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Abstract

With this study it is aimed to introduce and analyze a new SIS epidemic model including vaccination
effect. Vaccination considered in the model provides a temporary protection effect and is administered
to both susceptible and new members of the population. The study provides a different aspect to the
S1S models used to express, mathematically, some infectious diseases which are not eradicated by the
immune system. The model given this study is designed by considering varying processes from person
to person in the disease transmission, the recovery from disease (recovery without immunity) and in the
loss of protective effect provided by the vaccine. The processes that change according to individuals are
explained by distributed delays used in the relevant differential equations that provide the transition
between compartments. The differences in the model are especially evident in these parts. In analyzing
the model, firstly, the disease-free and endemic equilibrium points related to the model are determined.
Then, the basic reproduction number R is calculated with the next generation matrix method. Next, the
dynamics about locally asymptotically stable of the model at the disease-free and endemic equilibriums
are examined according to the basic reproduction number R. Attempts intended to reduce the spread
of the disease are, of course, in the direction supporting the lowering the value Rg. In this context, the
reducing and enhancing effects of the parameters used in the model on the value R, have been interpreted
mathematically and suggestions were made to implement control measures in this direction. Also, in
order to evaluate the support provided by the vaccine during the spread of the disease, the model has
been examined as vaccinated and unvaccinated, and by some mathematical process, it has been seen that
the vaccination has a crucial effect on disease control by decreasing the basic reproduction number. In
other respects, by explored that the effect of parameters related to vaccination on the change of Rg, a
result about the minimum vaccination ratio of new members required for the elimination of the disease
in the population within the scope of the target of Ry < 1 has been obtained.
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1. Introduction

Mathematical modeling has been used to describe and analyze behaviors of many phenomena in the practical
application areas such as theoretical ecology, mathematical epidemiology, economics, medicine, physics, chemical,
biology, engineering and so on, [1-7]. Specially, the technique of compartmental modeling has become substantial
tools in mathematical epidemiology for analyzing of the spread and control of infectious diseases. The modeling
idea related to epidemic disease transmitted in a closed population consisting of susceptibles (S), infectives (I),
and recovereds (R) were firstly considered by Kermack and McKendrick in 1927, [8]. Then, a lot of authors have
dealt with various details to carry further forward this modeling technique. Along with, the historical adventure
of compartmental modeling in mathematical epidemiology has proceeded from basic models to more detailed
models. It is usually difficult or almost impossible the analytical examination of detailed models and so their
usefulness for theoretical objectives is restricted, even though they may include substantial strategic values. On the
other hand simple models may be inadequate for public health authorities who are faced with the need to make
recommendations on strategies to deal with a particular situation. Therefore, the researches on the dynamics of
basic but slightly more detailed models have folded day by day. Especially, it has been concentrated on seeing
whether the variations in the models which are studied can lead to significant differences in behaviors related
to qualitative and stability, with respect to models in classical type. Hereby, by using the general principles of
modeling of epidemics, various models to describe the course of some epidemic diseases have been formulated,
[9-18].

With the details studied in the epidemic models, specific principles including factors such as vaccination,
quarantine, treatment; differences in systems reflecting transmission dynamics (such as being difference, differential,
integral or integro-differential equations) or using of the delay element in the projected system ... etc. are meant.
Vaccination appears as one of the significant factors between control measures for the dynamics in diseases
transmission. Li and Ma studied on SIS epidemic model with vaccination in [19]. Cai and Li [20] examined the
global stability of their SETV epidemic model with a nonlinear incidence rate.

In this paper, we formulate a new SIS model with distributed delays by adding the vaccination effect, too.
To do this we use three distribute functions. Vaccination strategy in the model presented in this study base on
administering to both susceptible and new members of the population. Also, in the model, we assume that the
vaccinated individuals have temporary immunity and the losing of efficacy of vaccination varies from individual to
individual depending on the fact that efficiency of any vaccine does not usually continue lifetime of the individual.
On the other hand, it is thought that the infectiousness period in the transition from S to / and the recovery
without immunity in transition from I to S vary from individual to individual. The fact that the system consists of
integro-differential equations is originated from these effects varying according to individuals.

