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Abstract

In this paper, we introduice and investigate the geometry of isophote curves in a strict Walker 3-manifold using the Darboux frame. The
considered curve is timelike and lying in a timelike surface. We give some characterisations about isophote and its axis and we give an
application about optical fiber and its polarization vector.
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1. Introduction

Investigation of the submanifolds in an ambient space is a very interesting problem which enriches our knowledge and understanding of the
geometry of the space itself. Here the ambient space is a Lorentzian three-manifold admitting a parallel null vector field called strict Walker
manifold. It is known that Walker metrics have served as a powerful tool of constructing interesting indefinite metrics which exhibit various
aspects of geometric properties not given by any positive definite metrics. For details see [1, 2]. A Walker manifold of dimension three is a
Riemannian manifold admitting such a nul parallel vector field; this manifold is locally reducible. The same property remains true for a
pseudo-Riemannian manifold admitting either a spacelike or a timelike parallel vector field. The metric of Walker have used as a best tool
of constructing interesting indefinite metrics which exhibit various aspects of geometric properties. Much research has been done on the
geometric properties of curves on Walker manifolds. See for more informations about curves in a Walker 3-manifold [6, 7].

One can look isophote curves on a surface as a good consequence of Lambert’s cosine law in optics branch of physics, see [3, 4, 5] .
Lambert’s law states that the intensity of illumination on a diffuse surface is proportional to the cosine of the angle generated between the
surface normal vector U and the light vector d. In other words, isophote curves of a surface are curves with the property that their points
have the same light intensity from a given source (a curve of constant illumination intensity).

The isophote curve method is one of the most efficient methods that can be used to analyze and visualize surfaces by lines of equal light
intensity. Isophote curve whose normal vectors make a constant angle with a fixed vector (the axis) is one of the curves to characterize
surfaces such as parameter, geodesics, and asymptotic curves or lines of curvature. Moreover, this curve is used in computer graphics and it
is also interesting to study for geometry.

Then, to find an isophote on a surface we use the formula

(U(u,v),d)

—————= =cosy, 0<y<
U (u, )l

)

SRS

where is d the unit fixed vector and ¥ is the constant angle between the surface normal vector U and d. The isophote curve is called a
silhouette curve when y = Z.

In the paper [3], the authors determine the axis of an isophote curve via its Darboux frame and give some characterizations about the isophote
curve and its axis in Euclidean 3-space. In particularly, they obtain other characterizations for isophote curves lying on a canal surface.

In the paper [9], the authors described the isophote curve and optical descriptions of these curves. The reader can see more informations
about optical fiber and their study. More informations about isophote curves the reader can see also [4, 10].

In this paper, we investigate isophote timelike curves on a timelike surfaces in a strict Walker 3-manifold and we find that its axis d verifying
some geometric conditions through the Walker Darboux frame. At the end we give an application about optical fiber and its polarization
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vector.

The paper is organised as follow: in section 2, we recall some preliminaries results for Walker manifold (M, gi) In the section 3, we study
the geometric properties of isophote timelike curves lying on a timelike surface. In the last section we give an application of isophote curve
using the optical fiber.

2. Preliminaries

In this section we give some geometric properties of the three dimensional Walker manifold. We refer the reader to see [8, 1].

A Walker n-manifold is a pseudo-Riemannian manifold, which admits a field of null parallel g-planes, with ¢ < 4. The canonical forms of
the metrics were investigated by A. G. Walker [1]. Walker has derived adapted coordinates to a parallel plan field. The metric of Walker
3-manifold (M, g%) with coordinates (x,y,z) is given by

g5 = dxodz+edy* + f(x,y,z)dz* 2.1
and its matrix form as
0 0 1 —-f 0 1
g5=| 0 & 0 | withinverse (¢5)"'=| 0 & 0
1 0 f 1 0 0
for some function f(x,y,z), where € = 1 and thus D = Spand; as the parallel degenerate line field. Notice that when € = 1 and € = —1 the

Walker manifold has signature (2, 1) and (1,2) respectively, and therefore is Lorentzian in both cases.

