant function on 7 with value ¢y. Let us denote § = cosh ¢y (s)(sinh ¢h(s))~! by the constant real number

0, then & € (—oo,—1)U(1,00). The ratio of (23) and (24) holds

ki) + rals)
)

that is, 0x3(s) = ux (s) + ka2 (s) for all s € I. Thus the third clause of the theorem is obtained. Moreover, we can give
¢/ (s)K3(s")Bi(s") = e[—coshdo(s)xiT -+ (cosh do(s) Kz — sinh do(s)ks)Br] + @' (5) K} (s")T".

If we substitute the equations (14), (23) and (24) into the above equality, we obtain
¢'(5)155 (s)Bi(s) = (¢'(s)) (i (s")) "' [D(s)T + E(s)B1],

where

D(s) = (' (9K (s)*(1—ari)— (o — Bres)(uki + K2) Ky
E(s) = [(¢'(s)xi(s"))” +pKimr + K3 — k3] (otky — Bis).

for all s € I. By the second clause of the theorem and the equation (21), D(s) and E(s) can be rewritten as;
D(s) = (12— 1) (aks — Brs) (i + G — kD) + Ky o (a2 + 1)]
E(s) = (1 =1)""(ax —Brs)n[(ki + K3 — 1)1+ Kk (4 +1)].

By the fact that ¢’ (s)x; (s*)B; (s) # 0 for all s € 1, it is proved that
(K7 + 15 — K5 + Ki ko (U + 1) #0.

This is the last clause of the theorem.

Now, we will prove the sufficient condition of the theorem.
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Thus, we assume that 7y is a spacelike C*-special Frenet curve in E;‘ with curvatures ki, K, k3 satisfying the all clause of
the theorem for the constant real numbers o, 8, i, 6. We define a spacelike curve y* by

Y'(s%) = v(s) + aN(s) + BBafs), (25)
where s is the arc length parameter of y. By differentiating this equation with respect to s and applying Frenet formulas,

@' (5)T"(s") = [1 - aky (5)] T (5) + [aka(s) — B3 (5)]B1 (s)
is obtained. Considering the second clause of the theorem, this equation is rewritten as;

@' ()T (s") = [ora(s) — Brs(s)] (T (s) + Bi (s))

for all s € 1. From the first clause of the theorem it is seen that y* is regular curve. Thus, arc length parameter of y* denoted by
s* can be given by

. N d
s :‘P(S)Z/HI dt,
0

where ¢ : I — I is a regular map. The differentiation of ¢ with respect to s is
¢'(s) = V1 —1ary(s) — Brs(s)].
Also, here we notice that y € (—oo, —1)U(1,%0) and u?> — 1 > 0. Differentiating the equation (25) with respect to s, we get

dy'(s”)
ds*

¢'(s) = [oka(s) — B3 ()| (1T (5) + Bi(s))-

dy*(s)

ds*

Now, let us define a unit vector field 7* along y* by , then

1

T*(9(s) = (> = 1) 72 (uT(s) + B (s)). (26)
By differentiating this equation with respect to s and using Frenet formulas,

dT*(¢(s))
ds*

¢'(s) = (u® = 1) 2 [ (s) + K2(5))N (s) + 13 (5)Ba s)]

and

HdT*(fp(s)) H B \/|(w<1 (5) + K2 (s))2 — K3 (s)]
st ¢'(s) /=1 '

By the third clause of the theorem, it is seen that

VI (s) +xa(5)? — k2 (s)] = /182 — 1] 2

and we notice that § € (—oo,—1)U(1,e0) and u? — 1 > 0. Thus, we can write

|erow) (6 s
ds* ¢/(s)y/m -1

Since k3 > 0 and @(s) > 0 for all s € I, we obtain

dT*(fp(S))’

= [ TED) g e
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Thus, N*(s*) spacelike unit vector field can be defined by

%[ % . * §)) = 1 ! s
V) = N (00 = rpry T 00)
(151(5) + R ()N(S) + 53()Bas) o8
Vi (5) + 10(5))2 = K3(5)
Also,
N*(s*) = &(cosh&(s)N(s)+sinh&(s)Ba(s)) (29)
coshé(s) = Hri(s) + Ka(s)
e/ (i) + ma(s)) ~ K3 (s)
sinhé(s) = 3(s)

e/ (1K (5) + K2 (5))2 — K3(5)

for all s € I. Here & is a C™-function on /. By differentiating the equation (29) with respect to s and using the Frenet formulas,
we get

o'(s) M = g[—kjcoshé(s)T + MN + ((k2cosh&(s) — x3sinh & (s))By + m&].
s s S
The differentiation of the third clause of the theorem with respect to s is
(1 (s) + 15 (5)) k3 () — (i (s) + K2 (s)) K3 (5) = 0.
Substituting this equation, we get
d(cosh&(s)) 0 d(sinh§(s)) 0
ds - ds N
that is, £ is a constant function on I with value &j. Thus, we write
coshéy(s) = KEi(s) + 1(s) , (30)
e\/(xi(s) + 2(s))2 — K3(5)
sinh&(s) = 10 . 31)
e/ (151 (5) + Ka(5))2 — K3(5)
Also, we get
o'(s) w = g[—Kjcosh&y(s)T + (kzcosh &p(s) — k3 sinh o (s)) By ]. (32)
Then, from the equation (29), it satisfies
N*(s*) = €(cosh &y (s)N(s) + sinh o (s)Ba(s)). (33)

By considering the equations (26) and (27), we obtain

(i (5) + 2(9)P—K3(s)
9/()(12 — 1)/ (K1 (5) + 2(s))2 = K3 s)

Also, by substituting the equations (30) and (31) into equation (32), we get

K (s)T*(@(s)) = (UT(s) + Bi(s))

d(N*(9(s)) _ (uKy+K2) K T+ (UK + Kk — K5
ds*

@'(s)\/ (UK +5,2)2 = k5 @'(s)\/ (UK +K2)? — K3

Bla
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for s € 1. By the last two equations, we obtain

d(N*(9(s))
ds*

+x7(s)T"(9(s)) =

where

A(s) = (K415 —k)u+ (U + 1)Kk
B(s) = p[(ki+K5—K3)p+(u>+1)Kik)

Cls) = @)= 1)/ (i +K2)> — K2 0.

