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1. Introduction
The geometry of contact Riemannian manifolds and related issues have received great attention in recent years.

One of the most important of these is the almost cosymplectic manifolds presented by Goldberg and Yano [11] in
1969. A special variant of almost contact manifolds was presented by Kenmotsu [15] in 1972. Afterwards Kim and
Pak in [16] described a new class of manifolds known as almost α-cosymplectic manifolds by combining almost
cosymplectic and almost α-Kenmotsu manifolds, where α is a real number. Almost cosymplectic manifolds have
been studied by many mathematicians in literature ([1], [2], [3], [7], [10], [16], [17], [20], [21], [28]) and many others.
On the other hand, many different kinds of almost contact structures are defined in the literature. Pokhariyal
and Mishra [23] have presented new tensor fields. In 1982,W-curvature tensor have been studied by Pokhariyal
[22]. Pokhariyal, described the curvature tensorW8 in this work. Many authors have worked onW curvature
tensors ([4], [19], [25], [27], [29]). Ingalahalli et al. [13] have been studied theW8-curvature tensor on Kenmotsu
manifolds. Also, Ruganzu et al. [26] have been studied theW8 curvature tensor on para Kenmotsu manifolds. By
the motivations of all these studies, we, authors, in the present manuscript, are going to study theW8 curvature
tensor on α-cosymplectic manifolds.

This manuscript has been structured as follows: After a brief presentation of α-cosymplectic manifolds we
examine the cases ξ−W8 flat, ϕ−W8 semisymmetric,R(ξ,X1).W8 = 0,W8.R = 0,W8.W8 = 0,W8-Ricci pseudosym-
metric,W8.Q = 0. Also, we examine η-Ricci solitons on α-cosymplectic manifolds satisfyingW8(ξ,X1).Ric = 0
andRic(ξ,X1).W8 = 0.
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2. Preliminaries
Let (Mn, ϕ, ξ, η, g) be an n-dimensional (n = 2m+ 1) almost contact metric manifold, in which ξ is the structure

vector field, ϕ is a (1, 1)-tensor field, g is the Riemannian metric and η is a 1-form. The (ϕ, ξ, η, g) structure satisfies
the following conditions [6].

ϕξ = 0, η(ϕξ) = 0, η(ξ) = 1,

ϕ2X1 = −X1 + η(X1)ξ, g(X1, ξ) = η(X1),

g(ϕX1, ϕX2) = g(X1, X2)− η(X1)η(X2),

for any X1, X2 ∈ χ(M); in which χ(M) represents the collection of all smooth vector fields of M .
If moreover

∇X1
ξ = −αϕ2X1,

(∇X1
η)X2 = α[g(X1, X2)− η(X1)η(X2)],

in which ∇ indicates the Riemannian connection and α is a real number, in that case (Mn, ϕ, ξ, η, g) is known a
α-cosymplectic manifold [16].

Then, it is also well known that [21]

R(X1, X2)ξ = α2[η(X1)X2 − η(X2)X1], (2.1)

Ric(X1, ξ) = −α2(n− 1)η(X1), (2.2)

Ric(ξ, ξ) = −α2(n− 1), (2.3)

Qξ = −α2(n− 1)ξ (2.4)

for all X1, X2 ∈ χ(M), in which R, Ric, Q indicates the curvature tensor, Ricci tensor and Ricci operator
g(QX1, X2) = Ric(X1, X2) on M . Using (2.1), one can easily conclude that

R(ξ,X1)X2 = α2[η(X2)X1 − g(X1, X2)ξ] (2.5)

R(X1, ξ)ξ = α2[η(X1)ξ −X1]. (2.6)

An α-cosymplectic manifold is known to be an η-Einstein manifold if Ricci tensorRic satisfies condition

Ric(X1, X2) = λ1g(X1, X2) + λ2η(X1)η(X2) (2.7)

in which λ1, λ2 are certain scalars. The manifold is known as Einstein when λ2 = 0 in eq. (2.7).
On the other hand, η-Ricci solitons on α-cosymplectic manifolds have the following properties [30]:

Ric(X1, X2) = −(α+ λ)g(X1, X2) + (α− µ)η(X1)η(X2), (2.8)

Ric(X1, ξ) = −(λ+ µ)η(X1) (2.9)

for all X1, X2 ∈ χ(M).

3. ξ −W8-flat α-Cosymplectic Manifolds

In this part, we consider ξ −W8-flat in α-cosymplectic manifolds.