In the literature, there are studies that take into account the relative infectivity, [21-23], as well as the studies
that assume that the immunity formed after vaccination is not permanent, [24].

On the other hand, by using nonlinear classical differential equations, models in which the delay period is the
same and constant for all individuals can be made. However, nonlinear integro-differential equations are needed
to express the delay process with distributed manner, provided that the delay process remains within a certain
interval and varies according to individuals.

In the model introduced in this study, it is assumed that both the infectivity differs according to the individuals
over time and the protection provided by the vaccination that does not create permanent immunity changes over
time. In addition, the assumption that vaccinated individuals become relatively susceptible again with the loss of
immunity is also reflected in the model. The study aims to contribute to the mathematical epidemiology literature
with these novel aspects.

We continue this study to which we begin with introducing the model, with the qualitative and stability analysis
of the model. In what follows, we evaluate the impact of vaccination on the model dynamics and discuss sensitivity
analysis utilizing the normalized forward sensitivity index.

2. The Main Results Related to Research

The model which have been constructed by using the distribution function in three directions of transmission
and adding vaccination effect is governed by a system of nonlinear integro-differential equations below.
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According to the model, the population was divided into three categories: Susceptible (S), Vaccinated ('), and
Infectious (/) individuals.

The susceptible class consists the individuals who are susceptible to the disease and have not any immunity. By
infectious individuals, it is meant the individuals who are infected by the disease and are able to spread the disease
to susceptible individuals.

Here S(t), I(t) and V (t) represent the numbers of susceptible, infectious and vaccinated individuals at time ¢,
respectively. The total population size at time ¢ is N (¢) and for all ¢ > 0, N(¢) = S(¢)+I(t)+V(t). Also it is assumed
that all functions and parameters used in the model are nonnegative. The inclusion of all newborn individuals into
the population is provided by giving input to the susceptible and vaccinated classes with the constant rate b in total.
The rates of natural death and the disease induced death are represented by 1 and J, respectively. 3 denotes the
effective contact rate between infectious and susceptible individuals.

hy is maximum infectiousness period and 7 indicates the period of time for each individual becomes infectious
such that 0 < 7 < hy. By using f which is first distribution function used in the model, the density of individuals
whose infectious period 7 is indicated with f(7). Classically, it is supposed that f is non-negative and continuous

h1
on [0, h1]. Also f satisfies | f(7)dr = 1. The term f (1) I (t — 7) corresponds to number of surviving individuals
0

h1
at time ¢t who infected at time ¢ — 7 and have infectiousness period 7. The integral 85 (t) [ f(7)I (t — 7)dr is
0

expression that reflects transition of individuals to the compartment I as a result of effective contact between the
susceptible and infectious individuals within their infectiousness period.

The model envisions a vaccination strategy in which the vaccine is effective on all individuals and vaccinated
individuals are not become infected during their protection period. But the effectiveness of the vaccination loses
over time. p shows the vaccination rate of newborns while (1 — p) b represents the inclusion rate of newborns
without vaccination to the susceptibles. Also o is the vaccination rate of individuals in susceptible group and ¢ is
the losing rate of effectiveness of the vaccine.

