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structures on 5 dimensional nilpotent Lie algebras.

1. Introduction

Differentiable manifolds having almost paracontact structures were introduced by [1] and after the work of [2] many authors
have made contribution, see [2]-[6] and references therein. Almost paracontact metric manifolds were classified according to
the covariant derivative of the structure tensor. The space of tensors having the same symmetry properties as the structure
tensor is decomposed into the direct sum of twelve subspaces. Thus there are 12 basic classes and 2!? classes of almost
paracontact metric structures. The defining relations and projections onto each subspace are given in [4] and [3].

There are six classes of non-isomorphic non-abelian nilpotent Lie algebras in five dimensions [7]. In this work, we give the
explicit classes of some almost paracontact metric structures defined on 5-dimensional nilpotent Lie algebras by calculating
projections onto each subspace. In addition, we show that a 5-dimensional nilpotent Lie algebra does not have the structure of
an 1— Einstein manifold. For the existence of some classes of almost paracontact metric structures on 5-dimensional nilpotent
Lie algebras, see [8].

2. Preliminaries

Let M>"*! be an odd dimensional differentiable manifold. An ordered triple (@,&,n) of an endomorphism, a vector field and
a 1-form, respectively, with the following properties is called an almost paracontact structure on M

P’=I-n®&  nE)=1,0&) =0,

there is a distribution D: p € M — D, = Kern).

In this case M is called an almost paracontact manifold. If M also admits a semi-Riemannian metric g with the property that

(@), 0(v)) = —g(u,v) +n(u)n(v)
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for all u,v € X(M), where X(M) is the set of smooth vector fields on M, then M is called an almost paracontact metric manifold.
The 2-form defined by

D(u,v) = g(pu,v)

for all u,v € X(M), is called the fundamental 2-form. We denote the vector fields and tangent vectors by letters u, v, w.
212 classes of almost paracontact manifolds are obtained by using the covariant derivative of ®. Consider the tensor F defined
by

F(”7V>W) = g((Vu(p)(v),w),
for all u,v,w € T,M, where T,M is the tangent space at p and V denotes the covariant derivative of g. Then F satisfies

F(M,V, W) = _F(M,W,V), (2.1

F(u, @v,ow) = F(u,v,w) + N (v)F (u,w,§) = n(w)F (u,v,). (2.2)
The Lee forms associated with F are
6(“) = gijF(eivej’u)7 9*(14) = gijF(eia(Pejau)v w(u) = F(éaévu)a

where u € T,M, {e;,&} is a basis for T,M and g"/ is the inverse of the matrix g;;.
Let Z be the set of (0,3) tensors over T,M having properties (2.1), (2.2). .7 is the direct sum of four subspaces W, i=1,...,4
where projections F"i onto W; are

FY (u,v,w) = F(@%u, 9*v, 9*w),
F™ (u,v,w) = —n(V)F(9*u, @*w, &) + 1 (W)F (9*u, 9*v,&),
FY (u,v,w) = n(u)F (&, ov, ow),

FY(u,v,w) = () {n()F (&8, w) —n(w)F (&, &)}

In addition W; can be written as a direct sum of subspaces G;, i = 1,...,4, W is a direct sum of subspaces G;, i =5,..., 10,
and denote W3 and Wy as G and G5, respectively. Then .% is a direct sum of twelve subspaces G;, i =1,...,12. An almost
paracontact manifold is said to be in the class G; @ G, etc if the tensor F is in the class G; ® G; over T,M for all p € M. The
defining relations of basic classes G; of almost paracontact metric structures and projections F' onto each G; are listed below
[3, 4].

G Pluww) = 5o sl 90)0r () — 8(1.0w)0r (pv) — (1 91)Br (9™)

+8(pu, pw)6r (9v)
Gy : F(ou,pv,w) = —F(u,v,w),0r =0
Gs: F(éavaw) :F(u7§7w) =0,F(u,v,w) = —F(v,u,w)

Gq: F(Evyw) = F(u,g,w)=0,
ZF(u7 v,w) = 0 where Z denotes the cyclic sum over u,v,w

cyc cyc




Fundamental Journal of Mathematics and Applications

91
Gt Pl =~ & (e guin(v) — gw.grin(m)
G7: F(u,v,w) = —nOWFuw&)+nw)F(u,v,§), (2.3)
F(uvvaé) = _F(V’uvé) = _F((pua(vaé)v 6;(5) =0
Gs: Fu,vyw) = —nO)F@uw,8)+nw)F(u,v,8),
F uvvaé = F(V,M,&) :fF((pu,(pv,é), 917(5) =