Definition 3.1. An α-cosymplectic manifold is known to be ξ −W8-flat if

W8(X1, X2)ξ = 0 (3.1)
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for all X1, X2 ∈ χ(M). W8-curvature tensor [22] is defined as

W8(X1, X2)X3 = R(X1, X2)X3 +
1

n− 1
[Ric(X1, X2)X3 −Ric(X2, X3)X1] (3.2)

in whichRic andR are Ricci tensor and the curvature tensor of the manifold, respectively. By using of (3.1) in (3.2),
we get

R(X1, X2)ξ +
1

n− 1
[Ric(X1, X2)ξ −Ric(X2, ξ)X1] = 0. (3.3)

By virtue of (2.1), (2.2) in (3.3) and on simplification, we have

α2[η(X1)X2 − η(X2)X1] +
1

n− 1
[Ric(X1, X2)ξ + α2(n− 1)η(X2)X1] = 0. (3.4)

When the inner product is taken with ξ in eq. (3.4) and on simplification, one has

Ric(X1, X2) = −α2(n− 1)η(X1)η(X2).

In conclusion, one has the theorem given below:

Theorem 3.1. Let M be an α-cosymplectic manifold satisfying ξ −W8-flat condition, then the manifold is a special kind of
η-Einstein manifold.

4. ϕ−W8-semisymmetric condition in α-cosymplectic manifolds

At this part, we examine ϕ−W8-semisymmetric condition in α cosymplectic manifolds.

Definition 4.1. An α-cosymplectic manifold is known to be ϕ−W8-semisymmetric if

W8(X1, X2).ϕ = 0 (4.1)

for all X1, X2 ∈ χ(M).

At this time, eq. (4.1) becomes

(W8(X1, X2).ϕ)X3 =W8(X1, X2)ϕX3 − ϕW8(X1, X2)X3 = 0. (4.2)

Making use of (3.2) in (4.2), we obtain

R(X1, X2)ϕX3 − ϕR(X1, X2)X3 +
1

n− 1
[Ric(X2, X3)ϕX1 −Ric(X2, ϕX3)X1] = 0. (4.3)

By using X1 = ξ in (4.3) and with the help of (2.2), (2.5) equations and on simplification, we get

α2g(X2, ϕX3)ξ + αη(X3)ϕX2 +
1

n− 1
Ric(X2, ϕX3)ξ = 0. (4.4)

When X3 by ϕX3 is replaced in eq. (4.4), one has

α2g(X2, X3)ξ = −
1

n− 1
Ric(X2, X3)ξ. (4.5)

By taking inner product with ξ in (4.5), we obtain

Ric(X2, X3) = −α2(n− 1)g(X2, X3).

In conclusion, one has the theorem given below:

Theorem 4.1. Let M be an α-cosymplectic manifold satisfying ϕ−W8-semisymmetric condition, then the manifold is an
Einstein manifold.
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5. α-cosymplectic manifolds satisfyingR(ξ,X1).W8 = 0 condition

At this part, we examine α-cosymplectic manifold satisfyingR(ξ,X1).W8 = 0. Then, we get

R(ξ,X1)W8(X2, X3)X4 −W8(R(ξ,X1)X2, X3)X4

−W8(X2,R(ξ,X1)X3)X4 −W8(X2, X3)R(ξ,X1)X4 = 0.
(5.1)

By using (2.5) in (5.1), we have

α2η(W8(X2, X3)X4)X1 − α2g(X1,W8(X2, X3)X4)ξ
−α2η(X2)W8(X1, X3)X4 + α2g(X1, X2)W8(ξ,X3)X4

−α2η(X3)W8(X2, X1)X4 + α2g(X1, X3)W8(X2, ξ)X4

−α2η(X4)W8(X2, X3)X1 + α2g(X1, X4)W8(X2, X3)ξ = 0.

(5.2)

By using inner product with ξ in (5.2) and the aid of (3.2) and on simplification, we obtain

α2η(W8(X2, X3)X4)η(X1)− α2g(X1,W8(X2, X3)X4)
−α2η(X2)η(W8(X1, X3)X4) + α2g(X1, X2)η(W8(ξ,X3)X4)
−α2η(X3)η(W8(X2, X1)X4) + α2g(X1, X3)η(W8(X2, ξ)X4)
−α2η(X4)η(W8(X2, X3)X1) + α2g(X1, X4)η(W8(X2, X3)ξ) = 0.