Besides these, g is the second distribution function such that g (6) shows the ratio of individuals whose protection
period provided by the vaccine is 6. hs is the maximum protection period provided by vaccination. So § = 0 means
that the vaccine is completely ineffective. Also, 0 < § < hy means that the vaccinated individuals gain only a finite
protection period (partial protection). Classically it is supposed that g is non-negative and continuous on [0, h] in

ha
addition that g satisfies [ g (f)df = 1. The term g (6) V (¢t — 6) corresponds to number of surviving individuals at
0

time ¢t who have been vaccinated at time ¢ — # and whose protection period is 6.
According to this model, the vaccination does not provide a protective effect that will last forever. So, when

the protection period is finished, the vaccinated individuals who no longer has any protection turns again to the
h2

susceptible compartment. To reflect this transition, we have used the expression ¢ [ ¢ (0) V (¢t — 6) df in the model.
0

On the other hand, with entering the individuals to the recovery process, the amount of pathogens in the
host individual’s body become sufficiently low in the rate that the individual is no longer capable of transmitting
the disease. Individuals who complete the recovery process return to class S because they have not acquire any
immunity to the disease. 1 indicates the recovery rate of infectious individuals (recovery without immunity) and
hs is maximum recovery period. 7 indicates the time of recovery period of each individual with 0 < v < hs.
k is third distribution function used in the model such that k() denotes the density of individuals whose their
recovery period is 7. Again, classically, it is supposed that k denotes non-negative and k is continuous on [0, i3],

h3
such that k satisfies [ k(vy)dy = 1. The term k(v)I (¢ — ) represents the number of surviving individuals at time

0
t who have been infectious at time ¢ — v and whose recovery period is v. According to our model the recovery
period is also a process that varies according to the individuals, just like the infectiousness period. Thus we use the
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hs3
mathematical expression n [ & (v) I (¢ — ) dv in the transition from I to S to reflect the changing of the recovery
0

process according to individuals.

2.1 The Qualitative Analysis Results

Before moving on to the analysis of the model, we have to be sure that solutions of the system (2.1) remain in a
biologically feasible region for all parameters ¢ belong to time. After preparation to this particular, we determine
the equilibrium points and basic reproduction number of the model.

2.1.1 Feasible Positive Invariant Region for the Model
Theorem 2.1. The bounded set

0= {(S,LV):SEC(RJF,RJF), IeC([-max{r,v},0),Ry), VelC([-0,00),Ry): N(t) <

} (2.2)

=l

is positively invariant for the model, where R = [0, 00) .
Proof. By the sum of the differential equations that make up the system (2.1), the differential inequality

Wi - B
= b—p(SE)+IE)+V () -l
< b—p(N(@) (2.3)

is obtained. The solution of this differential inequality is achieved from solving the differential equation
N’ (t) + uN (t) =b.

Then, we get the solution

N (t) = N(0)e # + % (1—e") (2.4)

for the initial condition ¢ = 0. Standard Comparison Theorem [25] says that the right side of the equality (2.4) is the
maximal solution of inequality (2.3). Thus we write

N (t) < N(0)e " + % (1—e ")

forallt > 0.
It is obvious that N(t) < b/u for all t > 0 when N(0) < b/u. Hence, O is positively invariant for the system (2.1).
On the other hand, it can be derived that N (¢) is bounded above with b/ .
Consequently © is an asymptotic global attractor for all solutions of (2.1). Thus examining of the dynamics of
(2.1) in the region © would be appropriate epidemiologically. O

2.1.2 Disease-Free Equilibrium Point
Since an equilibrium point of the system (2.1) is a constant solution of the system, it holds the equations
constituting the system and so it is written as:

0 = (1—p)b—BSoly— Sy — 1So + Vo + nlo,
0 = pb+O'S0*§V07u‘/g.

From first and second equations, it is obtained respectively that

(1-p)b+&V

S:
0 S

(2.5)

and
_ pb+0Sp
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for Iy # 0. Substituting the equality (2.6) into (2.5), we get

So [0€ + op+ p& + p? — o&] = bE + b (1 — p)

and so
g _ bE+nl—p)
0o=——F""—-
p(€+pu+o)
If this value is rewritten in (2.6), it is obtained that
v~ blopto)
0=——"-=.
p(E+p+o)

Hence, the disease-free equilibrium point of the model is

b +p(l—p) b@u+0)>
p+pto)  TpEtpto))

DFE:(%Jm%):< 2.7)

2.1.3 Basic Reproduction Number

The basic reproduction number denoted by Ry is described as the average number of new cases (secondary
infections) created from one infectious individual in the wholly susceptible population through the entire length of
him/her infectiousness period.

