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Abstract

In this article, we extend Padovan and Pell-
Padovan numbers to Hyperbolic Padovan and
Hyperbolic Pell-Padovan numbers, respectively.
Moreover, we obtain Binet-like formulas, generating
functions and some identities related to Hyperbolic
Padovan and Hyperbolic Pell-Padovan numbers.
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1. Introduction

Hyperbolic numbers have applications in
different areas of mathematics and theoretical physics.
In particular, they are related to Lorentz-Minkowski
(Space-time) geometry in the plane as well as complex
numbers (Catoni 2008). The work on the function
theory for hyperbolic numbers can be found in (Aydin
2019, Barreira 2016, Berzsenyi 1977, Deveci 2020,
Giincan 2012, Horadam 1963, Khadjiev 2016, Motter
2016, Tas 2021, Tasc¢1 2018). The set of hyperbolic
numbers H can be described in the form

H={z=x+hy|h¢Rh?>=1x7y€R}
Addition, subtraction and multiplication of two
hyperbolic numbers z, and z, are defined by

zy £z = (x; + hyy) £ (x2 + hy,)

=(x; £ x) + h(y; £ y2)
71 X 25 = (g + hyy) X (x, +
hy,) = (x1x2) + (y1Y2) + h(xyy; + y1x;)
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On the other hand, the division of two hyperbolic
numbers is given by

zy X+ hy,

Z B X + hy,

(x1 + hy,)(x; — hy,)
(x5 + hy,)(x, — hy,)
X1 X +V1Y> (15, +y1x2)
= 2 > Th 2 2
X2 =Yz X =Yz

If x2 — y2 = 0, then the division z—l is possible. The
2

hyperbolic conjugation of z = x + hy is defined by
Z=x—hy.

2. Materials and Methods

Padovan sequence is named after Richard
Padovan (Voet 2012) and ( Cagman 2021a, Cagman
2021b, Deveci 2015, Deveci 2018, Shannon 2006, Tas
2014) studied Padovan sequence and Pell- Padovan
sequence.

The Padovan sequence is the sequence of integers P,
defined by the initial values P, = P, = P, = 1 and the
recurrence relation

Py=Pyy+Pys

for all n>=3. The first few values of B, are
1,1,1,2,2,3,4,5,7,9,12,16, 21, 28, 37.
Pell-Padovan sequence is defined by the
initial values R, = R, = R, =1 and the recurrence
relation
R, =2R,_, +R,_;

for all n>3. The first few values of R, are
1,1,1,3,3,3,7,9,17,25,43,67,111,177, 289.
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3. Results

Firstly, we give the definition of Hyperbolic Padovan
sequence.
Definition 3.1. The Hyperbolic Padovan sequence is
the sequence of hyperbolic numbers HP, defined by
the initial values HP; =1+ h,HP, =1+ h,HP, =
1 4+ 2h and the recurrence relation
HP, =P, + hP,,,
HP, = HP,_, + HP,

foralln > 3.
The first few values of HP, are 1+ h,1+h,1+
2h,2 +2h,2 +3h,3+4h,4+5h,5+7h,7 +
9h,9 + 12h,12 + 16h,16 + 21h,21 + 28h, 28 +
37h.
Theorem 3.1. The generating function of the
Hyperbolic Padovan sequence is
1+h+ 1+ h)x+ hx?

1—x%2—x3

gix) =
Proof. Let

gx) = Z HP, x"
n=0

= HP, + HP,x + HP,x? + HP;x3
+ o4 Hann + ...
be generating function of the Hyperbolic Padovan
sequence. On the other hand, since
x2g(x) = HPyx? + HP,x3 + HP,x* + HPyx° + ---

+ HP,_,x™ + -
and
x3g(x) = HPyx® + HP,x* + HP, x> + HPyx% + -+
+ HP,_3x™ + -
we write

(1-x*=x)g()
=HPO +HP1X+ (HPZ —HPO)XZ
+ (HPy — HP, — HPy)x®

+-+ (HB, —
HP,_, — HP,_3)x™ + -
Now consider HP; =14+ h,HP, =1+ h,HP, =1+
2hand HP, = HP,_, + HP,,_;. Thus, we obtain
(1-x*=x)g(x)
= HP, + HP,x + (HP, — HP,)x?

1—-x?>—-xNgx)=1+h+
(1 + h)x + hx?
or
1+h+ 1+ h)x+ hx?
1—x%—x3

gx) =

Hence the proof is completed.
Now we give Binet-like formula for the Hyperbolic
Padovan sequence.
Theorem 3.2. Binet-like formula for the Hyperbolic
Padovan sequence is
HP, = (a + hﬁ)rln + (b + hﬁ)rzn
n T,
c
+ (c + h—) 3
3
where
(r, = D03 —1) _ n-D03-1)
(n —r)n _r3)’ B (r, —m)(r, — 7”3)'
_ (n -1 —-1)
B (rp —13)(r — 13)
and 7, 7,,73 are the roots of the equation x3 — x2? —
1=0.
Proof. It is easily seen that
HP, =P, + hP,,,
On the other hand, we know that the Binet-like formula
for the Padovan sequence is
(r, — D3 — 1)

a=

n-D0r-1)

SRR CREry Ty L ey e
n—-D0-1)
(n—1)(y, —13) 3
Theorem 3.3.

n
Z HP, =HP,+ HP,., + HP,,, — (2 + 3h).
k=0

Proof. By the definition of Hyperbolic Padovan
sequence recurrence relation

HP, = HP,_, + HP, 3
and
HP, = HP, — HP_,
HP, = HP; — HP,
HP, = HP, + HP,

HP,_, = HP,— HP,_3
HP,_, =HP,, —HP,,

HP, = HPyyy —HP, 4
Then we have
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n
z HP, =HP, + HP,,4 + HP,,, —HP_, — HF,
k=0

— HP,.

