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ABSTRACT. In this paper we dicuss the pair difference cordility of Mirror
graph, Splitting graph, Shadow graph of some graphs.

1. INTRODUCTION

We consider only finite, undirected and simple graphs. The origin of graph labeling
is graceful labeling and introduced this concept by Rosa.A [15].Afterwards many
labeling was defined and few of them are harmonious labeling[7], cordial labeling
[1], magic labeling [16], mean labeling [19]. Cordial analogous labeling was studied
in [2,3,4,5,10,11,12,13,14,17,18]. The notion of pair diference cordial labeling of a
graph has been introduced and studied some properties of pair difference cordial la-
beling in [9].The pair difference cordial labeling behavior of several graphs like path,
cycle, star etc have been investigated in [9].In this paper we dicuss the pair differ-
ence cordility of Mirror graph,Splitting graph,Shadow graph of some graphs.Term
not defined here follow from Harary|8].
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2. PRELIMINARIES

Definition 2.1. [6]. For a bipartite graph G with partite sets X and Y ,let G* be
a copy of G and X' and Y’ be copies of X and Y. The mirror graph M (G), of a
graph G as the disjoint union of G and G’ with additional edges joining each vertex
Y to its corresponding vertexr in'Y .

Definition 2.2. [6].

The splitting graph of G, S/(G), is obtained from G by adding for each vertex v
of G a new vertex v’ so that v’ is adjacent to every vertex that is adjacent to v.
Definition 2.3. [6].

The shadow graph Ds(G) of a connected graph G is constructed by taking two

copies of G,G/ and G and joining each vertex u in G to the neighbours of the
corresponding vertex u in G .

Definition 2.4. [6].
The ladder L, is the product graph P, x Ks.

Theorem 2.1. [9].
If G is a (p, q) pair difference cordial graph then

< 2p—3 if p is even
T |2p—1 ifpis odd

Theorem 2.2. [9].
The path P, is pair difference cordial for all values of n except n # 3 .

Corollary 2.3. [9].
The cycle Cy, is pair difference cordial if and only if n > 3 .

Theorem 2.4. [9].
The ladder L, is pair difference cordial for all values of n.

3. MIRROR GRAPHS
Theorem 3.1. The mirror graph of the path P, is pair difference cordial.
Proof. Since M'(P,) = L,,the proof follows from theorem 2.8.

Theorem 3.2. M/(Kl,n) is pair difference cordial if and only if n < 2.

Proof. Let V(M (K1) = {z,y, 2,y : 1 <i<n} and

E(M/(Klm)) = {zz;, yyi, vixi, vy 1 < i < n}.Since S/(Kl)l) >~ (4. By corol-
lary 2.7, M / (K1,1) is pair difference cordial. A pair difference cordial labeling of
M’ (K, 5) is shown in Table 1.

Suppose f is a pair difference cordial labeling of M'(Klm), n > 3 . Obviously
Ay, < 4. Then A?l > q — 4. This implies that A?l >3n+1—4=3n—3. Hence
A —Ayp >3n—7>1, a contradiction.

O
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n X X1 To Yyl Uy Y2
21 -2|-11-3|2]1/|3
TABLE 1.

Theorem 3.3. M'(S(Kl,n)) is pair difference cordial if and only if n < 2.

Proof. Let (X1,Y1) be bipartition of the first copy of S(K7 ,) where X7 = {z,y; :
1<i<n}hY; ={z;:1<i<n}and (Xs,Ys) be bipartition of the second copy
of S(Ki.,) where Xy = {a',y; : 1 <i < n},Ys = {x; : 1 < i < n}. Therefore
E(Ml(S(Kl,n))) = {xxi,x/x;,yixi,y;:c; 1 <i<n}U {x:c',xiz;,yiy; 1 <i <
n} U {zy,z'y'}. Clearly there are 4n + 2 vertices and 6n + 1 edges in the mirror
graph of S(K; ). Since M (S(K, 1)) = Ls, by theorem 2.8, M'(S(K)1)) is pair
difference cordial. A pair difference cordial labeling of M (S(K12)) is given in
Table 2.

7 7

n|T|T1 | T2 |Y1 |Y2| T Ty | T2 | Y1 | Yo
2151241 |3|-5|-2|-4|-1|-3
TABLE 2.

Suppose f is a pair difference cordial labeling of M’ (S(K1,n)),n > 3. Obviously
Ay, < 2n+2. Then A;il > q—2n—2. This implies that A% > 6n+1-2n—2 = 4n—1.
Hence Ajcl — Ay, >2n—3> 1, a contradiction.

O

Theorem 3.4. M/(Bn’n) is pair difference cordial if and only if n < 2.

