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1. Introduction and preliminary results

We first introduce the following notations. A’, r(A), €' (A), and A* denote, respectively, the transpose, the rank, the column
space, and the Moore—Penrose generalized inverse of A € R™*" where R™*" stands for the set of all m x n real matrices.
E4, = At =1, — AA" stands for the orthogonal projector, where I,, denotes the identity matrix of size m x m. i, (A) and
i—(A) denote the positive and the negative inertias of symmetric matrix A, respectively, and for both iy (A) and i+ (A) are
used. The inequality A; — A, > 0 or A = A, means that the difference A| — A, is positive semi-definite (psd) matrix in
the Lowner partial ordering (LPO) for the symmetric matrices A| and A, of same size, further, we use A; < Ay, A| < Ay,
and A; > A, in cases where the difference A; — A, is negative definite, negative semi-definite, and positive definite matrix,
respectively.

As a linear model with its partitioned form, we consider

Moy=Xo+e=[Xi, Xo|[a), o] +e=Xj0+Xo0s+6, (1.1)
E(g) =0 and cov(e, &) = D(¢g) = 6%, (1.2)

and its reduced model
Mp - Xyy =X5X a1 + X5 €, (1.3)

where y € R"*! is a vector of observable response variables, X = [Xl, Xz] € R"k is a known matrix of arbitrary rank with
X; e R*ki o = [Oc’l, a’z]/ € R**1 is a vector of fixed but unknown parameters with ; € Rkix1 g e R"*! i an unobservable
vector of random errors, 62 is a positive unknown parameter, and £ € R"*" is a known psd matrix of arbitrary rank, i = 1,2,
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ki + ko = k. The reduced linear model .# in (1.3), also known as the correctly-reduced model, is obtained by pre-multiplying
X2L on both sides of the partitioned linear model .# in (1.1); see, e.g., [1] and [2]. The model in (1.3) is one of the different
forms of the model in (1.1) and, especially, this model can be considered when estimation/prediction problems in general
parametric functions of partial parameters are considered.

In statistical theory and its applications, there often exist certain restrictions on unknown parameters in linear regression models.
These kinds of restrictions occur in many situations such as the linear hypothesis testing on parameters. Let us considered the
partitioned linear model in (1.1) with a certain restriction on &, known as constrained partitioned linear model (CPLM), as
follows:

N y=Xa+e=Xjo;+Xpa2+¢€, Ajo; =by, (1.4)
and its constrained reduced linear model (CRLM),
M Xoy=XoX a1 +X5e, Ajo =by, (1.5)

where the linear restriction equation Ajo; = by is consistent for given A| € Rm*k1 of arbitrary rank and b; € R"™* ! The two
given equation parts in (1.4) and (1.5) can merge into the following combined form of vectors

N y=Xa+E=X 0 +Xo02 +&, (1.6)

M : X35 =X X a0 + X578, (1.7)
respectively, and according to the expectation and covariance matrix assumptions in (1.2),

s e el R . 0 & ol o o las
E@y)=Xa, EX3y)=X3Xja;, D(y)=D(E)=o> {0 0] =%, D(X;¥)=D(X;8)=0°X;2X;  (1.8)

are obtained, where

~ |y T _Io A_X1X2 A_Xl A_Xz ~_|€ AL_le

y_|:b1:|’ X_[Xla XZ:I_|:A1 0:|7 X1_|:A1 ) X2_ 0’ €= 0’ X5 = 0|
This merging operation in (1.6) and (1.7) is a well-known method of including equality restrictions in constrained linear
regression models.
‘We make statistical inference of the models in (1.6) and (1.7) under the assumptions that the models are consistent, i.e., we
assume thaty € € [)A(, fl} holds with probability (wp) 1, corresponding the consistency of .4, in this case, the model .4z in
(1.7) is consistent, i.e., ﬁf? c¥ [)A(ZL)AQ, ﬁ%if(zi] holds wp 1; see, e.g., [3].
To estimate the unknown parameter vector ¢/ and to predict random error vector € jointly in (1.4) and (1.5), we construct a
general vector containing the both unknown vectors as follows