Go: F(u,v,w) = —nOWFu,w&)+nw)F(u,v,§&),
7F(Vau7§):F((pu7(Pv7§)

GIO: F(M,V,W) = —n(V)F(“aWaé)+77(W)F(uaV»5),
F(u,v,‘ﬁ) = F(V,M,é):F(QDM,(PV,(:)

Gll : F(u’v7w) - T](u)F(é,(pv),(pw))

Gua: Fluv,w) =) {n(v)F(S,6,w) —n(w)F(,6,v)}

Projections F' onto each subspace G; are

1

Fl(”7v>w) = m{g(u,(pv)eﬂ(q)w)—g(u,(pw)9F1((pv)

—g(Qu, pv) 81 (¢*w) + g(Pu, ew) B (9?v) }
1
F?(u,v,w) = S1F (@%u, 9*v, @*w) — F (@u, 9*v, ow)} — F' (u,v,w)

1
Fuvw) = {F(9u,¢v.¢’w)+ F(gu,¢v.ow)

+F (@, *w, @*u) + F (@v, 9*w, pu)
+F (9w, 0*u, *v) + F (ow, 9*u, pv) }

FHu,vw) = %{F(fpzuxpzv, @*w) + F (Qu, 9°v, ow)} — F> (u, v, w)

Fuvw) = 228 0)g(gu. ow) - niw)a(pu. o))

P =~ 22 gt )~ ne)glo )
Fl(uvw) = —fn ) {F(@°u, 9*w,&) — F (Qu, pw, )

—F(¢*w,0*u,&) + F(Qw, ou,& }+ n(w) {F(¢*u,p*v,&)
_F((Pua (Pvaé)_F((szv (P2M,§)+F((PV (pu }_F M,V,W)

(2.4)

2.5)
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FS(M,V,W) = _7n {F (P u (P w, é) ((PM,(PW,&) (26)

+F (97w, 0*u,&) — F (w, ou,§) }+ n(w) {F(¢*u,p*v,&)
—F(Qu, pv,&) + F (9%, 0*u,&) — F (@v, ou,&) } — F> (u,v,w)

Fluyw) = —fn W) {F(9*u, p*w,&) + F (Qu, pw,&) (2.7)

—F(¢*w,0*u,&) — F(Qw, ou,& }+ n(w) {F(¢*u,¢*,&)
+F((pu,gov,§)—F((p2v, (qu?g)_ ((PV, (Puag)}

Flo(u,v,w) = —fn {F (p u, *w, E)Y+F(ou,ow, &) (2.8)

+F (0w, 0°u,&) + F (w, ou, & }+ n(w) {F(*u,0*,&)
+F(¢u,¢v,§)+F(<p2v,<p2u,€)+F(¢>v,¢>u,€)}

F' (u,v,w) = n(u)F (&, 9, 9*w) (2.9)

F2(u,v,w) =) {n(v)F(£,8,0*w) —n(w)F(£,8,9°)}. (2.10)

It is known that & is Killing in G| ® Gr ® G3 BG4 D Gs ®Gg @ Go @ Gy, that is F® = F7 = F10 = F12 = 0 in this case and
& is parallel in the basic classes G, G3, G4, G1;. Also for five dimensional manifolds, the dimension of Gj is zero, so F 3=0

[3].

A K-paracontact manifold (M, @,n, &, g) is called an n-Einstein manifold if its Ricci tensor is of the form

Ric(u,v) = ag(u,v) +bn(u)n(v),

where a, b are constants. Also, the Ricci curvature in the direction of & satisfies

Ric(€,E)=—2n @2.11)

on a K-paracontact metric manifold of dimension 2n+ 1 [2].
Let G be a connected Lie group and (@,&,1,g) a left invariant almost paracontact metric structure on G, that is,

QoL =Ls00, La(é) =,

where L, is the left multiplication by a € G in G and g is left invariant. The almost paracontact metric structure on G induces
an almost paracontact metric structure on the Lie algebra g of G denoted by (¢,&,1,g).

