http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 71, Number 2, Pages 502-[517] (2022)
DOI:10.31801 /cfsuasmas.987379

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: August 26, 2021; Accepted: December 22, 2021 SERIES Al

NOTES ON THE SECOND-ORDER TANGENT BUNDLES WITH
THE DEFORMED SASAKI METRIC

Kubra KARACA!, Aydin GEZER! and Abdullah MAGDEN?

IDepartment of Mathematics, Faculty of Science, Ataturk University, 25240 Erzurum, TURKEY
2Department of Mathematics, Faculty of Engineering and Natural Sciences, Bursa Technical
University, Yildirim, Bursa, TURKEY

ABSTRACT. The paper deals with the second-order tangent bundle T2 M with
the deformed Sasaki metric g over an n—dimensional Riemannian manifold
(M, g). We calculate all Riemannian curvature tensor fields of the deformed
Sasaki metric g and search Einstein property of T2M. Also the weakly sym-
metry properties of the deformed Sasaki metric are presented.

1. INTRODUCTION

Let (M, g) be an n-dimensional Riemannian manifold and T2M be its second-
order tangent bundle. Second-order tangent bundles are of importance in differan-
tial geometry. The geometry of the second-order tangent bundle T2M over an
n—dimensional manifold M which is the equivalent classes of curves with the
same aceleration vector fields on M was studied in [9412]. Dodson and Radi-
voiovici proved that a second-order tangent bundle T2M of finite n—dimensional
M becomes a vector bundle over M if and only if M has a linear connection in [6].
The lifts of tensor fields and connections given on M to its second-order tangent
bundle T2M were developped in [12]. In [7], Ishikawa defined a Sasaki-type lift
metric in T?2M of a Riemanian manifold and investigated some of its properties.
Moreover, in [3], the geometry of a second-order tangent bundle with a Sasaki-type
metric was studied in detail. All forms of Riemannian curvature tensor of Sasaki
metric on T2 M were computed and some curvature properties were examined in [8].
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In the present paper, motivated by the above works we study some geometric
properties of the second-order tangent bundle T2M equipped with the deformed
Sasaki metric g. We introduce the deformed Sasaki metric on T72M over M and
obtain the global results. Throughout this paper, all geometric objects assumed to
be differentiable of class C*°.

2. PRELIMINARIES

Let M be an n—dimensional Riemannian manifold endowed with a linear connec-
tion V and T?M second-order tangent bundle be 3n—dimensional manifold. T2M
has a natural bundle structure over M, my : T?M — M denoting the canonical
projection. If the canonical projection is denoted by miy : T2M — TM, then
T?M has a bundle structure over the tangent bundle TM with projection 5. Let
(U, z’) be a coordinate neighborhood of M and f be a curve in U which locally
expressed as o' = f7 (). If we take a 2—jet 52 f belonging to 75 ! (U) and put

) ) . di . d2i
d= 0, v =0, =10,

then the 2—jet j2f is expressed in a unique by the set (.Z'i, Y, z‘) Thus a system of

coordinates (mi, Y, zi) is introduced in the open set wo =1 (U) of T?M from (U, gcz)
The coordinates (xi,yi,zi) in 7o~ (U) are called the induced coordinates. On
putting -

51‘ _ ﬂﬂi,fz _ yi’gi _ Zi7
the induced coordinates (xﬂyﬂ zi) are denoted by {§A}. The indices A, B,C, ...

take values {1, 2,..., n; n+1, n+2,...,2n; 2n+1, 2n+2, ...,3n}.
Let X = X° a?ﬁ be the local expression in U of a vector field X on M. Then the

vector fields X o, XH1 and XH2 on T?M are given, with respect to the induced
coordinates {€1}, by [4]

XM = X109, — T, X"0; — O] X", (1)
XM = X795 — 20°T], X0 (2)
ve

with respect to the natural frame {04} = { 0;, O, 5%} in T?M, where C,Z =

2T 4 wSu (9T, + T T — 209 ), T, are the coefficients of the Levi-
Civita connection V on M and 9; = %, 0 = 8%1., &Z = 8‘21. For the Lie bracket
on T?M in terms of the A\—lifts of vector fields X, Y on M, we have the following
formulas:

[xHo yHo] =[x, V] — (R(X,Y)u)™ — (R(X,Y)w)™,
[xPo vH] = (VxY)™, p=12 [xT Y] =0, pa=1,2
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where R is the curvature tensor field of the connection V on M defined by R (X,Y) =
[Vx,Vy] = Vixy [5.

