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ABSTRACT. Given a real bounded sequence & = (z;) and an infinite matrix
A = (an;) the Knopp core theorem is equivalent to study the inequality
limsup Az < limsupz. Recently Fridy and Orhan [6] have considered some
variants of this inequality by replacing lim sup z with statistical limit superior
st — limsup z. In the present paper we examine similar type of inequalities by
employing a power series method P, a non-matrix sequence-to-function trans-
formation, in place of A = (an;) .

1. INTRODUCTION

In order to investigate the effect of matrix transformations upon the derived
set of a sequence x = (z;), Knopp [10] introduced the idea of the core of x and
proved the well-known Core Theorem. This is equivalent to study the inequality
lim sup Az < limsup « for the finite matrix and bounded sequences z = (x;) where

o0
Az =3 anjz; (|12415]). Based on the recently introduced concept of a statistical
j=0

cluster point [6], a definition is given for the statistical core by Fridy and Orhan [7].
They have also determined a class of regular matrices for which the inequality
limsup Az < st — limsup z holds for real bounded sequences.

In the present paper, we consider similar type of inequalities by replacing the
sequence to sequence transformation with a power series method which is a sequence
to function transformation.

Recall that the core of the sequence x = (z;) is the closed convex hull of the set
of limit points of the sequence = = (z;).
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Let (p;) be a non-negative real sequence such that py > 0 and the corresponding
power series

o0
p(t) =) p;t/
=0

has radius of convergence R with 0 < R < oo.

Let
S SO
Cp:= (—R,R R| 1 t
r {f (-8, R) > |o<tlglRf p(t) crists
and
> .
Cp, == (xj):pe(t) := ijtjxj has radius of convergence > R and p, € C),
3=0

The functional P —lim : Cp, — R defined by

I &
P—limz= lim —ijtjxj
p(t) =

0<t—R—
is called a power series method and the sequences & = (z;) is said to be P —
47
convergent. The method P is regular if and only if  lim Pi¥ _ 0 for every j
o<t—R- D (t)

(see, e.g. |2]). We note that the Abel method is a particular case of a power series
method ( [17]).
From now on we assume that ¢t € (0, R) and 0 < R < o0.

t
In the subsequent sections we give some inequalities by relating lim sup P (1) to

t—-R- D (t)
lim sup « and st-lim sup z. These inequalities are motivated by those of Maddox [2],
Orhan [15], and, Fridy and Orhan [7].

2. AN INEQUAILITY RELATED TO LIMIT SUPERIOR

Let Q. (t) :== Px(i)) In this section for real bounded sequences z = (z;), we
p

consider the inequality

limsup @ (¢) < limsup z;
t—R— J

which may be interpreted as saying that
K—core{Qs; (t)} C K—core{z}

where K—core {x} denotes the usual Knopp core of x (see,e.g., [8, p.55]). Let £
denote the space of all real bounded sequences and let L (z) := limsupz, and

Il (x) := liminf z,,. Now we have the following
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Theorem 1. For every x = (z;) € {>° we have

limsup @ (t) < limsup z; (1)
t—R~ J

if and only if P is regqular.
Proof. Necessity. Let 2 € ¢. Then by (1), we immediately get

—limsup (—z) < —limsup Qg (t)
t—R~

Combining this with (1), one can have
liminf z < liminf @, (t) < limsup @, (¢) < limsup z.

Since = € ¢,
limz = lim Q. (%)

t—=R~
is obtained, i.e., P is regular.
Conversely, assume that P is regular. Let z € £*° and ¢ > 0. Then choose an
index m so that z; < L (x) 4+ ¢ whenever j > m. Hence we have

oo
ijtjxj = Z pjtj:cj + Z pjtjxj
j=0

j<m j>m

IA

[Ea Z pit! + (L (x) +¢) ijtj.
=0

j<m

1
Multiplying both sides by —— we get

p(t)

1 & T ,
S ity < S i @)+
(0 & p(t) -
J= J<m
Taking limit superior as t — R~ and using the regularity of P one can observe
that
limsup @, (t) < L (z) +e.
t—R~
Since € > 0 is arbitrary we conclude that (1) holds, which proves the theorem. O

3. AN INEQUALITY CONCERNING STATISTICAL LIMIT SUPERIOR

In this section, replacing limit superior by statistical limit superior of a real
bounded sequence we prove an inequality.

Following the concepts of statistical convergence and statistical cluster points
of a sequence z = (z;), Fridy and Orhan [7] have introduced the definition of
statistical limit superior and inferior.
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We first recall some terminology and notation. If K C Ngand K, :={k <n:k € K}
then |K,,| denotes the cardinality of K. If the limit ¢ (K) := lim —— | K| ex-
n n

ists, then we say that K has a natural (asymptotic) density. A sequence x =
(x;) is statistically convergent to L, denoted st — lima = L, if for every ¢ > 0,
S({j:|z; — LI >¢€}) =0, (see, e.g., [3,/0,14,/16]).

The number  is called a statistical cluster point of z = (x;) if for every € > 0
the set {j : |z; — | < €} does not have density zero ( [6]).

Note that throughout the paper the statement ¢ (K) # 0 means that either
J (K) > 0 or K does not have natural density.