¢, =Ko +He = [K;,0] o + He := Kot + HE (1.9)

for given matrices K = [K;,0] € R™* with K; € R and H € R ("+")_ It can be seen from the expectation and covariance
matrix assumptions in (1.2) and (1.8),

E(¢0,) =Ko, D(¢,)=0*HEH, cov(¢,,5)=0’HE, cov(¢,,X5¥)=0’HEXs. (1.10)

In the present paper, we concern with the problems of constrained prediction/estimation under a CPLM and its CRLMs. We
first review some of the results related to the subject that we consider in the study including the consistency of CPLMs,
predictability/estimability of ¢, in (1.9), the best linear unbiased predictors (BLUPs), and the best linear unbiased estimators
(BLUEs). We show how to establish the BLUPs and the BLUESs of all unknown vectors in a CPLM and its CRLMs and
present some fundamental properties of the BLUPs/BLUESs by solving certain constrained quadratic matrix-valued function
optimization problems in LPO including ranks and inertias of block matrices. Our main purpose is to derive various inequalities
and equalities for comparison of covariance matrices of the BLUPs/BLUEs of all unknown vectors in the CPLM and its
CRLMs. Previous and recent work on the problems of the inference of CPLMs can be found in; see e.g., [4]-[18] among
others.

The results, in the present paper, are established by making use of formulas of ranks of block matrices and elementary matrix
operations. We review well-known results, which we need later, related to block matrices as follows.

Lemma 1.1 ([19]). Let Ay, Ay € R™", or; let A} = A, Ay = A}, € R™*". Then,

1. A :A2<:>I‘(A|—A2)=O.
2. Ay >-A2<i>i+(A17A2):mandA1 <A2<:>i,(A17A2):m.
A ZASILAI—A)=0and A1 Ay = i (A1 —Ay) =0.
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Lemma 1.2 ([19]). Let A = A} € R™™ Ay = A, e R™", P € R™", and ¢ € R. Then,

r(Ay) =i (A1) +i(Ay).

. [ it(A)) if ¢>0
’i(CA‘)_{ ii(Ai) if c<0"

A P . |AY -P| . |-A; P
Ep oA T EP A TP Ay

A R R N N R R

Lemma 1.3 ([19]). Let A| = A} € R™*™ B =B’ € R™", and A, € R™*". Then,

A A .
iy [A/l 02] =r(A2) +i+(Es,AE,,). (1.11)
A A . |AL A .
iy [Ai 02} =r[A1, Ay and i_ {Ai 02} =r(Ay) if Al 0. (1.12)
. |AT A , . .
I+ |:Aé B2:| ZZi(A1)+li(B—A/2A1+A2) if %(Az)g%(Al) (1.13)

Lemma 1.4 ([20]). Let Q € R"™" be a symmetric psd matrix. Assume that there exists Xy € R™*" such that XoA = B for
given A € R"*P, B € R"™*P. Then the maximal positive inertia of XoQX{, — XQX' subject to all solutions of XA =B is

max i, (XoQX) - XQX) = 1 [Xgﬂ ~r(A) = r(X0QAL). (1.14)

Hence there exists solution Xo of XoA = B such that holds for all solutions of XA = B & X satisfies both XoA = B and
XoQA'L =

2. BLUPs/BLUESs’ computations

A group of computational formulas on the BLUPs/BLUEs of all unknown vectors in CPLM and its CRLMs are given with
many basic properties of BLUPs/BLUESs by using quadratic matrix optimization methods given as in Lemma 1.4. Under our
considerations, firstly, we review the predictability/estimability requirement of ¢, and its special cases under the models (1.6)
and (1.7) before giving the definition of the BLUPs/BLUEs.