With the connection V of g on M, we can introduce a frame field in each in-
duced coordinate neighborhood 7o =1 (U) of T2 M. In each coordinate neighborhood

(U, xi), using X; = %, from — we have

. 0
b= (XZ)H - (axi

Hyp
) — 0, —u'Th o — Cho,

o \™"
B =(X;)™ = <axi> 0; — 2u°T}, 0=

18 E?
Hy
bz = (X, = (aii) =0

with respect to the natural frame {94} in T2M [4].

3. THE DEFORMED SASAKI METRIC AND ITS LEVI-CIVITA CONNECTION

Definition 1. Let (M, g) be a Riemannian manifold and T>*M be its second-order
tangent bundle. The deformed Sasaki metric on the second-order tangent bundle
over (M, g) is defined by the identities:
g (XM, yH) = fg(X,Y),
§(XHG,YHZ’) =0, a#b
g (XM yHh) =g (X", yH) =g(X,Y),

for all vector fields X andY on M, where f is a positive smooth function on (M, g).

The deformed Sasaki metric g and its inverse have components

fgi; 0 0 } ¢ 0 0
o= 0 95 0 Jandg™®=| 0 g¢* 0
0 0 g 0o 0 g*

with recpect to the adepted frame {Ej3}. In adapted frame, the followings satisfy
[Eg, Ey] = Qs, E,

k_ .pp.  k k _ 1k
Q;;" =uPRj;p", Qij =17

k_ s k k_ 1k
Qij = w Rji57 Q’J —F”

Using the formula

1
7§5a (Eﬁya'y + E’)’gaﬁ - Ea?ﬁ'y)

=€
Fﬁ’y 2

1
+§ (QBVE + Q-Eﬁ'v + Q-E’yﬁ) )
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where 5, = gaggé,yﬁag‘s, the non-zero components f27 are given by

=k
Fij = Fk + ﬁ (fzfsk +fj f~kgij> s
=k 1 k —k 1 s k
Fij - §upRjip ’ Fij - iw Rjis ’
fk _ 1 P k fk _ 1 P k fE . Fk
;] - gu sz] 5 i; - ﬁu Rp]z , 23 =T,
T = Lo & e _ 1. . fff—rk
i ﬁw Rasig™ ij ﬁw Rgji™, i — Lij

with respect to the adapted frame {Eg}.
Proposition 1. Let (M,g) be a Riemannian manifold and ¥V be a Levi-Civita
connection of (TQM, g). Then we have

1) Vg, E; = {rfs. = (fi5§+fj5f—f.kgij)}Ek+ LuPRY, By + w*RY, B-

2) vETE] = u Rk Ek,

Dj

B)WELE;: =7 U Rk Ek—‘rFkE

o PJi
4) VE?E]’ = SRblj Ek7
5) ?ETE?, = SR’;ﬂEk + T3 E=,

6) WE?E]—. = 0, VE?EE =0, VE?EJ- =0, WE?ng =0
with respect to the adapted frame {Eg}.
Proof. 1) By applying
—e 1_ _ _ _
Ty = 397 (EsGay + ErGas — Eabp,)
1
+§ (Qﬁve + Q~E,6’7 + Q~EW3)

and direct calculation we get

— —K —k % —k
Vi Bj =T Ex = U Bp + T Bp + T P

=k 175 _ 1
T, = 2 k (E Gy + EjGa; — Esgij) + 3 (Qijk + Q.kij + Qkﬂ)
175
= 2 k( (f95j)+8 (fgsz)*as(fgij))
1 sk 1 sk
= 59 (&-gsj +0jgsi — 0sgij) + Yl (figsj + f39si — fs9i5)
= Fk + ﬂ <f15k + f]ék f~kgij) f”

L %o _ _ 1 Lok 3
= 59 (Eiggj + Ejgs — Eggij) + By (Qij +Q.5, +Q ji)