Proof. Let (X1,Y7) be bipartition of the first copy of B, , where X7 = {z,y; : 1 <
i <n}hY: ={y,z; : 1 <1< n} and (X3,Y3) be bipartition of the second copy
of B, , where Xy = {x/,y; 1 <i<nhYs = {y/7x; : 1 < i < n}. Therefore
E(M/(Bnn)) = {xxi,x/x;,yyi,y/y; :1<i<n}uU {xml,yy/,xix;,yiy; :1<i<n}
Obviously M (Bn,n) has 4n+ 2 vertices and 6n + 1 edges. Since M/(Bl,l) = L4,by
theorem 2.8, M ,(Bl,l) is pair difference cordial. A pair difference cordial labeling

of M'(Bj ) is shown in Table 3.

7 7 7 7

n|lr|x|x2| ¥y Y | Y2 | T | X1 | T | Y Y1 | Yo
2121113 |—-2|-1|-3|5|4|6|-5|—-4|—-6
TABLE 3.

Suppose f is a pair difference cordial labeling of M,(Bnm), n > 3 . Obviously
Ay, < 8. Then A} > ¢ — 8. This implies that A} > 6n+4—8 = 6n — 4. Hence
A —Ayp >6n—12> 1, a contradiction.

O

4. SHADOW GRAPHS

Theorem 4.1. Let G be a (p,q) graph with ¢ > p.Then Do(G) is not pair difference
cordial.
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Proof. Suppose G is a pair difference cordial graph with ¢ > p. Obviously |V (D2(G))]
2p and |E(D2(G))| = 4q. By theorem 2.5, 4¢ < 2(2p) — 3. This implies that
4q < 4q — 3, a contradiction.

O

Theorem 4.2. Ds(P,,) is pair difference cordial for all values of n.

Proof. Let V(Dy(Py)) = {zi,yi : 1 < i <n}, E(Dy(P)) = {ziwiz1,YiYit1 : 1 <
i <n—1}U{yit1,¥i%i11 : 1 <i <n—1}. Clearly Dy(P,) has 2n vertices and
4n — 4 edges.
Define f : V(Dy(P,)) — {£1,£2,£3,--- £ n} by
fly) = —i, 1<i<n.

This vertex labeling yields that Dy(P,) is pair difference cordial for all values of n,
since A =2n—2 = Age.

([l

Theorem 4.3. Dy(C,,) is not pair difference cordial for all values of n.

Proof. Let C,, be the first copy of the cycle zi1xs-- - xpx1 and y1ys - - ypy1 be
the second copy of the cycle C),. The maximum number of the edges with the
labels 1 among the vertex labels 1,2, -+ ,n is n — 1. Also the maximum number
of the edges with the labels 1 among the vertex labels —1,—2,---,—n is n — 1.
Therefore Ay, < 2n — 2. This implies that A} > 4n — (2n — 2) = 2n + 2. Hence
Ap —Af >2n+2—(2n—2) =4 > 1, a contradiction.

O

Theorem 4.4. Dy(K,,) is pair difference cordial if and only if n < 2.

Proof. Clearly |V(D3(K,))| = 2n and |E(D2(Ky,))| = n(n — 1) + 2(3). Suppose
Dy(Ky) is a pair difference cordial. By theorem 2.5 ;n(n — 1) +2(3) < 2(2n) — 3,
which implies that 2n? — 6n + 3 < 0. It gives that n < 2. Hence Do(K,,),n > 3
is not pair difference cordial. Obviously Ds(K7) is pair difference cordial. Since
Ky & Py, by theorem 2.6, Dy(K>) is pair difference cordial.

([l

Theorem 4.5. Dy(K1 ;) is pair difference cordial if and only if n < 2.

Proof. Clearly |V(D2(K1,,))| = 2n+2 and |E(D2(K1,,))| = 4n. Suppose D (K7 )
is a pair difference cordial . Obviously Ay, < 2n + 1. Let u be the central vertex
of K1, and u" be the corresponding shadow vertex . Hence d(u) = d(u') = 2n in
Do(Ky,,) . Now Af) >2n—2+2n—2 > 4n—4. Hence Ay, —Age > 2n — 3. This
implies n < 2. Since D3(K1,1) = C4 , by corollary 2.7, Do(K7,1) is pair difference
cordial. The labeling f defined by f(u) = 2,f(u/) = =2, f(u1) = —1, f(u2) =
=3, f(u}) =1, f(uy) = 3 is a pair difference cordial labeling of Dy(K7 ).

([l

Theorem 4.6. Dy(P, ® K;) is not pair difference cordial for all values of n.