The non zero components of the Levi-Civita connection of the metric in (2.1) is given by:

1 1
Vaxaz = Efxax, Va‘_az = Ef:ya)”
1 £ 1
Vaﬁz = E(ffx"‘fz)‘%c - Efyay - Efxaz (2.2)

where d,, d, and d, are the coordinate vector fields g, a@ and %, respectively. We remark that, if (M, g}) is a strict Walker manifolds then
the associated Levi-Civita connection satisfies )

1 1 €
VayaZ = Ef)vax, Va:aZ = Efzax - Efyc?y. (23)

Remark that, if the Walker 3-manifold is strict then the non-zero components of the Christoftel symbols and the curvature tensor of the
metric g? as follows:

1 1 €
T =Th=5hTh=5/Th=—5h (2.4)
2 2 2
By using the local coordinates (x,y,z) for which (2.1) holds, one can see that
2—f 1 24+ f 1
e1 =0y, ep=—=0+—=0;, e3=—=0y— —=7
R REYV R V. e V. RNV A

are local pseudo-orthonormal frame fields on (M 7gfc), with g?(el,el) =1, g?(ez,eg) =¢and gfc(e3,e3) = 1. Thus the signature of the
metric g? is (1,&,—1).

Let now u and v be two vectors in M. Denoted by (?, j. %) the canonical frame in R3.

The vector product of u and v in (M, g?) with respect to the metric g; is the vector denoted by u x v in M defined by

g?(u x v,w) = det(u,v,w) 2.5)

for all vector w in M, where det(u,v,w) is the determinant function associated to the canonical basis of R3. If u = (u;,up,u3) and
v = (v1,v72,v3) then by using (2.5), we have:
) ?7

MXV:(

Leta:ICR— (M, gfc) be a curve parametrized by its arc-length s.
The Frenet frame of « is the vectors 7', N and B along « where T is the tangent, N the principal normal and B the binormal vector. They
satisfied the Frenet formulas

u v
u V2

U vy
uz v3

up v
uz v3

-

> Uy Vv
]+2 2

bt

(2.6)

vrT = & kN
VeN = —g kT — &1B 2.7)
VrB = &TN

where Kk and 7 are respectively the curvature and the torsion of the curve o, with &) = g¢(T;T); &, = g7(N;N) and &3 = g¢(B,B).
Nowleto: I C R — (M, g;) be a timelike curve lying in a timelike surface S in M. Let U be the unit normal of S, the Darboux frame is
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given by {T,Y,U}, where T is the tangent vector of the curve (s) andY =U x T.
The usual transformations between the Walker Frenet frame and the Darboux takes the form

Y =cosON —sin6OB 2.8)
U =sinON +cos 6B, 2.9)

where 0 is an angle between the surface normal vector N and the binormal vector B of «.
Derivating Y along the curve alpha we get

V7Y =cosOVyN — 0'sinON —sin@VB — 6’ cos 6B.
Using the Frenet equation in (2.7) we have
V1Y =cosO(—& kT — &3TB) — 0’ sinON —sin (&, TN) — 6’ cos 0B.

Now we suppose that the principal normal and the binormal have the same sign. then we get

VrY = —gxcos0T — (0 +&1)U (2.10)
The same calculus gives

ViU = —¢g1ksin0T + (6 + & 71)Y. (2.11)
Then the Walker Darboux equation is expressed as

VT = —& kY —6Kx,U
VrY =—g kT —1,U (2.12)
ViU = —g kT + 1,7,

where &, &, and 7, are the geodesic curvature, normal curvature and geodesic torsion of o(s) on S, respectively. Also, (2.12) implies

To=0+867T, K;=-—kcosf, k;=—ksin0
/ /
Kg K, — KnK,

2 8. (2.13)

=22 —
K°=K;+K;, and T= Ty — )