506 K. KARACA, A. GEZER, A. MAGDEN

1 k —=k 17316 —
= §“pRsz Fij = 3 (Eiggj + E;g5; Esgw)
1 k E E
+§ (ng +Q zj+Q ]z)
1 s pk
= 5&) Rjis'

Thus we obtain

inEj = {Fk + 53 (fzak + fj fkglj)}Ek + ’U,ka E + wstzs

2f Jip
The rest can be proven by following the same method in the proof of 7). We omit
them to avoid repeat. (I

Proposition 2. The Levi-Civita connection V of the deformed Sasaki metric g on
T?M is given as following

VY = (VxY + A (X, V)70 + % (R(Y,X)u)™ + % (R(Y, X)w)™
Tan ¥ = o (R X) V)
Tam V= S (R Y) X)7 (T
VymYH = %(R(w,X)Y)HU,
Vim Y2 = %(R(W,Y)X)HO-F(V)(Y)HZ

Vym YA =0, Vym YT =0, Vyn, Y2 =0, Vym, Y2 =0
for all vector fields X, Y on M, where

27 (X (DY =Y (DX —g(X.Y) o (@)).

4. RIEMANNIAN CURVATURE TENSORS OF THE DEFORMED SASAKI METRIC

Af (X,Y) =

Let F be a smooth bundle endomorphism of T72M. Then we have the lifts of F:
FHo(u) = Y u'F@,)", F™ (u)=> u'F(0
Ffz(u) = Y u'F(0,)", F™ (w Zw F(d
FHo(w) =) w'F(0)™, F* (w ZwlF

Morever, the followmg expressions are obtained by direct standard calculations
Vxnou' = XH0 (uf) = —uT%, X",
val Ui = _)(i7 vazui = 07 vXszi = Xi,
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Vymw' = -Ci X", Vymw' = —2uT%, X"

Lemma 1. Let (M, g) be a Riemannian manifold and ¥ be a Levi-Civita connection
of (T?M,g). Let F : T>M — T*M be a smooth endomorphism, then

Voo F0 () = (VxF (u) + Ag (X, F(w)"™
5 (R(F (), X)u)™ + L (R(F (), X)w)™

VP () = 5z (R F () X)™ + (VxF ()
Va1 () = o (R F (1) X)™ + (VxF (u)™
Vo P () = (F(0)™ + 32 (R (. X) F ()"
Toom F () = (FOO)™, Toom ¥ (u) = (F (X)),
WXHQFHO (u) = 0, WXHzFHl (u) =0, WXHZFI” (u) =0,
Vi FTo (W) = (VxF (w) + Ap (X, F(w)"™

+ 3 (R(F @), X)u)™ + 2 (R(F ), X)w)™,

Van P @) = 5z (R, F@) X)™ + (VxF @)™
Voo 2 () = %(R(w,F(w)X)HO+(VXF(w))H2,
Vam P @) = 52 (R X)F @)™,

WXHIFHI (w) = 0, VXHl FH> (OJ)ZO,

Vam P @) = (FX0)™ + 52 (R, X)F @)™,
VomFM (W) = (FX)™, VP () = (F (X))

for any vector field X on M and u,w € T>M.

Proposition 3. Let (M, g) be a Riemannian manifold and T>M be its second-order
tangent bundle equipped with the deformed Sasaki metric g. The curvature tensor
R of the Levi-Civita connection ¥V of g on T*>M s given by the following formulas:

1R (X Ho yHo) zHo
= {R(X,Y)Z+ (VxAf) (Y, 2) = (VyAy) (X, Z) + Ap (X, Af (Y, Z))
—Ay (Y, A5 (X, 2)) — %R(u,R(X, Y)u)Z — %R(w,R(X, Yiw)Z
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1 1
+ER(u,R(Z,Y)u)X+ ER(U,R(Z,X)u)Y

Ho
+$R(w,R(Z, Y)w) X + ZEfR(w,R(Z,X)w)Y}

Hy
+{;sz(X, Y)u+ %R (Y, Ay (X, Z))u — %R (X, Ay (Y, 2)) u}

Hy>
H{GVLRECY 4 JROCAS (X, 2) w0 =GR A (2w}

2R (XM, yHo) ZHo

_ { (vy2f) R(u.X) Z - (VyR) (u,X) Z

oF
1 o
R0 X) (45(Y.2)) = LA (YR(uX) 2)]
Hy Hy
+{;R(Y,Z)X+41fR(YaR(U,X)Z)U} {41f Y, R(u,X) Z)w } )