Proof. Let V(Dy(P, ® K1)) = {xi,x;—,yi,y; :1 < i <n}. There are 4n vertices
and 8n — 4 edges.
Suppose Do(P,, ® K1) is pair difference cordial for all values of n. The maximum
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number of the edges with the labels 1 among the vertex labels 1,2,--- ;nisn —1
and the maximum number of the edges with the labels 1 among the vertex labels
—1,-2,---,—nis n — 1. Therefore Ay, < 2n — 24 2 = 2n. This implies that

Af >8n—4—2n =06n—4. Hence Ay, —A} >6n—-4-2n=4n-4>1, a
contradiction.
O

5. SPILITTING GRAPHS
Theorem 5.1. S/(Pn) is pair difference cordial for all n.
Proof. Let V(S'(P,)) = {xi,y;i : 1 <i <n} and E(S (P,)) = {zri1 : 1 <i <

n—1}U{xyit1,yi%it1 : 1 <i <n—1} . There are two cases arises.

Case 1. n <5.
A pair difference cordial labeling for this case given in Table 4.

N|Ty | T2 | T3 | T4 | Ts | Y1 | Y2 | Y3 | Y4 | Y5
2111 2 —1]-2
3|1 |-1] 3 -2 2 | -3
411 2 |-1|-=-2 314 ]-3|-4
5/ 1] 2|5 |—-2|-4] 3|4 |-1]-5|-3
TABLE 4.
Case 2. n > 5.
There are four cases arises.
Subcase 1. n =0 (mod 4).

Assign the labels 1,5,9, - -+ ,n—3 to the vertices z1,x3, x5, -, Tz respectively
and assign the labels 2,6, 10, - - - , n—2 respectively to the vertices x2, x4, z6, - , T 2.
Now we assign the labels 3,7,11, - -- ,n—1 respectively to the vertices y1,y3, y5, - ,
Yn_2 and assign the labels 4,8,12,--- ,n to the vertices ya,ys,¥s, -+ ,yz respec-
tively.

Next we assign the labels —1, -5, —9,--- | —(n — 3) respectively to the vertices
Togz, Lnge, Trslo, -, Tn_1 and we assign the labels —2,—6,—10,--- ,—(n — 2)
respectively to the vertices Tongd, Tngs, Tngiz, o Tp - Lastly assign the labels
—3,—7,—11,--- ,—(n — 1) respectively to the vertices Yng2,Ynto,Ynt10, 5 Yno1
and assign the labels —4, —8,—12,--- | —n to the vertices Ynga, Yngs, Ynsiz, oo Yn
respectively.

Subcase 2. n =1 (mod 4).

Assign the labels 1,5,9, - - - ,n—4 respectively to the vertices x1, x3, x5, - - yTn_s
and assign the labels 2,6,10,--- ,n — 3 to the vertices x3, x4, zg, " - ;Tn_1 TESpEC-
tively. Now we assign the labels 3,7,11,--- ,n—2 to the vertices y1,ys, ys, - - - 1Yns
respectively and assign the labels 4,8,12,--- ;n — 1 respectively to the vertices
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Y2, Y1, Ys, -+ ,Yn—1 and assign the label n to the vertex yn+i.
2 2

Now we assign the labels —1,—3,-5,--- ,—(”7“) respectively to the vertices
L1, Tngs, Tngo, -, Tn and we assign the labels —(%£3), —(”7”), — (2, -

—(n—1) respectively to the vertices yn, Yn—2, Yn—da, - - ) Ynis . Next assign the labels

—2,—4,—6,---, —(”T_l) respectively to the vertices Yonis, Ynst, Yugit, o0 5 Yno1 and

assign the labels —(2£2), —(2£2), —(2£13) ... | —(n) to the vertices z,_1, Tn_3, Tn_s,
" Tngs respectively.

Subcase 3. n =2 (mod 4).
as in case 1 assign the labels to the vertices z;, y;(1 < i < n —2). Finally we assign
the labels (n — 1), n, —n, —(n — 1) to the vertices Tn_1,Tn, Yn—1, Yn-

Subcase 4. n =3 (mod 4).

Assign the labels 1,5,9, - - ,n—2 respectively to the vertices x1, 3, zs, - - s Lot
and we assign the labels 2, 6, 10, - - - , n—>5 to the vertices x2, x4, xg, - - - ; Tn_3 TESPEC-
tively. Now we assign the labels 3,7,11,--- ,n—4 to the vertices y1, y3, ys, - »Ynos
respectively and assign the labels 4,8,12,--- ,n — 3 respectively to the vertices
Y2, Y4, Y6, s Yn_s.