In this study, we determine the classes of some almost paracontact metric structures on 5-dimensional nilpotent Lie algebras.
We use the classification of 5 dimensional nilpotent Lie algebras in [7]. There are six non-isomorphic non-abelian algebras g;
with basis {ej,...,es} and non-zero brackets:

a1 le1,e2] = es,]e3,e4] = e5

@ le1,e2] = e3,[e1,e3] = e5,[e2,e4] = €5

g3 [e1,ea] =e3,[er,e3] = eu,[e1,es] = es5,]e2,e3] = e5
g1 [e1,ex] =e3,[e1,e3] =ea,er,eq] = e5

g5 [61,62] 264,[61,63] =ées5

g6 [e1,e2] = e3,[e1,e3] = eq, [e2,e3] = €5

In addition, we show that a five-dimensional almost paracontact metric manifold (G, ¢,&,7,g) can not be an n-Einstein
manifold, where G is a connected Lie group with 5 dimensional nilpotent Lie algebra.
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3. Classes of almost paracontact metric structures on g;

Assume that (¢,&,m,g) is a left invariant almost paracontact metric structure on a connected Lie group G; with corresponding
Lie algebra g;. Denote the corresponding almost paracontact metric structure on g; by the same quadruple.
The algebra g;: Consider the basis {ey,...,es} with non-zero brackets

le1,e2] = es,[e3,e4] = es.

Let g be the semi-Riemannian metric such that {ey,...,es} is orthonormal and & = g(e;,e;) = £1. The nonzero covariant
derivatives are evaluated in [8] by Kozsul’s formula:

1 1

Ve e2 = 65> Ve e5 = —5E28sez,
1 1

Ve,e1 = —5es Ve, e5 = SEigser,
1 1

Veseq = 65 Veses = —5Etses,
1 1

Vee3= —5es; V5= 5 Es8se3,

1 1 1 1
Veser = —588se, Veser = SEiEsen, Veses = 5 Eatses, Veses = S EsEses.

For each Lie algebra we consider two different almost paracontact metric structures and determine the class of the structure.

* Let (¢,&,7n,g) be the quadruple such that
gler,e1) = glez,e2) = gles,e3) = —gleq,eq) = —g(es,e5) = 1,
E=e,n=0¢,
pe1) =0, @(e2) = eq, p(e3) =5, P(es) = €2, P(es) = e3.

(9,8.1.8) (3.1)

is an almost paracontact metric structure on g;. Note that & = ¢; is not Killing and 1 = e' is the metric dual of £ = ¢;
such that 1(x) = g(x, e;) for all vectors x. We evaluate the projections F' and determine the class of the structure.
The nonzero structure constants F(e;,e;j,ex) = g((Ve,9)(ej),ex) are given below.

F(€2,€1,€3) ZF(€1,€3,€2) = —F(61,€2,€3) = —F(€2,€3,€1) = 1/27

F(ey,es,e4) = F(es,e1,e4) = —F(eq,e4,e5) = —F(es5,e4,€1) = 1/2,
F(€37657€2) :F(€5,€3,€2):*F(€5,€2,€3):7F(€37€27€5) = 1/27
F(e3,e3,e4) = —F(e3,e4,€3) = F(es,e5,e4) = —F(es,e4,e5) = 1/2.

By Theorem 3.4 in [3] the dimension of G3 is zero in 5-dimensions. Thus for each almost paracontact metric structure
in 5 dimensions F> = 0. Since (V,, ¢)(e1) = 0, we have

F(E,E,90%) = F(e1,e1,9%2) = g((Ve, 9)(e1), 9*z) = 0 and F'2 = 0 from (2.10).

For any vector u = Y. u;e;, 9> (u) = uzes + uzes + ugeq + uses and from (2.9),

Fl (u,v,w) = wu1F(e1,vaer+vies +vies+vses,woer +wies +waeq + wses)
= %ul {—=vows +v3wy — vaws +vswa }
£+ 0.
Now since
F(¢u,9’w,&) = —%{uzm +uswy}
and
F(ou,ow,&) = —%{mws +uswy },
we have

F(@%u, @*w,&) + F (Qu,pw, &) = F(¢*w, @*u,&) + F (ow, ou, &).
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Thus from (2.8), (2.7), (2.5), (2.6) respectively, we get

1
Fuvw) = yed {uawz 4 uzwy + ugws +usws }

1
—ZW1 {M2V3 “+ Uusvy + ugvs + M3V2}

£ 0,

F%=0,F +F8=0and thus F°> = F3 = 0. Also since F"2 = F> + FO + FT + F8 4+ F9 + F10
and FS = F8 = F° =0, we get

(F6—|—F7)(u,v,w) = FWZ(M,V,W)—FIO(M,V,W)
1
= ZM2V1W3+ZM5V1W4—1M4V1W5
1 1 1
_Z VAW — —
2U3VIW2 = JU2VIWL — SUsVaW]

1 1
—|—Zu4vsw1 + ZMSVZW] .