3R (X Mo, yHo) ZM

= {(VX21f)R(uZ)Y+2f(VXR)( 2)Y (VY2

1
——f(VyR) (u, Z)X+7Af (X.R(w2)Y) = 5

Hy
{R(X Y)Z—i—%[ (R(u,Z)Y,X)u—R(R(u,Z)X7Y)u]}

+H{[R(R(u7Z) Y,X)w—R(R(u, 2) X,Y)w]}™

f) (u, Z) X

Ho
LA v R, 2) X)}

Ho
4R (X yHry zHo {1R(X Y)Z+—[ (u, X)R(u,Y)ZR(u,Y)R(u,X)Z]} ,

f Af?

— 1 1 Ho
5)R (XHo, vty zH = {—QfR(Y, 7)X — 4fQR(u,Y)R(u,Z)X} ,

6)R (X2 yHoy zHo

— {5 v R@x2) - (Vv

—ﬁAf (Y, R (w, Z) X)}HO + {

1
)R (w, X)Z+§R(W7X)Af(1€2)

R(Y, R (v, >Z>u}H1

f
1

Af
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1 1 Ha
+{2R(Z,Y)X+HR(Y,R(M,X)Z)M} ,

TR (XM, yHo) zM1

= {2fVXR(w 2)Y — —nyR(w Z)X +(Vx

+(Vy

f) (W, 2)Y

f) (w, Z)X—l——fAf(X ,R(w,2)Y) — T

+$ {R(R(w,2)Y,X)u—R(R(w,Z)X,Y)u}"

LA (VR (w, Z)X)} )

1 >
+{R(X,Y)Z—4f[R(R(w,Z)Y,X)w+R(R(w,Z)X,Y)w]} ,
8)R (X2, y M) zHo
Ho
- {}R(XY)Z—&-W[ (w,X)R(w,Y)Z—R(w,Y)R(w,X)Z}} ,
9)R (X Ho yH2) zHz2 — L v, 2) X = L R, V)R ZXHO
R (v 2% = - LR (Y. 2) ‘w(“’”“”)}’
Ho
10)R (X, yHo) ZH> = {4f2R(u X)R Y}
11)E(XH1,YH2)ZH0:&{R(u,xm( Y)Z - R(w,Y)R(u,X)Z}",
12)R (XHo yHe) ZH = {—4}23(&; X}HO

L
4f2
)R (X7 Yy zM = 0, R (X, yT) z72 =0 R (XM, v) 22 =0,
15)R (XM, y) zM = 0, R (X2, y™2) 2 = 0, R (X2, y2) 212 = 0
for all vector fields X, Y on M.

13)R(XH2,YH°)ZH1_{ R(w ,X)R(u,Z)Y} ,

Proposition 4. Let (M, g) be a Riemannian manifold and T?M be its second-order

tangent bundle with the deformed Sasaki metric g. The sectional curvature tensor
K on T*M satisfies

DK (X", yHo) = %K(X,Y)—i—%{g(VXAf (V,Y),X)—g(VyA; (X,Y),X)

+g (Af (X, A (YY), X)) —g(Af (Y, Af (X,Y), X))}



510 K. KARACA, A. GEZER, A. MAGDEN

[|R (X,Y)ul* + |R(X,Y)w]?

4f2
= (vH vH _ 2
2)K (XM vty = 4f|R(u,X)Y\,
7= (vH2 v H _ 1 2
K (X2, yHo) = 4f|R(w,X)Y| ,
HK (X y™) = 0K (xH,yH) =0, K (X2, y") =0

for all orthonormal vector fields X,Y on M.

Proposition 5. Let (M, g) be a Riemannian manifold and T>M be its second-order
tangent bundle equipped with the deformed Sasaki Metric g. The scalar curvature
S of T?M with the metric § given by

= 1 1
S = ﬁs + ﬁ{g (Vx,Ap (X;,X;),X;) — g (Vx, Ay (X3, X;), X;)
+g (Ap (Xi, Ay (X5, X;), X3)) — g (A (X5, Ay (X3, X;), X0)}
3-2fVF &
ST 2 IR X ul R (X X el
i,j=1
where {X1,..., X;m} is a local orthonormal frame for M and S is the scalar curva-

ture of M.