1. ¢, in (1.9) is predictable by ¥ under .# in (1.6), i.e., E(Ly — ¢,) = 0 holds for some L < ¢(K’) C €(X') < Kot is
estimable under (1.6), i.e., Kl o is estimable under (1.6),

2. Xatis always estimable and € is always predlctable under (1.6),

3. ¢, in (1.9) is predictable by X y under Mrin (1.7), ie., E(G XzLy ¢,) = 0 holds for some G < ¢'(K)) C %()/Z’I)Aizi)
< Kja; is estimable under (1 .,

4. Xj o is estimable under (1.7) < ‘K(X’) CE(XX$),

5. Xleal is always estimable and XLE is always predictable under (1.7),
6. a is estimable under (1.7) & r(XzLXl) = k; and € is always predictable under (1.7);

see, e.g., [21]. Further, ¢, is predictable under N when it is predictable under /1//1;.
Definition 2.1 ([22],[23]). The BLUP/BLUE definitions for models in (1.6) and (1.7) are given as follows, respectively.
1. Let ¢ be predictable by ¥ in (1.6). If there exists Ly such that
D(LYy—¢,) = mins.t. E(LYy—¢,) =0 2.1

holds in the LPO, the linear statistic Ly is defined to be the BLUP of ¢, and is denoted by Ly = BLUP /7( 0,) =
BLUPL/?(I%OC +He). F H=0in ¢, or K=0in ¢, LY corresponds the BLUE of Ka, denoted by BLUE A(IA( o) and
BLUP of HE, denoted by BLUP i{HE) under (1.6).
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2. Let ¢, be predictable by )A(%S’\ in (1.7). If there exists G)A(zly such that
D(GX3§—¢,) = mins.t. E(GX3y—¢,) =0

holds in the LPO, the linear statistic G)A({y\ is defined to be the BLUP of ¢, and is denoted by G)A(j-i =BLUP /7,;(45 =
BLUPJ?R(Klal +He). IfH=0in ¢, or K| =0 in ¢,, Gﬁ%? corresponds the BLUE of K «, denoted by
BLUELA7R(K1(XI) and BLUP of HE, denoted by BLUP@(H?), under (1.7).

The fundamental results on BLUP of ¢, under (1.6) and (1.7) are collected in the following theorems. The results given below
are obtained from [24] by considering the models and notation used in this paper. For different approaches; see, e.g, [23], [25].

Theorem 2.2. Let ¢, be predictable by 'y in (1.6). Then,
BLUP (¢,) =Ly = ([f( HEXL] W + lef) 3, 2.2)

where Py € RSt is an arbitrary matrix and W = [)A(, E)A(J-] In particular,

1. L is unique < r(W;) = (n+m).
2. BLUP /17<¢12 is LTique wp 1 ¢ JAV is consistent.
r(Wh)=r[X, Z]=r[X, X'I].
4. Further, the following dispersion matrix equalities hold.
D[BLUP ~(¢,)] =0 [K, HIX'|WiZ([K, HEX']W{)’ 2.3)
D[¢, —~BLUP ~(¢,)] =0 ([K, HEX']W{ -H)I([K, HIX']W;-H)". 2.4)
5. In particular,
BLUE (Ka) = ([K, 0] W +PWi )5, 2.5)
BLUP -(HE) = ([0, HEX LW +P3W1l) 3y, (2.6)

where P and Py € R¥*"t™) qre arbitrary matrices.

Proof. Let Ly be an unbiased linear predictor for ¢, under the model in (1.6). Then,

~

E(LYy—¢,) =05 LX=K, ie, [L, —L] [I)é] =0, 2.7)
D(Ly-¢,)=c*L-HI(L-H)=0’[L, -I] [I"ﬁm} z [I"ﬁ’"} L, -1 (2.8)

for unbiased linear predictor Ly. The similar expressions can be written for the other unbiased linear predictor Ty for ¢, under
the model in (1.6) by writing T instead of L 111 (2.1) and (2.8). Then the expression in (2.1) can Ee expressed as to find solution
L of the consistent linear matrix equation LX = K such that D(LYy — ¢,) < D(Ty — ¢,) s.t. TX =K i.e.,

I,+ S In+ ! ! I +r ey I -+ ! ! o >
L. -1 { hm} > { Hm} L L] <[T, 1] [ vl bl e 1) s TR=K 2.9)
Applying (1.14) to (2.9), the maximal positive inertia of D(LY — ¢,) — D(Ty — ¢, ) subject to TX = K is obtained as follows:

L, 1] |:In+m:| s |:In+m

. ~ B H H ] X
(DT = 0,) DTy —9,)) =r ﬂ -’ H
s (2.10)
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Combining (2.7) with (2.10), we conclude that D(LY — ¢,) = min < there exists L satisfying both
oL