By the fact that

K (9(s)) =

forall s € I, we see

K5 (9(s)) = (1 + 13 — K+ (W2 + Do
(P/(S) \/[(HIQ + K2)2 — K'32] ('u2 _ l)

Thus, we can define a unit vector field B} (s*) along y by

I dN*(9(s)

Bi(5) = Bi(p(5) = oo (TG0 4 KT (900
such that
BI(s") = ————(T(s) + B (5)). (34)

V=1

Also, since Bj(s*) = €(sinh &y (s)N(s) + cosh &y(s)Bx(s)) for all s € I, another unit vector field Bj(s*) along y can

K3 (s) Ns) + pKi(s) + K2 (s)
V(5 () + x0(5)) = 13 s) V(i () + K0(5)2 = 13 s)

Now, from the equations (26), (28), (34) and (35), it is seen that

Bi(s") =

By(s). (35)

det[T"(s%),N"(s"), Bi(s"), B3(s")] = det[T (s),N(s), Bi(s), Ba(s)] = 1.
T*(s*), N*(s*), Bi(s*), B3(s*) are mutually orthogonal vector fields satisfying

g(T7(s7),T°(s")) = &(N"(s),N"(s")) =1

8(Bi(s"),Bi(s")) = g(By(s7),B5(s")) = —1.

Thus the tetrahedron {7*(s*),N*(s*), B} (s*),B3(s*)} along ¥* is an orthonormal frame where 7*(s*) and N*(s*) are spacelike
vector fields, Bj(s*) and Bj(s*) are timelike vector fields. On the other hand, by considering the equation (34) and the
differentiation of the equation (35), we obtain

i) = (i)

ds*
K1 (s) () (1 — 1)
0/(5) /(11 +K0)2 — 3] (12 — 1)

>0,

for all s € I. Therefore, y is a C*-special curve in EJ and the Frenet (1,3)-normal plane at the corresponding point
Y*(s*) = y*(@(s)) of y*. Thus, (y,7*) is a mate of (1,3)-Bertrand curve in E. Finally, the proof of the theorem is completed.
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Example 10. (The spacelike curve equation given in [16]) Let Y(s) be a unit speed spacelike curve in Eg given by

Y(s) = lsl\/i(sinh(S\[Ss)ﬁcosh(\sz),9sinh(\/§s),cosh(3\f5s)).
We easily obtain the Frenet vectors and curvatures as follows:
1
T(s) = ——/(cosh(3+/5s),3sinh(v/5s),3cosh(v/5s),sinh(3V/5s)),
V10
N(s) = %(smh(ﬁ%x@s),cosh(\@s),sinh(\@s),cosh(Sﬁs)),
Bi(s) = —(3cosh(3\fs) smh(\fs) cosh(\[s) 3sinh(3V/5s)),
V10
1
By(s) = 7(smh(3\f5s),”cosh(\/§s),”sinh(\fss),cosh(sﬁs)).
V2 4 4
The curvatures of y are K1 (s) = 3,K2(s) = 4 and k3(s) = 5. Let us take o0 = B = 15 NTES 24—7 and 6 = %. Then, it is obvious

that the relations given in Theorem 9 are hold. Therefore the curve ¥ is a (1,3)-Bertrand curve in Eé and the (1,3)-Bertrand
mate curve Y of the curve Y is a spacelike curve given as follows:

Y(s) = (—7sinh(3v/5s), 8 cosh(v/5s), 8sinh(v/5s), —7 cosh(3v/5s)).

1
15v2
Theorem 11. Let y be a C”-special spacelike Frenet curve with non-zero curvatures K, Kz, K3 in E§ . Then vy is a spacelike
(1,3)-Bertrand curve whose the Bertrand mate v* is timelike, if and only if there exist the constant real numbers Q, 3, |, &

satisfying

1. axa(s) — Brs(s) #0

2. u(are(s) — Bxrs(s)) +oxi(s) = 1,4 = sinh By(s (cosh@o( )~
3. 5K3(S) = UK (S) + K2(S),5 = Sil‘lh¢o( )(COSh(])()(S))

4. k(U +1) — (K + K3 — KU #0

forallsel.

Proof. If y* is a timelike curve, the proof is made similarly to the proof of Theorem 9, taking into account the equations (3), (4)
and the equality

T*(s*) = &(sinh O(s)T (s) +cosh O (s)Bj (s)).

5. Conclusions

In this paper, we proved that, no special spacelike Frenet curve is a Bertrand curve in E§ . Therefore, we defined a generalization
of spacelike Bertrand curve and we called it as spacelike (1,3)-Bertrand curve in Eﬁ‘ . Moreover, we gave the characterizations
of spacelike (1,3)-Bertrand curve in E3.
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