(5.3)

By using (2.1), (2.2) and (2.6) in (5.3), we get

−α2g(X1,R(X2, X3)X4)− α4g(X1, X2)g(X3, X4) + α4g(X1, X3)g(X2, X4)
−α4g(X2, X1)η(X4)η(X3) + α4g(X1, X4)η(X2)η(X3)
− 1
n−1α

2[Ric(X2, X1)η(X3)η(X4)−Ric(X1, X4)η(X3)η(X2)] = 0.
(5.4)

It is assumed that {ei : i = 1, 2, ..., n} is an orthonormal frame field at any point of the manifold. Then contracting
X1 = X2 = ei in (5.4), we have

Ric(X3, X4) = α2(1− n)g(X3, X4)− [
scal

n− 1
+ nα2]η(X3)η(X4).

In conclusion, one has the theorem given below:

Theorem 5.1. LetM be an α-cosymplectic manifold satisfyingR(ξ,X1).W8 = 0 condition, then the manifold is an η-Einstein
manifold.

6. α-cosymplectic manifolds satisfyingW8.R = 0 condition

At this part, we examine α-cosymplectic manifold satisfyingW8.R = 0 condition. Then, we have

W8(ξ,X4)R(X1, X2)X3 −R(W8(ξ,X4)X1, X2)X3

−R(X1,W8(ξ,X4)X2)X3 −R(X1, X2)W8(ξ,X4)X3 = 0.
(6.1)

If X3 = ξ is used in eq. (6.1), then one gets

W8(ξ,X4)R(X1, X2)ξ −R(W8(ξ,X4)X1, X2)ξ
−R(X1,W8(ξ,X4)X2)ξ −R(X1, X2)W8(ξ,X4)ξ = 0.

(6.2)

By taking (2.1) in (6.2) and making the necessary simplifications, we get

− α2η(W8(ξ,X4)X1)X2 + α2η(W8(ξ,X4)X2)X1 −R(X1, X2)W8(ξ,X4)ξ = 0. (6.3)

If eqs. (2.2), (2.5) and (3.2) is used in eq. (6.3), then one obtains

α4[g(X1, X4)X2 − g(X4, X2)X1 + η(X4)η(X1)X2 − η(X4)η(X2)X1]

−α2R(X1, X2)X4 +
α2

n−1 [Ric(X4, X1)X2 −Ric(X4, X2)X1] = 0.
(6.4)
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Putting X2 = ξ in (6.4) and the aid of (2.2), (2.5), we have

α4η(X4)η(X1)ξ +
α2

n− 1
Ric(X4, X1)ξ = 0. (6.5)

When the inner product is taken with ξ in eq. (6.5), one has

Ric(X1, X4) = −α2(n− 1)η(X1)η(X4).

In conclusion, one has the theorem given below:

Theorem 6.1. Let M be an α-cosymplectic manifold satisfyingW8.R = 0 condition, then the manifold is a special kind of
η-Einstein manifold.

7. α-cosymplectic manifolds satisfyingW8.W8 = 0 condition

At this part, we examine α-cosymplectic manifolds satisfyingW8.W8 = 0 condition. Then, we have

W8(ξ,X4)W8(X1, X2)X3 −W8(W8(ξ,X4)X1, X2)X3

−W8(X1,W8(ξ,X4)X2)X3 −W8(X1, X2)W8(ξ,X4)X3 = 0.
(7.1)

By using (3.2) in (7.1), we obtain

R(ξ,X4)W8(X1, X2)X3 +
1

n−1 [Ric(ξ,X4)W8(X1, X2)X3 −Ric(X4,W8(X1, X2)X3)ξ]

−R(W8(ξ,X4)X1, X2)X3 − 1
n−1 [Ric(W8(ξ,X4)X1, X2)X3 −Ric(X2, X3)W8(ξ,X4)X1]

−R(X1,W8(ξ,X4)X2)X3 − 1
n−1 [Ric(X1,W8(ξ,X4)X2)X3 −Ric(W8(ξ,X4)X2, X3)X1]

−R(X1, X2)W8(ξ,X4)X3 − 1
n−1 [Ric(X1, X2)W8(ξ,X4)X3 −Ric(X2,W8(ξ,X4)X3)X1] = 0.

(7.2)

Putting X2 = X3 = ξ in (7.2) and with the help of (2.2), (2.3), (2.6), (3.2) equations and on simplification, we get

Ric(X1, X4)ξ = −α2(n− 1)g(X1, X4)ξ. (7.3)

When the inner product is taken with ξ in eq. (7.3), one has

Ric(X1, X4) = −α2(n− 1)g(X1, X4).