!/
LX=K and [L, I P"ﬁ’"} s P"ﬁ’”} [Iié] =0,

i.e.,, Ly = BLUP j(‘i)l) <L [)A(, f)A(l] = [IA( Hf)A(l] . This matrix equation is consistent and the general solution of the
equation can be written as in (2.2); see, e.g., [26]. Results in items 1 and 2 follow from (2.2). For the result in item 3, we refer
[27, Lemma 2.1(a)]. (2.3) is seen from (2.2) and the assumptions in (1.2). Further,

cov{BLUP ~(¢,),¢,} = [K HEX'][X, IX‘] IH' @.11)
by using (1.8) and (1.10). (2.4) is seen from (2.3) and (2.11). (2.5) and (2.6) follow directly from (2.2). O
Theorem 2.3. Let ¢ be predictable by X y in (1.7). Then,

BLUP -(9,) = GX4y = ([Kl, HEXS (X4X))1] W;+P4W2L))A(2L§, 2.12)

where Py € RS i an arbitrary matrix and Wy = [)A(j-)/il, Xé‘if(zl(f(jf(l )L} In particular,
G is unique < r(W3) = (n+m).
BLUP ((])1) is unique wp 1 < N is consistent.

(Wo) =r [X3 X1, (XX X 2%, | =r[X5X), X32X, ]
The following dispersion matrix equalities hold.

:’*.W!\’tN

D[BLUP -(9,)] = o® [K;, HEX3(X3X))']WiX3IX5 ([K;, HEX; (X3X,)"]W5)',

PN o~ o~ —~ —~ PN ~ o~ ~ !/
D9, ~BLUP -(¢))] = o* ([K;, HEX}(X3X))' Wiy —H)E([K,, HEX}(X; X)) Wiki—H) . 213)
5. In particular,

BLUP -(9)) = GX33 = ([Ki, 0] W +PsW3) X35,

BLUP -(¢,) = GX{§ = ([0, HEXS (X4 X)L Wi +P6W2L) X1,
where Ps and Pg € RS*"+m) gpe arbitrary matrices.

Proof. The proof of the theorem is obtained in a similar way to the proof of the Theorem 2.3. O

3. Main results

Theorem 3.1. Let consider models N and 1/1//1; in (1.6) and (1.7), respectively, and assume that ¢, is predictable under these
models. Let BLUP ~(¢,) and BLUP ~ ((])1) be as given in (2.2) and (2.12), and

£ S OSH 0 X

X520 0 XX, 0

A=|HX 0 0 K 0

0 X/ X5 K| 0 0

X' 0 0 0 0

Then

i+(D[¢; —BLUP (9,)] —D[¢; —BLUP -(9,)]) =i+ (A)—r[X, E]-r(X3Xy), 3.1)
i (D[¢; —BLUP (9,)] - D[¢; —BLUP -(9,)]) =i-(A) —r [X3X;, X3EX3]-r(X), (3.2)

r(D[¢; —BLUP (¢,)] ~D[¢; —BLUP -(¢,)]) = r(A)—r[X, E]-r(XsXi)—r[X$X;, XEEXE]-r(X). (3.3)

Further,
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1. D[¢, —BLUP (¢,)] ~ D[¢; —BLUP -(¢,)] =i (A) =r[X, Z]+r(X3Xi)+s

2. D[¢; —BLUP (¢;)] < D[p; —BLUP (¢,)] < i-(A) =r[X3X;, X3IXy]|+r(X)+s

3. D[¢, —BLUP j{(¢,)] = D[¢, —BLUP (¢,)] < i-(A) = r[X3X;, X35X3]+r(X).

4. D[¢; —BLUP (¢,)] < D[¢; —BLUP (¢,)] i+ (A) =r[X, I]+r(X;3X)).

5. D[¢, — BLUP A((pl)]:D[q),—BLUP/7R(¢1)}<:>r(A):r[)A(, Y+ (X X))+ [ X9 Xy, X5EX5|+r(X)

Proof. LetD =D[¢; —BLUP +(¢,)]. By using (2.13) and (1.13),
i+(D[¢; —BLUP (¢,)] —D[¢; —BLUP 7(¢,)])