In this part, we determine the basic reproduction number of the model by using the next generation matrix
approach, [26].

The dynamic system given by (2.1) can be written in matrix form as

aw _
dt

where W = (1,5, V)T.
For the system written in the form

aw
W = y(W) 7Z(W)7

V(W) and Z(W) are the following matrices, respectively:

VW) = 0
0
and
Z(W)n]
ZW)= | ZW)y |,
Z(W)a
where
h3
ZW) = n/kw)ut—wdw<5+u>1<t>,
’ h1 ho h3
ZW)y = /as<t>/f<v>f<tw>df+as<t>fs/gw)vufe)defn/kwu—fy)dww(t)7<1—p>b,
0 0 0
ho
EW)ar = € [gO)V(E-0)d8+nV (®)-0S(®) -

0
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In this splitting, V(W) is the matrix formed by writing of the partitionings in which new infections appear in
compartments I, S and V, respectively; and Z (W) is the matrix formed by writing of the partitionings in which
other transitions between compartments I, S, V, and other compartments, respectively.

Now we find the correspondences at the DFE of the derivative matrices of Y(W) and Z (W) with respect to I, S
and V, respectively.

BSo Bl 0
dY(DFE)=| 0 0 0
0 0 0
and
nN+06+u 0 0
dZ(DFE)=| BSo—n Blo+to+p —§
0 —o E+p

Now, considering that the infection can only exist in compartment I, let us constitute the block matrices Y and Z as

Y = Y11 = [BSo]
and
Z=2Zu=[n+d+upn.
Hence
YZl_[ﬁ&’].
n+p+o

From the biological meanings of Y and Z, it follows that Y is entrywise non-negative and Z is a non-singular
M-matrix, so Z~! is entrywise non-negative. Let ¢ (0) shows the number of initially infected individuals. Then
Y Z~'¢ (0) is an entrywise non-negative vector giving the expected number of new infections. The matrix Y Z !
has (1;1) entry equal to the expected number of secondary infections in compartments I produced by an infected
individual introduced in compartments /. Thus Y Z " is the next generation matrix and Ry = p (Y Z~!); where p
denotes the spectral radius.

Considering the component
g _ bE+pd-p)
oy =

p(€+p+o)

of the DFE, the basic reproduction number of the system (2.1) is obtained as

Ro = p(YZ7h)

BSo
n+p+o

b3 (§+pu(l—p))
pE+p+ao)mt+p+d)

2.1.4 Existence and Uniqueness of Endemic Equilibrium Point

Now, we handle the problem of existence and uniqueness of endemic equilibrium point of the presented model.
The endemic equilibrium EFE (S*, I*, V*) which is a constant solution of differential equations constituting the
system (2.1) satisfies the algebraic equations

= (1—-p)b—BS*I" —0S* — puS* + &V  +nl*,
= BS*I*—nl*—(u+96) I,
0 = pb+oS*—&V* —uVv™, (2.8)

such that I* # 0. From second equation of this algebraic system, we write
I (88" =~ (u+8)) = 0.

So, it must be
BS*—n—(n+d)=0
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Then
n+p+o

B
If S* obtained in (2.9) is written in third equation of (2.8), V* is found as

S (2.9)

_pbB+o(n+p+d)
B+ n)

On the other hand, by considering Ry, S* and V* are written as

V*

g _ bE+u(l-p)
p(€+p+0)Ro

and
_ pbu(E+p+0)Ro+0b(€+p(1-p))
p(§+p) (§+p+o)Ro '

Now, by using these equalities we have obtained, we will focus on the first equation of the system (2.8).