Let T = F®+ F7. The nonzero structure constants of the tensor T are

T(62761763) = —T(€2,63,€]) = —T(€37€]7€2) = T(€37€27€]) = 1/47

T (es,e1,e4) = —T (es,e1,e5) = —T (e5,e4,e1) = T (e4,e5,e1) = 1 /4.

We show that T satisfies the defining relation (2.3) of G7.

=T (w,w,&) +n(w)T (u,v,8)

1 1 1 1
= —vi{—-upw3— —uswq+ —usws + —uzwy }

4 4 4 4
i 1 Dot L] )
w1 4u21/3 4M5V4 4M4V5 4143\12

= T(u,v,w),

1 1 1 1
—Tu,&)=—=T(vu,e;) = —vous + ~vsus — —vaus — —vaup = T (u,v, &),

4 4 4 4

T(Qu,v,E) = T(user+uses+uzes +uzes,vaer +vsez +vaeq +13es,e)
- - + v qusve = ~T(und)
= 4u4V5 4M3V2 4M2V3 4M5V4 = u,v, .

According to the basis {f1, 2, 3, fa, s} = {2, €3, ea,¢5,§ = e1}, since g;; = diag(1,1,—1,-1,1) and
g7 =diag(1,1,—1,—1,1), we have

6:(8) = 67(er) =&"T(fi,0f,8)
= T(fi,efi,e1) +T(f2,9f2.e1) =T (f3,0f3,e1) —T(fa, @ f1,e1)
= T(ey,0ez,e1)+T(e3,e3,e1) —T(ea,Peq,e1) — T (es, Qes,er)
= T(eyeq,e1)+T(e3,e5,e1)—T(es,e2,e1)—T(es,e3,e1)

=

Asaresult T = F®+ F7 € G7, in particular F® = 0 and F’ # 0. In addition,

s 1 1 1 1
F(o u,0v,0°w) = *§M3V2W5+§M3V3W47 §u3V4W3+§u3vswz
1

1 1 1
7§u5V2W3 + EMSVSWZ — §u5V4W5 + §M5V5W4

= F(ou,¢*v,ow)
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together with (2.4) implies

1
Fruvw) = S{F(9%u,0%u,¢w) + F(ou, v, ow)} — F* (u,v,w)
= F(Q’u,¢’v,¢*w)
= F"i(u,v,w)
1 1 1 1
= 2M3V2W5 2M3V3W4 2M3V4W3 2u3V5W2
1

1 1 1
7§u5V2W3 + §M5V3W2 — §u5V4W5 + §u5V5W4

£ 0.

Since F"! = F!' + F>+ F3 + F* = F*, we obtain F! = F? = 0.
To sum up, since the only nonzero projections are F*, F7, F'19 and F'!, the almost paracontact structure (3.1) belongs to
the class G4 B G7 B G B Gq;.

» Consider now the almost paracontact metric structure

(9,8.1.8) (3.2)

defined by g(e1,e1) = glez,e2) = —g(e3,e3) = —g(es, es) = g(es, e5),

E=es,n= e,

p(e1) = e3, (e2) = eq, P(e3) = €1, P(ea) = €2, P(es) =0.

Note that & = es is Killing [8], and thus, F® = F7 = F'0 = F12 = 0 by Proposition 4.7 in [3]. The 1-form 1 = &” is the
metric dual of & = e5. Nonzero structure constants of F are

F(e1,e4,e5) = —F(e1,e5,e4) = —F(e2,e3,e5) = F(e2,e5,e3) = 1/2,

_F(e37e5762) :F(€3,€2,€5) = —F(64,€1,€5) :F(e47e5vel) = 1/27

—F(es,eq,e4) = F(es,e4,e1) = F(es,e2,e3) = —F (e5,e3,e2) = 1.

Then by (2.9),
F“(u,v,w) =us{—viws+vowz —vawy +vaw; } #Z0.
Since
F((pzu, (pzw, &) = %{mm; —upw3 +uzwy — ugwy }
= F(ou,ow,8),
from (2.7),
F9(u,v,w) = —%vs {urws —upws +uzwy —ugw; }

1
+§W5 {uiva —upv3 + uzvy —uavy }

£ 0.

Also since F(@%u, 9*w, &) = F(ou, ow, &), by (2.5) and (2.6) we have F> + F3 = 0 implying F> = F3 = 0. In addition,
FM =F'+F?+F3+F*=0and thus F' = F? = F? = F* =0.
As a result the structure (3.2) is in Gg ® Gy;.