Following [7] we recall the following definitions and results. For a real number
sequence z = (x;) let B, denote the set:

B, :={beR:6{j:x; >b} #0};
similarly

Ay ={aeR:6{j:z; <a}#0}.
Then the statistical limit superior of = is given by

sup B, ,if By # 9

st—hmsupx::{ —oo  Lif By = 2.

Also, the statistical limit inferior of x is given by

inf A, if A, £ @

st—hmlnfx:—{ ~ if Ay =0

If B := st — limsupx is finite, then for every ¢ > 0, 6 {j : 2; > 8 — ¢} # 0 and
6{j:x; > B +e}=0. We also have that st — limsupz < limsup z.
Recall that, by W, (¢ > 0), we denote the space of all = (z;) such that for
some L,
1
n+1

meL\qao , (n — o)
7=0
If £ € W, then we say that x is strongly Cesaro convergent with index g. When
= 1 this space is denoted by W and it is called the space of strong Cesaro
convergent sequences ( [13]). It is well-known that strong Cesaro convergence and
statistical convergence are equivalent on bounded sequences ( [1,/319]).
In order to prove an inequality relating Q. (¢) to st — limsupz we need the
following result which is an analog of Theorem 1 of Maddox [13] (see also [4L|]11]).
Note that P—density of £ C N is defined by

op (E) = ij

t—)R
p jGE

whenever the limit exists (see, [18]).
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Theorem 2. The power series method P transforms bounded strongly convergent
sequences, leaving the strong limit invariant, into the space of convergent sequences
if and only if P is regular and for any subset E C N with § (E) = 0 implies that

Sp (E) = 0. (2)

Proof. Sufficiency. Let x € £°° and strongly convergent to L. In order to prove the
sufficiency it is enough to show that

! Ll =0. 3
tﬁR ot ij |lz; — L (3)

Let e >0 and let B, :={j e N: |z; — L| > ¢}.

Since ¢ = (x;) bounded and strongly convergent to L, it is statistically con-
vergent to L (see [3,/9]). Hence § (E.) = 0. This implies, by the hypothesis that,
dp (E;) = 0. From

1 o 1
mzpjt] lzj — L] = T ijt |; — ijt |z —
§=0

JjEE. ]€E°
< suplz; — Z pit! +¢,
J 7€E
we have
t |z < xr — Le t+e
tﬁR ot ij |z — < | Hoo JEZE pj
< ¢
because

dp(E.)) = pit! = 0.

t—>R p ]EZE

We obtain that (3) is true.
Necessity. Note that any convergent sequence is statistically convergent to the same
value. Since statistical convergence and strong Cesaro convergence are equivalent
on the space of bounded sequences, we observe that P is regular. Assume now that
there is a subset £ C N with § (E) = 0 such that (2) fails. This implies that E is
an infinite set.

So we may write E = {k; : j € N} = {ky, ko, ...} . Since the continuous method
is regular the corresponding matrix method is also regular. Hence by the Schur
theorem there exists a bounded sequences z = (zkl,sz, ...zkj,...) which is not
summable by the regular matrix method. Now define a bounded sequence, x = (zy)
as follows: xp =z if k =k; (j =0,1,2,...) and x, = 0 otherwise. Since § (E) =0,
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it follows from the fact that

1 < 1 =
> lex =0 = >l
n—l—lk:O n—i—lk:O
n
< Sl}ip|xk‘n+1;XE (k) =0, (n— 00)

i.e., the sequence = = (xj) is a bounded statistically convergent sequence which
is not summable by the regular discrete method. So it is not summable by the
continuous method either. This contradicts the hypothesis. O

In the rest of the paper we use the following notation:
a(x) := st — liminf x and B () := st — limsupz
Theorem 3. For every x = (xy) € £°° we have

limsup Q. (t) < st — limsupx (4)
t—R~

if and only if P is regular and that (2) holds.

Proof. Let x € £>°. Suppose that (4) holds. Since 8 (z) < limsupz it follows from
(4) and Theorem 1 that P is regular. On the other hand (4) implies that

— () < liminf Q, (£) < lmsup Q. (£) <  (x). (5)
t—R~ t—>R—
If x = (z1) is a bounded statistically convergent sequence, (5) implies that

P —limx = st — limz.

Hence by Theorem 2, we observe that (2) holds.

Conversely, assume P is regular and (2) holds. Let & be bounded. Then 3 (x) is
finite. Givene >0let E:={ke€N:z; > 3 (z)+¢}. Hence 6 (E) =0 and if k ¢ E
then z; < 8 (z) +e.

For a fixed positive integer m we write

Q:(t) = Z p;t! Z p]t Lj

]<m j>m
< = || ij t ij ijt Zj
j>m ]>m
Jj¢E jeE
1 &
< el oo ijt T (B +e) oy et +lall s ij
]<m 7=0

Taking the limit superior as ¢t = R~ and using the regularity of P we get that
limsup @, (t) < (8 () +¢) + [[z[|op (E).

t—R~
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Recall that dp (E) = 0 by (2). Since ¢ is arbitrary we conclude that (4) holds.
This proves the theorem. ([
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