V*

b(€+p(l—p))

b(E+u(l—p) pbu(E+p+o)Ro+ab(€+p(l—p))
p(€+p+0)Ro '

& p(€+p+o)Ro p€+p)(E+n+o)Ro

—n| " = (1-p)b—(0+p)
After regulations, we write

I=p)opuE+p+o)(E+p)Ro—b(o+p) (E+pl—p)E+p)
+Epbp (E+p+0)Ro+ b (€ + (1 —p))]

(E+p) BB+ p(l—p)) —nu(§+p+0)Rol

Precisely in this part, it has great importance to regulate the numerator of this fraction with careful operations. The
numerator part of I* can be written as

I =

(I=p)ou(+p+o)(+p)Ro=b(o+p) &€+ p)=bu(l—p)(o+p) €+ p)+Epbu (€ + 1+ o) Ro+€ab (§ + (1 —p)).

If the first and fourth terms of the numerator consisting of five sums are taken into the common factor ( (£ + 1 + o) Ro
) parenthesis, it is obtained the term (§ + 1+ o) Robp (§ + £ (1 — p)) . From second and third terms, it comes
b+ p) (c+p) (4 (1l —p)). If this last term and the fifth term of the sum are considered together, it is
obtained that —byu (£ + 0 4+ p) ((+ (1 —p)).

So with the last rearrangement of the numerator part, we obtain

o bp(E+p(1—p)(E+pto)[Ro—1]

E+p) | bB(E+n(—p) —nu(+p+0o)Ro
w(E+pto)(n+ut+6)Ro
b(E+p(1—p)(Ro—1)
(B+0)(E+mRo

Hence I* is meaningful for only Ry > 1. Thus, we say that the system (2.1) has a unique endemic equilibrium
point formulated by equality

EE = (S°,1",V")
_ (b(£+u(1—p)) b(E+p(1—p)(Ro—1) pbu(§+u+U)Ro+0b(£+ﬂ(l—p)))
p€+p+to)Re (p+0)(E+m)Ro p(€+p)(€+n+0o)Ro ’

when Ry > 1.
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2.2 The Stability Analysis Results
In this section, we explore the asymptotic behaviors of the equilibrium points for the model (2.1).

Theorem 2.2. The disease-free equilibrium point DF E is locally asymptotically stable in © for Ry < 1.

Proof. For the system (2.1), the Jacobian matrix at DF'E = (Sy, Iy, Vo) is

—Bloy—0o—p —BSo +n 3
J(DFE) = Blo BSo—n—p—2¢ 0
o 0 —{—p

Since Iy = 0, the characteristic equation which is correspond to this Jacobian matrix is

—(o+p)—A —BSo+n 13
det (J (DFE) — \3) = 0 BSo—n—p—38—A\ 0
o 0 —E—p—\
(BSo—n—pu—=0=N[(c+p+A)(E+p+A)—af] (2.10)

= 0.
From hence, for the roots of characteristic equation given by (2.10), we write

A = BSo—(n+p+9)
= M+p+6)(Ro—1).
The remaining roots are obtained from the equation
N (E4+0+2u) A4 pué +op+p?=0.

For this quadratic equation,
AtAds=—(E+o+2u)<0

and
)\2/\3:M(£+U+/L)>O.

While Ry < 1, all roots of the characteristic equation always have the negative sign. Therefore DF'E is locally
asymptotically stable for Ry < 1. O

To prove that the E'F is locally asymptotically stable when Ry > 1, we will use the criteria which is well known
in the literature and given by Routh and Hurwitz.

Theorem 2.3. The endemic equilibrium point EE is locally asymptotically stable in © for Ry > 1.