™)

o P o~ o~ ~ I
£([Ki, HEX}(X3X))WiX{ - H) -

PN o~ o~ ~ ~ PN o~ o~ ~ /
=iy <D Ki, HEX;(X3X) " WiRs —H)E([K, HEXS(X3X)"] WiR{ —H) )
[ —ix(X)

Kl, HEXS (X4X))* ]W;fif—H)f D

X5 0
0 [K;, HIX;(X3X))"']

/ ) (3.4)

is obtained, where W, = [)?%5\(1, X1EXt (i%ﬁl)l] We can apply (1.13) to (3.4) since the column space inclusions
(L) C€(W>) and € ( (K1, Hiﬁf ()/ZZL)/ZI )] /) C ¢ (W)}) hold. Then (3.4) is equivalently written as follows

_. T —IH N X5 0 0 W,
“\[-HEZ D 0 [K;, HEXF(X$X))L]| (W5 0

0 XX, -XiIXy(X3X))t X% 0
X/ X4+ 0 0 0 K,
is (xfxl)lxﬂxz 0 0 0 (X3X))'X;IH
X) 0 0 T —SH'
0 K, HEX) (X4 X))t —HE D

—r XX, X3EXF (X3 X))t - ik (X)

IR K MEGEIK)L K
. _X/IXZ 0 0 K/l A N
B X; X)) X4 EX oo o e | —r[XiX, X4EXS
a _(XzLxl)lXZLZXZL 0 0 (X%Xl)LXZLZH/ r[ 2 A, ) 2]
HIX; K, HEXS (X2X)) D HSH

—X+EX) —XiX,  XITH

=iy | XXy 0 K [ —r[XX, X3EXG ] +is (X3 X)X EXG (X5 X )]
| HEX; K; D-HIHW
X32Xy X3IH X5X| 0
=iz | | HZX3 HIH K; |— |L|D[0 I 0] | +is[X3X1)"X52X5 (X5 X)) "]
XXt K, 0 0 (3-3)

—r[Xs X1, X3EXj5].
We can reapply (1.13) to (3.5) after writing D = D[¢, — BLUP /?(¢1)] in (2.4). Then, (3.5) is equivalently written as follows
by using the similar way to obtaining (3.4), ‘

b 0 —YH 0 3 0

; 0 Xi¥X; XiTH X5X, |0 0 {0 er 0 0 0

Tl |- HEXS HIH K, 0 [K, HEX']| W, 0] |0 o [K, HEX'] 0 (3.6)
0 XXy K 0 0 0

—r[X3Xy, X3EXF] +is [(XF X)X EXG (X5 X)) i (D).
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We can apply (1.13) to (3.6) since ‘K(f) C €(W)), where W| = [)A(, fiﬂ From Lemma 1.2 and 1.3, (3.6) is equivalent to

0 X Xt ¥ 0 0 0 ]
-X 0 0 0 0 K’ 0
-X'Z 0 0 0 0 XXH 0
iv| X 0 0 by 0 —TH 0 | -r[X3X), XiEX5]—ir(Z)-r[X, IX!]
0 0 0 0 X3IX5 X5IH X5X
0 K HIX' -HX HIXy HIH K
Lo 0 0 0 XXy K 0
iz [(X3X0) T X3 IX (X3 X))
[ X X' 0 TH 0
X 0 0 0 K’ 0
=X 0 0 0 XIH 0 e olecll e
ST 0 0 SR Xisw xix | X XrXlor[Xa]
HX K HIX' HIX; 0 K|
.0 0 0 XXy K, 0 |
iz (X3 X)X 2X; (X5 X))
£ X 0 TH 0
X' 0 0 K’ 0
=iz | 0 0 X3IXy X5IH X3X;|-r[X3X;, XaIXy|-r[X, IZ]+ig[XIEXH]
HX K HIX; 0 K|
0 0 XXy K| 0
+ix (X)X 55 (X5 X)) ]
T 0 X IH 0
0 -X33X; 0 X5IH X5X|
=iy | X 0 0 K 0 | —r[X3X), XiXX5]—r[X, IX|+iz[XtIXY]
HX HIXy K 0 K
0 XX3y 0 -K| 0

+ix (X3 X)) X3 EXy (X5 X))

X 0 IH

0 XX XXy 0
X' X 0 0 K | —r[XiX;, Xi5Xi]-r[X, £ +ip [XLEXL]

0 0 K

K K, 0

£ SKEOSH o0
X520 0 XX
=iz |HZ 0 0 K
0 XXy Ki 0
X/ 0 0 0

iy [ROERY].