Next we assign the labels —1,—-3,-5,--- ,7("771) respectively to the vertices
Lops, Lngs, Trgo, w5 Tpo1 and we assign the labels —("T”), —("74'7)7 —("ngl)7 .-

— (n) respectively to the vertices @y, Tn_2, Tn_q, - (Tnts Next assign the labels

]

—2,—4,—6,--- ,—(”'2*'1) respectively to the vertices Yrgs, Ynit, Yngit, o5 Un and

assign the labels —(242), —(242), —(2413) ... | —(n—1) to the vertices y,—1, yn—3,

Yn—5,""",Ynts respectively.

Finally assign the labels n — 1,n to the vertices yn-12y i1 respectively.

Theorem 5.2. S (P, ® K1) is pair difference cordial.
Proof. Let V(S (P, ® K1)) = {@s,2;,y5,9; : 1 < i < n} and E(S (P, ® K1) =
(w1 iz 0 1< i <n—1}U{@mip 0 1 <i<n—1}U{ya, 2y, - 1 <i<n}.

There are 4n vertices and 6n — 3 edges.There are two cases arises.

Case 1.n is even.

Assign the labels 1,5,9, - - - | (2n—3) to the vertices z1, x2, x5, - - , rz respectively
and we assign the labels —1, —5, =9, - - - | —(2n—3) respectively Tngz, Toga, Tngo, -,
T,. Next assign the labels 4,8,12,--- | 2n to the vertices mll, a?/2, xéﬂ e ,x/% respec-
tively and we assign the labels —4, —8, —12, - - - , —(2n) respectively x/ﬁ , x,j , w/”j,

2 2 2
T

C STy,
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Now we assign the labels 3,7,11,-- -, (2n—1) to the vertices y1, y2,y3, - ,yz re-

spectively and we assign the labels —3, —7,—11,--- , —(2n—1) respectively Ynt2, Ynia,
Ynio,  Yn Next assign the labels 2,6, 10, - - - , (2n—2) to the vertices y/l, ylg, yé, cee
y/% respectively and assign the labels —2, —6, —10, - - - , —(2n —2) respectively y/nj,
2
YntasYntes " s Yp-
2 2

Clearly Ay, = 3n—2,Are = 3n— 1. This vertex labeling gives that S (P, ® K1)
is pair difference cordial for all even values of n.

Case 2.n is odd.

As in case 1, assign the labels to the vertices x;, y;, x;-, yi'(1 <i<n-—1). Finally
we assign the labels 2n — 1, —(2n — 1), 2n, —2n to the vertices x;” Ty Yns y;l

Clearly Ay, = 3n—2,Ase = 3n— 1. This vertex labeling gives that S'(Pn O Ky)
is pair difference cordial for all odd values of n.

]

Theorem 5.3. S (K,,) is pair difference cordial if and only if n < 3.

Proof. Clearly ‘V(S' (Kn))’ = 21 and ‘E(S' (Kn))’ = 3n(n1)

Case 1. n < 3.

Obviously ' (K1) is pair difference cordial.Since S’ (K,,) 2 Cy, then S’ (K>) is pair
difference cordial. By theorem 5.2, S’ (K3) is pair difference cordial.

Case 2. n > 3.
Suppose S (K,) is pair difference cordial. By theorem 2.5 ,
3n(n—1)
2
= 3n? — 3n < 4(2n) — 6,
= 3n% — 11n < —6,

< 2(2n) — 3,

= —3n%+11n > 6, a contradiction

Theorem 5.4. S/(Kl’n) is pair difference cordial if and only if n < 3.

Proof. Let V(S,(Kl,n)) ={z,y,zi,y; : 1 <i<n}and E(S/ (K1,n)) = {z@i, yyi, yiw -
1 <4 < n}.Since SI(KLl) 2~ P,. By theorem 2.6, S,(KM) is pair difference cordial.
A pair difference cordial labeling of S (K, 2) and S (K} 3) is shown in Table 5.

n| T | X1 [T2 T3 Y [Y1]|Y2]|Y3
-1 -21]-3 21113
3|-1|-2]-3|-42|1]3 |4
TABLE 5.

[\
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Suppose f is a pair difference cordial labeling of S’ (K1,n),n > 3 . Obviously
Ay, < 4. Then A?I > q — 4. This implies that A;I > 3n — 4. Hence A;l — Ay >
3n — 8 > 1, a contradiction.

O

6. CONCLUSIONS

In this paper, we have studied about the pair difference cordility of Mirror
graph,Splitting graph,Shadow graph of some graphs.Investigation of the pair differ-
ence cordility of Mirror graph,Splitting graph,Shadow graph of some special graphs
are the open problems.
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