Proof. The set {Y7,...,Y3,,} is an orthonormal basis on T?M with #XZHO =Y,
XH — Y+ and Xl-H2 = Yo 4i we get

?

3m m
SR = 3 K (X0, X,M) K (X,5, X,
i,7=1 i,7=1

+K (X2, X ;72) + 2K (X0, X)) 2K (X0, X 72) 4 2K (XM, X))

S

— Z{fQK (X, X;) + fg{ 9(Vx, Ay (X;,X;),X:) — g (Vx, Ar (X5, X;), X;)
3,j=1
+9(Af (Xi, Ay (X5, X5), Xa)) — g (Af (X5, Ay (X4, X)), Xa))

i 5 IR X5l + 1R Xz,X>w| )

(u, X5) Xil* + 2——=| R (w, X;) Xi| .

#2577 IR v

Standard calculations give that

Z f2 XzaX f2 {g (VX Af (Xjrxj) 7X1) -9 (vXjAf (Xian) 7Xi)

1,7=1

+9 (Ap (X, Ap (X5, X;), X)) — g (A (X5, Ap (X, X;) , Xa))}
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2
_ 4ff3fz|3 (X5, X;)ul®> + |R (X, X;) w|?,
4,j=1

O

Let Ricy and Ricg denote Ricci tensors of (M, g) and (TQM , 5), respectively.
We can write

(= 1 1
Ricy (XHa yHy) = 7 <R <XH“, XiHO) XZ-HO,YHb>
7 ) = 29 ) 7

+> g(R (XH“7X1'H1)X1‘H1,YH")

s

=

1=
m

+) g (R(XM, X)X v )

i=

ﬁXiHO =v;, X, = i and X, = Yom+i, where a,b =

=

for orthonormal basis
0,1,2.
After a straightforward computation, the components of the Ricci tensor Ricy
of the deformed Sasaki metric g are characterized by
Ricg (X ™o, yHo) (4)
= Ricy (X,Y)

+> 9(VxAy) (X3, X3),

=1

~S g

K3

Y) 3 Vix,Ap) (X, X5),Y)
—|—Zg (Af (X, Af (XiaX’i)> 7Y)

((
— Zg(Af (Xi,Af (X7 Xz))ay>

fZg (Xi, X)u, R(X;,Y (Xi, X)w, R(X;,Y)w)

Ju) + %Z (R(X;, X)
=1
Y)—%Zg(mwm(au,xnx,n,

Ricg (XH” YHl) = ;fZ (Vx, R(X, X;)u,Y) (5)
+% ST (R(Xi, Af (X, X)) u,Y)
i=1
_%Z (R(X, Ay (Xi, Xi))uw,Y),
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m
Ricg (Xt yH2) g(Vx,R(X,X))w, Y) (6)
=1

1
2f
+21f§g<R<Xi,Af (X.X))w.Y)
fZg (X, Ap (Xi, X)) w, Y),
Ricg (XM, yH) = fQZg R(u, X)X, R(u,Y) X;),
Ricg (X "2, yH) = fQZg (w, X) Xi, R (u,Y) X;)

}ﬁ0§(Xﬂb7)”H2 — 4f2§£:g X)X;,Rw,Y)X;),

for all vector field X,Y,Z on M and u,w € T?*M.

Theorem 1. Let (M,g) be a Riemannian manifold and T>M be its second-order
tangent bundle equipped with the deformed Sasaki metricg. (TZM, y) is an Einstein
manifold if and only if (M, g) is flat and

ST 9 ((Vx, Ap) (X0 X0), X)) = Y g (V. Ap) (X5, Xi) . X;)

"j—l i,j=1

+ Z (A (X5, Ap (X0, X)), X5) — > g(Ap (Xi, Ay (X5, X)), X;)
1,j=1 i,7=1

= 0.
Proof. Theset {Y1,..., Y3y} be an local orthonormal basis on T2 M with ﬁXiHU =Y,

XM =¥, and X;72 = Y5,,,;. At first, suppose that (T?M,g) is an Einstein
manifold. Then it must be