R KR (RR) R R K T

oo o o M

In consequence, by using (1.11) and (1.12), we obtain (3.1) and (3.2) from (3.7). (3.3) is obtained by adding the equalities in
(3.1) and (3.2). (a)-(e) is seen from (3.1)-(3.3) by using Lemma 1.1. O]

As an immediate consequence of Theorem 3.1, the following results are obtained by setting H =0 and K| = )Ail , respectively,
in this theorem.
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Corollary 3.2. Let f and ,/1//R\ be as given in (1.6) and (1.7), respectively, and assume that K1 is estimable under these
models. Denote

T35 00

X0 0 XX
0
0

=)
=)
4
cc oo M

Then

i+ (D[BLUE (Kj@1)] — D[BLUE ;-(Kio1)]) =iy (B)—r[X, £] —r(X3X)),
i (D[BLUE (K;01)] - D[BLUE ;(Kiau1)]) =i-(B) —r[X3 X1, X3IX3]—r(X),

r(D[BLUE (K a1)] —D[BLUE - (Ki0)]) = r(B) —r[X, £]—r(XsX1)—r[X3X), X35X3]—r(X),

Further,
1. D[BLUE (K;a1)] - D[BLUE ;(Kia)] < i (B) = r[X, E]+r(X3X1)+s.
2. D[BLUE (K;a1)] < D[BLUE ;-(Kia1)] < i-(B) = [X3X;, X3EX3]+r(X)+s.
3. D[BLUE j(Ki@1)] = DBLUE -(Ki01)] < i-(B) = r[X3X;, X$5X3]+r(X).
4. DBLUE ~Kja1)] < D[BLUE ~(Kion)] < iy(B) =r[X, I]+r(X3X)).
5. D[BLUE (Kja1)] = D[BLUE ;-(Kia1)] < r(B) = r[X, ] +r(X3X1)+r[X3 X1, X3IX3]+r(X).

Corollary 3.3. Let N and j/; be as given in (1.6) and (1.7), respectively, and assume that ﬁl Q. is estimable under these
models. Denote

T OIX+ X
C=|X{Z 0 o0
X 0 0
Then
i+ (D[BLUE AXia;)] —D[BLUEJR()A(lal)]) =i.(C)-r[X, %],
i (D[BLUE (X a1)] = D[BLUE ~(Xia1)]) =i-(C) —r[X3X;, X3EIX3] —r(Xa),
r(D[BLUE j(Xja1)] = D[BLUE ;-(Xia1)]) = r(C) —r[X, I -r[X3X;, X3IX;]-r(X2).
Further,
1. D[BLUE (X a1)] = D[BLUE ;~(X1a1)] < i (C) = r[X, E]+m+n.
2. DBLUE AXja)] < D[BLUEJ?R()A(la])] i (C)=r[XiX), XFEXL] +r(Xa)+mtn.
3. DIBLUE »(Xia1)] = DBLUE ;-(Xia1)] i (C) = r[X3X;, X3IX3]+r(X2).
4. D[BLUE AX01)] < D[BLUEWAR()Aclal)] i (C)=r[X, I
5. D[BLUE ~Xia;)] = D[BLUE%(?{laI)] Sr(C)=r[X, E]+r[XiX;, X+EXI]+r(X).

Corollary 3.4. Let N and JI//; be as given in (1.6) and (1.7), respectively, and assume that &1 is estimable under these
models. Then

1. i+(D[BLUE j(et1)] — D[BLUE (a1)]) = r(D[BLUE j(et1)] — D[BLUE (ot1)]) =0.

2. i+(€ —D[BLUP ;(¢)] — D[€ — BLUP fk(g)]) = r(¢ - D[BLUP +(€)] —D[¢ — BLUP fk@)])

0.
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