Note that the almost paracontact structures (3.1) and (3.2) can also be considered as almost paracontact structures on other Lie
algebras g;, i = 1,2,...,6. By calculating projections F' for each structure, we determine the class of two different structures
(3.1) and (3.2) on each Lie algebra. We omit calculations for other Lie algebras since they are similar to those for g;. We only
write the class of the structures.

The algebra g,:

* Let (¢,&,7n,g) be the almost paracontact structure (3.1) on g,. The class of this structure is G; & G7 & G1oPD Gyy.
* (3.2) considered as an almost paracontact structure on g is in G4 & Gs.

The algebra g;:

* The structure (3.1) on g3 belongs to G4 G5 B G P G7 B Gz B G B Gyy.
* The structure (3.2) on g3 is of type G1 & G, ® G4 ® Gg.
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The algebra g4:

e B1DongsisinGsBGe PG DGy B G DGyy.
* 32)ongsisin G @Gy B Gs D Gy P Gy

The algebra gs:

e (3.1) on gs lies in Gyp.
¢ (3.2) on g5 is in the class G4 ® G5 @ Gg.

The algebra ge:

* (3.1) on g¢ belongs to G4 & G7 & G D Gy;.
* 32)ongsisin G PG4 B Gs DGy DGy

Note that almost paracontact structures obtained here belong to the given direct sum properly, that is, they contain summand
from each subclass, since corresponding projections are nonzero. Thus we give examples of almost paracontact metric
structures which contain summands from several classes.

4. n-Einstein manifolds of 5-dimensions

It is known that paracontact structures exist only on g1, g», g3 for five dimensional nilpotent Lie algebras. In addition a vector
field is Killing iff & €< e5 >, see [8].
We state

Proposition 4.1. Let G be a connected Lie group whose Lie algebra is isomorphic to g;, i = 1,...,6. Then a K-paracontact
metric structure (G, ®,&,1n,g) is not N-Einstein.

Proof. A five-dimensional almost paracontact metric manifold (G, ¢, &, 1, g) is not an 1-Einstein manifold, if the Lie algebra
of the connected Lie group G is isomorphic to g4, gs, g Since there are no paracontact structures on g4, gs, g¢, paracontact
structures exist only on g1, g2, g3, see [8]. Thus it is enough to check the existence of 17-Einstein manifolds only on gy, g2, g3.
Assume that (G, ,&,1M,g) is n-Einstein, where G is a connected Lie group whose Lie algebra is isomorphic to g;. Since & is
Killing, & = &ses.

(&) = 1 = g(&.&) = g(Eses, Eses) = E2es implies £2 = 1 and €5 = +1.

From the equation (2.11), we have

Ric(&,E) = E2Ric(es,es5) = Ric(es,es) = —4.

On the other hand, by direct calculation

Rese, 65 = V[es,em]eS — Ve (VemeS) +Ve, (Ves 65) =—Ves (Ven es)
and
1 1 1 1
Resee5 = =V (Ve e5) = _Ve5(_§£2£5e2) = 58285(5818561) = ja&en
1 1 1
Resere5 = yRatolel Regese5 = 7 8384es, Resese5 = g E38ae
yields

5
Ric(es,es) = Zsmg(Resemes,em)
m=1

1 1 1 1
= 81g(18182€1 ,e1) +€2g(1818262,€2) + 83g(18384€37€3) + 848(1838464764)
1

1
= —€1&+ -&¢&4.
212+234

Since & = +1, Ric(es,es5) = %8182 + %8384 # 4. Thus (G, ¢,£,m,g) can not be n)-Einstein. The proof is similar for g, and gs.
In g, & = &ses and by (2.11), Ric(€, &) = E2Ric(es,es) = Ric(es, es) = —4. By direct calculation,

5
RiC(€5,€5) = ZEmg(Re5em€5,€m)
m=1
= 18 &+ 18 E.
= ) 1€3 ) 2¢4
£ 4
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In g3, § = &ses and

5
Ric(e5,e5) = Z gmg(Re5em€5aem)

m=1

188+188
214 2237

which contradicts with (2.11). O
5. Conclusion

In this manuscript new examples of almost paracontact metric structures on some five dimensional nilpotent Lie algebras are
given. These examples contain summands from several classes of almost paracontact metric structures. In addition, we show
that a K-paracontact metric structure (G, @,&,1,g) on a connected Lie group G is not n-Einstein.
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