Ricz (X.Y) = X (X,Y)
for all vector field X, Y on T2M, where ) is a constant. If X =Y = X is put into

, and @, it follows that

A = Ricg(X‘ X;) (7)

+Z (Vx,Ap) (X5, X0), X;)

1,j=1

—Z (Vx,Ay) (X5, X3), X5)

1,j=1



SECOND ORDER TANGENT BUNDLES WITH THE DEFORMED SASAKI METRIC 513

+ > g (Ap (X5, Ap (X4, X)), X5)
ijfl
- Z Af XZvAf (vaXz)) 7Xj)

1,7=1
Z (X, X;) ul® + 57 Z|R X, X;)

7,7=1

|2
Zj 1

i7 2 IR
%z

Restricting the last identity to the zero section of T2M, it follows
VX Af XlaXl)aX])+ Z g((VXlAf) (XjaXi)vXj)

i,j=1

Ricy (X;,X;) =
4,j=1
Y A (X A (X, X0). X))
i,j=1
+30 004y (X Ay (X,,X)). X))
i,j=1
and we obtain ", IR (X;, X;)ul> = 0and -1 |R (X, Xj)w|” = 0. Replacing
u and w by Xy, in the last identiy we see that
> IR (X, X)) X =0.
i,j, k=1
m and we deduce R =0. (M, g) is flat

Thus R (X;, X;) X =0 forall 4,5,k =1
If we reconsider the equation @, we obtain

Z (Vx,Af) (X3, X3), X5) = > 9 (Vx, Ap) (X5, Xi), X;)
j=1 i,j=1
Z X, A (X0, X)), X)) = 3 g (A7 (X, Ap (X5, X)) X))
=1 i,j=1
= 0.
Conversely, we assume that R = 0 and the equation above, then Ricci formulas
become Ricg = A\g and A = 0. Thus T?M is an Einstein manifold. (Il
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5. WEAKLY SYMMETRY PROPERTIES OF THE DEFORMED SASAKI METRIC

The Riemannian manifold (M, g) is called weakly symmetric if there exist two
1—forms «, as and a vector field A, all on M, such that:

= ay(W)R(X,Y)Z+aa (X)R(W,Y)Z
T (V)R(X,W)Z + 03 (Z) R(X,Y)W + g (R(X,Y) Z,W) (az) #,

where A = (a2)® and ;9" = of = a#, that is, A is the g—dual vector field of
the 1—form ag. In [1], Bejan and Crasmareanu proved that the weakly symmetry
property of the Sasaki metric on the tangent bundle over base manifold, generalising
the result obtained in [2]. The weakly symmetry property of Sasaki metric on
the second-order tangent bundle T?M proved in [8]. In this section, we consider
the result for the second-order tangent bundle with the deformed Sasaki metric
(T°M, 7).

Theorem 2. Let (M,g) be a Riemannian manifold and T?>M be its second-order
tangent bundle equipped with the deformed Sasaki metric g. (T2M7 §) is weakly
symmetric if and only if the base manifold (M, g) is flat and

(VxAp) (Y, Z) = (VyAp) (X, Z2) + A (X, Ap (Y, Z)) — Ay (Y, A (X, Z)) = 0,

where Ay (X)Y) = % (X(NHY =Y (/)X —g(X,Y)o(df)") is a (1,2)—tensor

field. On account of this, (TQM, g) 18 flat.

Proof. In the proof, we apply the method used in [1]. If R = 0 then R = 0 and so
we have as null equality. Primarily we take into account the condition for
WHo  xHo yH: and ZH2 and we obtain

oy (WHO) R (XM Yy H2) 212 4 ay (XTo) R (WHo Y T2) Z1H2 (9)
top (YT) R (X o Who) 270 4 oy (Z272) R (X o, Yy H2) Wi
+9 (R (Xt yHz) zHz yyHo) (q,)%

- 1 1

o ( (Vw X)™ 4 (Ag (W, X )™ + (3R (X, W) )™ ) 2

Ho
(W, )R (w, Z) X}

+(AR(X,W)w) 2, v H

Hy
—-R (XHO, <21fR(w,Y) W> + (VWY)H2> VA
1 Ho

—R (XM, Yy') (2f (R(w,2)W) + (VWZ)H2> .
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Thereafter we consider the Hs part of both sides of the above equation and we get

ag (Y12) (R(X W)Z - L~ R(R(w,2)W,X)w - ~R(R (w,Z)X,W)w)