In conclusion, one has the theorem given below:

Theorem 7.1. Let M be an α-cosymplectic manifold satisfying W8.W8 = 0 condition, then the manifold is an Einstein
manifold.

8. α-cosymplectic manifolds satisfyingW8-Ricci pseudosymmetric condition

At this part, we examineW8-Ricci pseudosymmetric α-cosymplectic manifolds.
The notion of Ricci pseudosymmetric manifold has been presented by Deszcz ([8], [9]). In the case of Riemannian,
the geometric comment of Ricci pseudosymmetric manifolds has been presented by [14]. A Riemannian manifold
(M, g) is known Ricci pseudosymmetric ([8], [9], [12], [24]) if the tensorR.Ric and the Tachibana tensor Q(g,Ric)
are linearly dependent, where

(R(X1, X2).Ric)(X3, X4) = −Ric(R(X1, X2)X3, X4)−Ric(X3,R(X1, X2)X4),

Q(g,Ric)(X3, X4;X1, X2) = −Ric((X1 ∧g X2)X3, X4)−Ric(X3, (X1 ∧g X2)X4)

and
(X1 ∧g X2)X3 = g(X2, X3)X1 − g(X1, X3)X2

for all X1, X2, X3, X4 ∈ χ(M). R indicates the curvature tensor of M .
An α-cosymplectic manifold is known to beW8-Ricci pseudosymmetric if its curvature tensor satisfies

(W8(X1, X2).Ric)(X3, X4) = LRicQ(g,Ric)(X3, X4;X1, X2), (8.1)



Some results onW8-curvature tensor in α-cosymplectic manifolds 213

holds on X4Ric = {x ∈M : Ric 6= scal
n g at x}, in which LRic is some function on X4Ric. By using eq. (8.1), one

obtains

Ric(W8(X1, X2)X3, X4) +Ric(X3,W8(X1, X2)X4)
= LRic[g(X2, X3)Ric(X1, X4)− g(X1, X3)Ric(X2, X4)
+g(X2, X4)Ric(X1, X3)− g(X1, X4)Ric(X2, X3)].

(8.2)

Taking into account ofX3 = ξ in (8.2) and by using the eqs. (2.1), (2.2), (3.2) and making the necessary simplifications,
we get

2α2[Ric(X2, X4)η(X1)−Ric(X1, X2)η(X4)]
+α4(n− 1)[g(X4, X2)η(X1) + g(X1, X4)η(X2)]
= LRic[Ric(X2, X4)η(X1)−Ric(X1, X4)η(X2)
−α2(n− 1)(g(X1, X4)η(X2) + g(X2, X4)η(X1))].

(8.3)

Putting X2 = ξ in (8.3) and by using (2.2) and making the necessary simplifications, we obtain

Ric(X1, X4) =
(n− 1)(α4 − α2LRic)

LRic
g(X1, X4)−

α4(n− 1)

LRic
η(X1)η(X4).

In conclusion, one has the theorem given below:

Theorem 8.1. Let M be an α-cosymplectic manifold satisfyingW8-Ricci pseudosymmetric condition, then the manifold is an
η-Einstein manifold.

9. α-cosymplectic manifolds satisfyingW8.Q = 0 condition

At this part, we examine α-cosymplectic manifold satisfyingW8.Q = 0 condition. Then, we obtain

W8(X1, X2)QX3 −Q(W8(X1, X2)X3) = 0. (9.1)

When X2 = ξ is put in eq. (9.1), one gets

W8(X1, ξ)QX3 −Q(W8(X1, ξ)X3) = 0. (9.2)

If eq. (3.2) is used in eq. (9.2), then one gets

R(X1, ξ)QX3 +
1

n−1 (Ric(X1, ξ)QX3 −Ric(ξ,QX3)X1)

−Q[R(X1, ξ)X3 +
1

n−1 (Ric(X1, ξ)X3 −Ric(ξ,X3)X1)] = 0.
(9.3)

Taking into account of (2.2), (2.4), (2.5) in eq. (9.3) and making the necessary simplifications, we get

α2Ric(X1, X3)ξ + α4(n− 1)g(X1, X3)ξ = 0. (9.4)

Taking inner product with ξ in (9.4) and making the necessary simplifications, we obtain

Ric(X1, X3) = −α2(n− 1)g(X1, X3).