We end this section with this following two lemmas.
Lemma 2.1. Let o be a unit speed space curve with k(s) # 0. Then o is a general slant helix iff = (s) is a constant function.[3]

Lemma 2.2. Let & be a unit speed space curve with k(s) # 0. Then o is a general slant helix iff 6 (s) = ( ”

Sfunction.[3]

(KZJ:T)% (%),) (s) is a constant

3. The axis of an isophote curve in Walker 3-manifold

Let S be a spacelike regular surface and o : I C R — M be an unit speed curve lying on the surface S and we suppose that ¢ is an spacelike
curve for some s € I where the normal unit have negative sign.
Suppose that there exist a position vector d in ¢ such that

(U(u,v),d)

W = C0sY, (31)

where 7 is the constant angle between the normal vector N of the curve and the normal vector U of the surface S.
And then we have

g;:(VTU,d) =0.
Using (2.7) we have
—&1Ku85(T,d) + 7e85(Y,d) = 0.
If we denote by a = g}i(Y,d) we obtain g‘;;(T7 d)= e%ga‘ Then d can be written as

& T
d="284T +aY +cosyU. (3.2)

n

Case 1. d is a spacelike vector.

. . . . e . > TN _ 2 | Kysiny .
Since d is spacelike, the relation g%(d,d) = 1 gives a”(1+ K%) =sin“y. And then a = ii\/m. The relation (3.2) becomes
Tg si Ky S
d=+—8NY 7y 8SOY y o cosyu. (3.3)

\/K3+r§ \/K3+r§
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If we differentiate VU with respect to s we get
Vi (VIU) = (K, + Tk )T + (T4 + Kk )Y — (T3 + K2)U. (3.4)

Since g% (V7 (VrU),d) = 0 we have

/ /
To Ky + KnTg Kq

SETE IR
(K +1)2  \JKd+12

Theorem 3.1. Let o : I C R — My be a unit-speed spacelike curve on a regular surface S, and d is a vector axis of the curve. Then

coty==+

(3.5)

1. If o is is an asymptotic curve on S, then o, is isophote with axis d. And then « is a general helix with the fixed vector d =
+sinyT +cos yU.

2. If a is geodesic and K, is a constant, then o is isophote with axis d.

3. If a is a line of curvature, then « is a plane curve and the angle 6 = +yor 0 = ty+m.

Proof. (1) First we suppose that k;, = 0. By (3.3) we get
d ==+£sinyT +cosyU. (3.6)
Differentiating (3.6) with respect to s, we have
Vrd = L& sinyKk,Y +cosyT,Y. 3.7)

In the other hand if we use the equation in (3.5), we have

K,
cosy=+—5siny. (3.8)
Tg
And then the equation in (3.7) becomes
Vrd =% (& sinyi +sinyiy ) Y. 3.9)
Since the normal of the curve have negative sign, then &, = —1 and we have V7d = 0. And then d is constant vector.
In the other we have k; = —k and 7, = 7. Using (3.8) we have % = constant, and then « is slant curve by lemma 2.1.

(2) Since « is geodesic we have k, = 0. Then differentiating (3.3) we have

i I
T, Sin K, Sin
gsSmy T+ g sy

\/ K+ T2 \/ K3+ T2

Kn (T Ky — To K, T, (T, K, — ToK;
<i sin yw —cos yxn) T+ (i sin y% +cos YT, | Y.
(Ky +7¢)2 (Ky +75)2

Vrd

+ Y +cosy(k, T+ 7,Y) (3.10)