Af Af
1
+as (Z12) (—QR(W, X)Y — ER(X,R(W,Y) W) w)
L4 1 R w "
f (2f (YZ)X+4f2R( JY)R( ,Z)X,W) 2
1
= ——fR(R(Y,Z)X,W)w—@R(R( Y)R(w, Z) X,W)w

1<R(X,R(w,Y)W)Z+ #R(R (W, Z) R (w, Y)W, )w)
2f +$R(R(wZ)XR( Y)W)w
—21f<—;R(R(w Z)WX)Y+H (R (w Y)R(w,Z)W,X)w). (10)

By setting Y = w and Z = w respectively we get

Qg (wH2) (R(X,W)Z+ L (R(R(w,Z)VV,X)w—R(R(w,Z)X,W)w)>

4f
tas (71) (—§R<vv,x>w) 70 (gpR@ DX ) as
1
= ER( (w, Z)XW)MH (R(w, Z) W, X)w (11)

and
as (YH2) (R (X, W) w)

my (1 _ b w
+ay (w )( RW,X)Y fR(X ,R(w, )W) >

—%g (;fR(Y,w) X, W) ™

1
= RE (Yw)XW)wf—fR(XR( V)W)w. (12)

Now we replace Y by Z in equation
az (Z") R(X, W) w

+a (W) (— RW,X)Z — —R(X R(w, Z)W) )

4f
S (gars)ar

= iR(R(Z,o.))X,W)w—%

7 R(X,R(w,Z)W)w. (13)
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And by adding and we produce

(14)
3
502 (Z")R(X,W)w
3 1 1
+as (w) <2R(X, W) Z + ﬁR(R(w,Z) W, X)w— ER(R(W’ 2) X, W) w)
3
HR(R(W, )W, X)w.
The equation with Z = w we obtain that:
az (W) R (X, W)w = 0. (15)

If as (sz) # 0, then we have result. Suppose now that as (sz) = 0 then
Ho
((ag)#) ~0.
Returning to equation it results

az (272) (—;R(W, X)w) - ﬁR(R (@, 2) X, W)w+ %R(R(W, 2)W, X)w.

By setting now W = X we get
R(R(w,Z)X,X)w =0.
And we take the inner product with Z, it follows that:
g(R(w,Z)X,R(w,Z)X) =0.

Thus

R(w,Z)X =0.
Now the inner product with an arbitary Y gives

g(R(X,)Y)w,Z)=0.

For Z being an arbitary vector field we get R (X,Y)w = 0, for every X, Y and w.
Hence, we have R = 0. In the case the Riemannian curvature tensor reduce to

R(XxMoyto) 7z = {(VxAp) (Y. Z) - (VyAy) (X, Z)
+Af (X, Ap (Y, 2)) = Ay (V. Ap(X, Z2)) 10
and also Levi-Civita connection is
Vo Yo = (VxY + Af (X, V).

Next we again consider the equation (8] for X o, yHo zHo i

oy (W) R (X Ho yHo) ZHo 4 ay (XHo) R (WH2, Y Ho) ZHo

Fo (YHO) R (X Ho WH2) ZHo 4y (Z270) R (X o, Yy Ho) Wit

+g (R (X o, YHo) ZHo WH>) (ag) #
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= —VymR (XM, YHo) ZHo — R (Vyyu, X Ho Yy Ho) ZHo
—R (XM, Wy, YHo) Z2Ho — R (XHo Y HO) NV ypn, 210
Hence, we get
oy (WH2) R (XM yHo) zHo 4 g (R (X Mo, yHo) ZzHo WH2) (as) # = 0,
ar (WH2) R (XM, yHoy zHo =,
ar (W) [(Vx Ap) (Y, Z)=(Vy Ap) (X, Z)+A5 (X, Af (Y, 2))=Ag (Y, Af (X, 2)))° = 0.
Since ay is arbitrary, we find
(VxAp) (Y, 2) = (Vv Ap) (X, 2) + Ap (X, Ay (Y, 2)) — Ap (Y, Ay (X, Z)) = 0.

The proof is complete. O
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