In conclusion, one has the theorem given below:

Theorem 9.1. Let M be an α-cosymplectic manifold satisfying W8.Q = 0 condition, then the manifold is an Einstein
manifold.

10. η-Ricci solitons on α-cosymplectic manifolds satisfyingW8(ξ,X1).Ric = 0

At this part, we examine η-Ricci solitons on α-cosymplectic manifold satisfying W8(ξ,X1).Ric = 0. The
condition that must be satisfied byRic is [5]:

Ric(W8(ξ,X1)X2, X3) +Ric(X2,W8(ξ,X1)X3) = 0 (10.1)
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for all X1, X2 and X3 ∈ χ(M). By using (2.5), (2.8), (2.9) and (3.2) in (10.1), we have

[ (α+λ)(2α+λ−µ)n−1 − α2(α− µ)][g(X1, X2)η(X3) + g(X1, X3)η(X2)]

+ 2(α+λ)(λ+µ)
n−1 g(X2, X3)η(X1) + 2α2(α− µ)η(X1)η(X2)η(X3) = 0

(10.2)

for all X1, X2 and X3 ∈ χ(M). Putting X1 = ξ in (10.2), we obtain

(2α+ λ− µ)η(X2)η(X3) + (λ+ µ)g(X2, X3) = 0

for all X2, X3 ∈ χ(M). But α+ λ = n− 1, so 2α+ λ− µ = 0 and λ = −µ and we can state:

Theorem 10.1. If (ϕ, ξ, η, g) is an almost contact metric structure on the n-dimensionalα-cosymplectic manifoldM, (g, ξ, λ, µ)
is an η-Ricci soliton on M andW8(ξ,X1).Ric = 0, then λ = −α+ n− 1 and µ = α− n+ 1.

11. η-Ricci solitons on α-cosymplectic manifolds satisfyingRic(ξ,X1).W8 = 0

At this part, we examine η-Ricci solitons on α-cosymplectic manifold satisfying Ric(ξ,X1).W8 = 0. The
condition to be satisfied byRic is [5]:

Ric(X1,W8(X2, X3)X4)ξ −Ric(ξ,W8(X2, X3)X4)X1

+Ric(X1, X2)W8(ξ,X3)X4 −Ric(ξ,X2)W8(X1, X3)X4

+Ric(X1, X3)W8(X2, ξ)X4 −Ric(ξ,X3)W8(X2, X1)X4

+Ric(X1, X4)W8(X2, X3)ξ −Ric(ξ,X4)W8(X2, X3)X1 = 0

(11.1)

for all X1, X2, X3 and X4 ∈ χ(M). By taking an inner product with ξ in (11.1), we get

Ric(X1,W8(X2, X3)X4)−Ric(ξ,W8(X2, X3)X4)η(X1)
+Ric(X1, X2)η(W8(ξ,X3)X4)−Ric(ξ,X2)η(W8(X1, X3)X4)
+Ric(X1, X3)η(W8(X2, ξ)X4)−Ric(ξ,X3)η(W8(X2, X1)X4)
+Ric(X1, X4)η(W8(X2, X3)ξ)−Ric(ξ,X4)η(W8(X2, X3)X1) = 0

(11.2)

for all X1, X2, X3 and X4 ∈ χ(M).
By taking X2 = X3 = ξ in (11.2) and by virtue (2.5), (2.8), (2.9) and (3.2) and making the necessary simplifications,
we have

(α+ λ)[g(X1, X4)− η(X1)η(X4)] = 0 (11.3)

or
(α+ λ)g(ϕX1, ϕX4) = 0

for all X1, X4 ∈ χ(M). But α+ µ = n− 1, so (α+ λ) = 0 and we can state:

Theorem 11.1. If (ϕ, ξ, η, g) is an almost contact metric structure on the n-dimensionalα-cosymplectic manifoldM, (g, ξ, λ, µ)
is an η-Ricci soliton on M andRic(ξ,X1).W8 = 0, then λ = −α and µ = −α+ n− 1.

By using (11.3) from (2.8), we have

Ric(X1, X2) = −(λ+ µ)η(X1)η(X2).

So, one has the corollary given below:

Corollary 11.1. If (ϕ, ξ, η, g) is an almost contact metric structure on the n-dimensionalα-cosymplectic manifoldM, (g, ξ, λ, µ)
is an η-Ricci soliton on M andRic(ξ,X1).W8 = 0, then the manifold is a special type of η-Einstein manifold.
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