Since K, = 0, the equation in (3.5) gives

/ /
KnTg + KnTy

cosy==+ 5 siny. (3.11)
(53 +173)3

And then the equation in (3.10) becomes

K (To Ky — To K Kn(To K, + 10K
Vrd = j:sinyn(gn gén)f'n Tk gl’l)
(k3 +12)2 (k2 +12)2
To (T K, — T K To (T K + T K
= +|siny 2Tk g3n)+siny 2Tk 33”) (3.12)
(ki +15)2 (kG +75)2
Since K, is constant ie K,Q =0, we have V7d = 0 and then we get d is a constant vector.
(3) Since ¢ is a line of curvature, the equation (3.5) becomes
K —Ksinf@
tany = +— = :tﬁ =+tanb.
Kg —Kkcos0
That gives y=+0 or y=+60 + 7.
By the equation in (2.13) we have T, = 68’ + &7 = 0, and this imply 7 = 0. So the curve o is a plane curve. O

Corollary 3.2. Let o : 1 C R — My be an isophote unit-speed spacelike geodesic curve on a regular surface S, with axis d. Then « is

slant helix with the fixed vector d = +—S00_ T + XYy o cosvl7 if the function —2K+ is a constant.
fi i Lty ToosyU ifthe f (e+72)3
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Proof. Since the curve is geodesic we have k, = —k and 7, = 7. And using the equation (3.11) we get

K2 / 2k'T

S

(K2+12)§ K (K-2+12)§

Using the hypothesis in the corollary we get " KZZ) 5 (%)/ is a constant. Then « is a slant helix by the lemma 2.2. O
K2+12)2

Case 2. d is a timelike vector.

2_ (14cos® )k

2
Since d is timelike, the relation g? (d,d) = —1 gives a*(1 + %) = —1—cos?y. That gives a 21 which is not possible.
i G+

Theorem 3.3. Let o : I CR — My be a unit-speed spacelike isophote curve on a regular surface S with position vector axis d. Then d
cannot be timelike.

Now we suppose that the curve o lying in the surface S is timelike and the vector d also is timelike. Then the relation g? (d,d) = —1 gives

2
a*(1— %) = —(1 —cos? y). This relation gives

1 2 2
a2 = M. (3.13)
2 — K7

The equation in (3.2) becomes

1 +cos2y 1+cos?y
d_—rg\/ P, T+K,,\/ Tg ) Y +cosyU, (3.14)

with the condition:

2 2
T, >k, (C1)

and
2 2
Ty > ZKg 2
If we differentiate V7 U with respect to s we get

Vi (VrU) = (k) + Tgke) T + (T + Ku k)Y — (T3 — k53)U, (3.15)

Theorem 3.4. Let a be a unit speed timelike curve lying in the spacelike surface S in My. We suppose a satisfy (C1) and (C2). If a is
asymptotic then o is isophote with axis d.

Proof. Since g? (Vr(VrU),d) = 0 with the hypothesis k, = 0, we have
2
tany =4/ =5 —2. (3.16)
K,
8
If we suppose that « is an asymptotic curve then the relation (3.14) becomes

d=—/1+cos?yT +cosyU. 3.17)

Now if we differentiate the relation (3.17) with respect to s we get

Vrd = —4/1+cos? Yk + T cos Y. (3.18)

Using the equation (3.16) in the equation (3.18), we get Vyd = 0; that is, d is a constant vector. Then the result. O

4. Applications to the Optical fiber

Let o : I CR — My be a curve lying in a surface S (spacelike or timelike) in M. Let U be the unit normal of S, the Darboux frame is given
by {T,Y,U}, where T is the tangent vector of the curve a(s) and Y = U x T. We suppose that « is iphote curve.

In this section we suppose that & describe the optical fiber and the axis ¢ of this optical fiber is the direction of the polarization vector. Then
the angle between the polarization vector ¢ and the Darboux frame fields are constant noted ¢. Then using the theorem 3.1 we can stay the
following:

» If o is asymptotic on S, then the polarization vector is constant and the optical fiber is a general helix and we have
Y =4sin¢T +cos@U. 4.1)

« If the optical fiber is geodesic and k;, constant, then the polarization vector of the optical fiber is constant.
« If the optical fiber is a line of curvature, then it is a plane curve and we have the angle 6 between the normal vector of o and U is
expressed by 0 = +¢ or 6 = +¢ + 7.
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