Now considering HP_, = h,HP, = 1+ h,HP, = 1 +
h we write

n
z HP, = HP, + HPy ., + HP,,, — (2 + 3h)

k=0

and hence the proof is completed.

Now we investigate the new property of
Hyperbolic Padovan numbers in relation to the
Padovan matrix formula. We consider the following
matrices:

0 1 1 1+2h 14+h 1+4+h
Q3=[1 0 0|,K3=|14+h 1+h h
010 1+h h 1
and

M?= HPn+1 HPn HPn—l
HP, HP,_, HP,_,
Theorem 3.4. For all n € Z* we have

Q3 K; = M3

HPn+2 HPn+1 HPn l

Proof. The proof is easily seen that using the induction
onn.
As well-known Pell-Padovan sequence is defined by
the recurrence relation
R, =2R,_, +R,_;
and the initial valuesR, = R, =R, = 1.
Now we define Hyperbolic Pell-Padovan
sequence.
Definition 3.2. The Hyperbolic Pell-Padovan
sequence is defined by the recurrence relation
HR, =R, + hR,_;
HR, =
2HR,_, + HR,_;
and the initial values HR,=1—-hHR, =1+
h,HR, =1+ h.
The first few values of HR, are 1—h,1+h, 1+
h,3+h,3+4+3h,7+3h,9+7h.
Theorem 3.5. Be the generating function of
Hyperbolic Pell-Padovan sequence is
1—h+ @ +h)x+(—1+3h)x?
1—2x2%2 —x3

gx) =
Proof. Let

90 = Y HR,x"
n=0

= Hry + HR;x + HR,x? + HR;x3
+ e + HRnxn +
be the generating function of the Hyperbolic Pell-
Padovan sequence. On the other hand, since

2x%2g(x) = 2HRyx? + 2HR, x> + 2HR,x*
+ 2HR;x5 + -+ 2HR,,_,x™ + -+

and
x3g(x) = HRyx® + HR;x* + HR,x° + HRyx® + -
+ HR,,_yx™ + -
we write
(1 —2x* —x*)g(x)
= HR, + HR,x
+ (HR, — 2HP,)x?
+ (HRy — 2HR, — HRy)x®
+--+ (HR, — 2HR,,_, —
HR, )" + -

Now consider HRy,=1—h,HR, =1+ h,HR, =
14+ hand HR, = 2HR,_, + HR,,_3. Thus, we obtain
(1-2x*—x*)g(x)

=HR,+ HR;x

+ (HR, — 2HRy)x?
1-2x*—-x)gx)=1—-h+(A+h)x+(-1+
3h)x?
or

1—h+ @ +h)x+(—1+3h)x?
9(0) = 1—2x%2—x3

Hence the proof is completed.
Theorem 3.6. The Binet-like formula of Hyperbolic
Pell-Padovan sequence is

2@+h) 1y . 2B+R (. 1\
RFﬁ(“&)“ ‘W<1‘E)ﬁ
+ (1 —h)y"
where
1445 1-+/5

,b = ,:—1
* 7 P 2 7

are roots of the equation x3 — 2x — 1 = 0.
Proof. The Binet-like formula of Pell-Padovan
sequence is given
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+1 +1
a _Bn _Zan_ﬁn+yn+1.
a=p

R,=2
n (Z—ﬁ

Now consider

HR, =R, + hR,_,
S0 the proof is easily.
Theorem 3.7.

n
1
> HRy = S[(~1=3h) = HRyy + HR,
k=0

+ HRypys5].
Proof. We know that

n
1
Z Ry = E [-1- Ryi1+Rypp + Rn+3]
k=0

n

1
Z Ry—1 = 2 [=3 = 2R, — Rpyq + Rpyp + Rpysl
k=0

HR, = R, + hR,_,

n n n
k=0 k=0 k=0

So the theorem is proved.
Theorem 3.8.

we have

n
Z HRZk = R2n+1 + hRZTL - (TL + 1) + h(n - 1).
k=1

Proof. If we consider the following equalities, then the
proof is seen

n
Z Rk = Rppyr —(n+ 1)
k=1

and
n
Z Ryk—1 = Rpp+(n—1).
k=1
Since
HR, = R, + hR,_,
we have

n n n
Z HRZk = Z RZk + hz R2k—1'
k=1 k=1 k=1

So the theorem is proved.

Now we investigate the new property of Hyperbolic
Pell-Padovan numbers in relation to the Pell-Padovan
matrix formula. We consider the following matrices:

0 2 1
Q3=[1 0 ol,

01 0
Ks
1+h 1+h 1-h
=|1+h 1—h —=1+4+3h
1-h —-1+3h 3-5h
and
HRn+2 HRn+1 HRn
M.!’,l: HRn+1 HRn HRn—l
HR, HR,, HR,,

Theorem 3.9. For all n € Z* we have
Q3K3 = M3.
Proof. The proof can be obtained easily by induction
onn.
Theorem 3.10. If

0 1 0
P=10 0 1]
1 2 0
then we have
0 1 0]*[1—-h HR,
[0 0 1] 1+ h|=|HRy41|
1 2 ol l1+h HR, .,

Proof. The proof can be seen by mathematical
inductionon n .

4. Discussion

We defined Hyperbolic Padovan and Hyperbolic
Pell-Padovan numbers and we obtain Binet-like
formulas, generating functions and some identities
related to Hyperbolic Padovan and Hyperbolic Pell-
Padovan numbers.
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