Proof. The Jacobian matrix of system (2.1) at EE = (S*,I*,V*) is

—BI*—o—p —BS* +n 3
J(EE) = BI* BS* —n—pu—36 0
o 0 —{—p

Thus, the characteristic equation which is correspond to J (EE) is

A+ CiAN2 4+ CoX + C5 = 0, (2.11)
where
Cy=pI"+ &+ 0+ 2,
Cy = puBI* + 06BI* + pé + o€ + BET* + p® + po + pBI*
and

C3 = pfEL" + 6" + p?BI" + pdpI*.
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Since C1, Cs, Cs are positive, we can determine stability of the system (2.1) by using Routh-Hurwitz Criteria.
According to this criteria,

H=C;>0

and O — O
H, — 2122~ >3
2 o

After required simplifications, the numerator part of the value H> is obtained as

C1Co—Cs = p(BI) + 6 (BI") + p€BI* + o€BI" + £ (BI) + BT + pofI* + p (BI) + oppI* + odBI*
foué + 0% + olBI* + op® 4 po® + ouBI* + P’ BI* + pdBI* + 2u*E + 2ucé + 2uBEr*
+20° + 2p%0 + 2uP BIF + pPET + pé? + o€ + I + p*E + o
> 0.

and so
Hs > 0.

Finally,
H; =C3 > 0.

Thus, according to Routh-Hurwitz stability criteria, all eigenvalues of the Jacobian matrix of system (2.1) at the
endemic equilibrium point E'E, that is, each of the roots of equation (2.11) have negative real parts. Consequently, if
Ro > 1 then the endemic equilibrium FE = (S*, I'*,V*), which is unique equilibria for the system (2.1), is locally
asymptotically stable. O

2.3 The Effect of Vaccination on the Spread of Disease
When the model is considered without vaccine (in this case, c = p = 0 and so £ = 0)) it transforms to SIS
epidemic model in the following form:

hy h3
G = b8 [ Ie-ndrn [k @) dr- s (o).
0 0
I " s
G = 850 [m1a-nir—n [k 1@y 510 - u1 (0
0 0

and for this model, the basic reproduction number is

- bs

Ro= — P
T u+p+0)

It can be easily seen that there exists the relationship

pp+o N\ .y
Ro=[1--"F—" R
° ( §+M+U) 0

between Ry and Ry. Here Ry < R( and this mathematical result indicates that, obviously, vaccination has a crucial
effect on disease control by decreasing the basic reproduction number. Thus, with the appropriate vaccination
strategy, the disease can be eradicated in the population by keeping the value R below 1.

Several mathematical operations give us:

Ro < 1
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Thus, within the scope of the target of Ry < 1, the value pn,in that comes with the inequality

(E+n) (750—1) —-0c
Pmin > - 2.12)
KRo

is the minimum vaccination ratio of new members required for the elimination of the disease in the population. We
note obviously that the parameters which define ppi, in (2.12) should be chosen such that 0 < pp,in < 1. Also, since
the other parameter determined the number of vaccinated individuals is o, the choosing of parameters ppi, and o
should be considered together in (2.12). The result obtained about py,;, means that, with increasing of o and with
decreasing of &, R decreases and so the spread of the disease gradually decreases in the population. Therefore it is
meaningful that the efforts to increasing o or decreasing £. This result will be seen again from the mathematical
explanations in a different perspective in the following part.

2.4 Sensitivity Analysis

One of the main objectives of the epidemic investigations is to suggest strategies such that it will ensure that the
necessary control measures are taken to stop the epidemic and to prevent possible outbreaks in the future. Attempts
intended to reduce the spread of the disease are, of course, in the direction supporting the lowering the value Ry.
Considering that there are many negative conditions brought about by the disease, together with the difficulty of
completely eliminating the epidemic in a population in a short time, attempts to reduce the spread of the disease
are very important. In this sense, with various control measures which will be implemented; lowering the value
Ry is one of the most fundamental issues. Thus, it has a major significance to explore the effect of parameters on
the change of R and to apply control measures in this direction. To this, in the followings, we will evaluate the
influence aspects of the parameters that affect Ry by determining the normalized forward sensitivity index of it.
The normalized forward sensitivity index of the variable R, with respect to the parameter ¥ is defined as

Ro _ IR0 xi
v 29 " R’

by using partial derivative. Where ) represents the basic parameters constituting R,. In that case,

OR B
R()_ 0 —
Q[g 7WXR7071>0
and
OR, 13
Ro . 0
% T e YR,
(0 +up) €

ErproErndp) "

By increasing of these parameters that have additive effect on the spread of disease, R increases and so the disease
gets out of control in the population. Therefore, the control measures which will be established should be aimed at
reducing of the parameters 5 and &.

Now let us concentrate to the effect of parameters related to vaccine on Rg. If we calculate, the normalized
forward sensitivity index taking account of the derivatives of R with respect to p and o, we get

OR
Ro _ o D
% dp 8 Ro
up
= ——— <0
E+u(l—p)
and
OR o
Ro _ Y™ 9
QU oo x Ro
N ——)

ftpto
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Thus the disease can be eliminated with some favorable and adequate vaccination strategies. For example, one
of the necessary conditions for disease elimination is given in the result of mathematical calculation in (2.12).
Improvements in these two parameters that depend on the efficacy of vaccines may lead to disease eradication.
On the other hand

8730 n

81} Ro
o

n+pu+0

Ro _—
Q) =

and
OR ]
Ro _ 0 _—
%"= a5 “ Ry
o

—<

n+u+o
The parameters 1 and § that its sensitivity indices are negative will bring about the decrease in R. Therefore,

strategies and actions developed on these two parameters will be useful in order that the spread of disease enters a
downward course.

0.

3. Concluding Remarks

While expressing dynamic systems mathematically, nonlinear and moreover delayed differential equations
are needed to construct closer models to reality in the expression of complex phenomena. Because of the fact
that nonlinearity and the existence of delay in a system may lead to being much more complex of analysis and
control of the system, in particular, studying with nonlinear differential equations with delays is quite coercive
mathematically.

All these difficulties aside, the dynamic analysis of nonlinear systems is often examined by looking at the
local stability of the system. To reach conclusions related to local stabilities, it is needed to look at the linearized
equivalent of any equilibrium point of the nonlinear system. Thus it can be reached a conclusion about the local
dynamics of the system.

In this paper, a new mathematical epidemic model under the vaccine effect is constructed. Also asymptotic
behaviors of solutions by evaluating the local stabilities of equilibrium points for mentioned model are examined.

Subsequently, in order to evaluate the support provided by the vaccine during the spread of the disease, the
model has been considered as vaccinated and unvaccinated, and it has been seen that the vaccination has a crucial
effect on disease control by decreasing the basic reproduction number with several mathematical operations. Thus,
with the appropriate vaccination strategy, the disease can be eradicated in the population by keeping the value
Ro below 1. Also, within the scope of the target of Ry < 1, a result about the minimum vaccination ratio of new
members required for the elimination of the disease in the population has been obtained.

Also in this part, the effects on R of the parameters o and p which represents the vaccination rate of susceptible
individuals and of the parameter £ which the losing rate of protective effect provided by the vaccine have been
determined; and the control measures which will can be applied on these parameters have been interpreted.

One of the main objectives of the epidemic investigations is to suggest strategies such that it will ensure that the
necessary control measures are taken to decrease and if it is possible to stop the epidemic and to prevent possible
outbreaks in the future. Attempts intended to reduce the spread of the disease are, of course, in the direction
supporting the lowering the value Rg. In this context, the reducing and enhancing effects of the parameters used in
the model on the value R have been interpreted mathematically and suggestions were made to implement control
measures in this direction.

Nowadays, with the advancement of science, the desires and efforts of individuals have been increased in
solving and analyzing more complex problems. In this sense, the various nonlinear dynamic systems have been
formed to explain the more complex mechanisms in the struggle against epidemics and it have been examined the
stability behaviors of these new models. As a matter of course, the several details such as adding some different
compartments (exposed, asymptomatic infectious, etc.) or adding some parameters reflecting various control
measures (isolation etc.) may be considered to carry forward this model.
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