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ABSTRACT

In this paper firstly, we study the operators associated with the diagonal lift and applied to vertical
and horizontal lifts. Secondly, we get the conditions of almost holomorphic vector fields with
respect to the diagonal lift.
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1. Introduction

Let Mn be n-dimensional differentiable manifold of class C∞, T p
q (Mn) its tensor bundle of type (p, q), and π

the natural projection T p
q (Mn) →Mn. Let xj , j = 1, ..., n be local coordinates in neighborhood U of a point x of

Mn.Then a tensor t of type (p, q) at x ∈Mn which is an element of T p
q (Mn) is expressible in the form

(xj , t
i1...ip
j1...jq

) = (xj , xj), xj = t
i1...ip
j1...jq

, j = n+ 1, ..., n+ np+q,

whose t
i1...ip
j1...jq

are components of t with respect to the natural frame ∂j . We may consider (xj , xj) as local
coordinates in a neighborhood π−1(U) of T p

q (Mn). To a transformation of local coordinates ofMn : xj
′
= xj

′
(xj),

there corresponds in T p
q (Mn) the coordinates transformation

xj
′

= xj
′
(xj) (1.1)

xj
′

= t
i′1...i

′
p

j′1...j
′
q
= A

i′1
i1
...A

i′p
ip
Aj1

j′1
...A

jq
j′q
, t

i1...ip
j1...jq

= A
(i′)
(i) A

(j)
(j′)x

j ,

where

A
(i′)
(i) A

(j)
(j′) = A

i′1
i1
...A

i′p
ip
Aj1

j′1
...A

jq
j′q
, A

i′1
i1

=
∂xi

′

∂xi
, Aj1

j′1
=

∂xj

∂xj′
.

Let A ∈ ℑp
q(Mn). Then there is a unique vector field AV ∈ ℑ1

0(T
p
q (Mn)) such that for α ∈ T p

q (Mn)

(A(ıα))V = α(A) ◦ π = (α(A))V ,

where (α(A))V is the vertical lift of the function α(A) ∈ F (Mn). We call AV the vertical lift of A ∈ T p
q (Mn) to

T p
q (Mn) (see [4, 5]). The vertical lift AV has components of the form

AV =

(
(Aj)V(
Aj
)V) =

(
0

A
j1...jp
j1...jq

)
(1.2)
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with respect to the coordinates
(
xj , xj

)
in T p

q (Mn).

Let ∇ be a symmetric affine connection on Mn.We define the horizontal lift ∇H = ∇̃V ∈ ℑ1
0

(
T p
q (Mn)

)
of

V ∈ ℑ1
0 (Mn) to T p

q (Mn) by [5]

(V (ıα))H = ı(∇V α), α ∈ T p
q (Mn).

The horizontal lift V H of V ∈ ℑ1
0 (Mn) to T p

q (Mn) has components

V H =

 V j

V s

(
q∑

µ=1

Γm
sj , t

i1...ip
j1...m...jq

−
p∑

λ=1

Γiλ
smt

i1...m...iq
j1...jq

)  (1.3)

with respect to the coordinates
(
xj , xj

)
in T p

q (Mn)[1, 4], where Γk
ij are local components of ∇ in Mn.

Suppose that there is given a tensor field ξ ∈ T p
q (Mn).Then the correspondence x→ ξx, ξx being the value

of ξ at x ∈Mn,determines a mapping σξ :Mn → T p
q (Mn), such that π ◦ σξ = idMn

, and the n dimensional
submanifold σξ(Mn) of T p

q (Mn) is called the cross-section determined by ξ. If the tensor field ξ has the local
components ξl1...lpk1...kq

(
xk
)
, the cross-section σξ (Mn) is locally expressed by

{
xk = xk

xk = ξ
l1...lp
k1...kq

(
xk
) (1.4)

with respect to the coordinates
(
xk, xk

)
in T p

q (Mn). Differentiating (1.4) by xj , we see that n tangent vector
fields Bj to σξ (Mn) have components

(
BK

j

)
=

(
∂xK

∂xj

)
=

(
δkj

∂jξ
l1...lp
k1...kq

)
(1.5)

with respect to the natural frame
{
∂k, ∂k

}
in T p

q (Mn).
On the other hand, the fibre is locally expressed by [4]{

xk = const,

t
l1...lp
k1...kq

= t
l1...lp
k1...kq

,
(1.6)

t
l1...lp
k1...kq

being considered as parameters.
Let A,B ∈ ℑp

q (Mn) , V,W ∈ ℑ1
0 (Mn) and φ ∈ ℑ1

1 (Mn). Let R denotes the curvature tensor field of the
connection ∇. Then (see [1, 4])

[
AV , BV

]
= 0[

V H , AV
]
= (∇VA)

V[
V H , γ̃φ− γφ

]
= γ̃ (LV φ+ (∇V )φ− φ (∇V ))− γ (LV φ+ (∇V )φ− φ (∇V ))[

V H ,WH
]
= [V,W ]

H
+ (γ̃ − γ)R (V,W )

(1.7)

where γ̃φ− γφ is a vector field in T p
q (Mn) defined by [4],

γ̃φ− γφ =

(
0∑q

µ=1 t
i1...ip
j1...m...jq

φm
jp

−
∑p

λ=1 t
i1...m...ip
j1...jq

φiλ
m

)
(1.8)

1.1. Diagonal lifts along a cross-section

Let φ ∈ ℑ1
1 (Mn). We define a tensor field φD ∈ ℑ1

1

(
T p
q (Mn)

)
along the cross-section σξ (Mn) by [4]{

φD
(
V H
)
= (φ (V ))

H
,∀V ∈ ℑ1

0(Mn)

φD
(
AV
)
= − (φ (A))

V
,∀A ∈ ℑp

q (Mn) ,
(1.9)
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where φ (A) = C (φ⊗A) ∈ ℑp
q (Mn) and call φD the diagonal lift of φ ∈ ℑ1

1 (Mn) to T p
q (Mn) along σξ (Mn).

Then , from (1.9) we have  (i)
(
φ̃K
L

)D (
Ṽ L
)H

=
(
(φ̃ (V ))

K
)H

,

(ii)
(
φK
L

)D (
ÃL
)V

= −
(
(φ̃ (A))

K
)V

,
(1.10)

where (φ̃ (A))
V
=

(
0(

(φ̃ (A))
k
)V )

=

(
0

φl1
mA

ml2...lp
k1...kq

)
Let φ ∈ ℑ1

1 (Mn). We define φH ∈ ℑ1
1

(
T p
q (Mn)

)
along σξ (Mn) by [4]{

φH
(
V H
)
= (φ (V ))

H
,∀V ∈ ℑ1

0 (Mn)

φH
(
AV
)
= (φ (A))

V
,∀A ∈ ℑp

q (Mn) ,
(1.11)

where φ (A) = C (φ⊗A) ∈ ℑp
q (Mn) [7].

Theorem 1.1. [4] If φ, ϕϵℑ1
1 (Mn), then with respect to symmetric affine connection ∇ in Mn, we have

φDϕD + ϕDφD = (φϕ+ ϕφ)
H
, (1.12)

φDϕH + ϕDφH = φHϕD + ϕHφD = (φϕ+ ϕφ)
D (1.13)

Putting φ = ϕ in (1.12), we obtain

φDφD = (φφ)
H
,
(
φD
)2

=
(
φ2
)H

. (1.14)

Since (idMn)
H

= idℑp
q(Mn), using (1.14), we have

Theorem 1.2. [4]If φ is almost complex structure in Mn, then the diagonal lift φD of φ to T p
q (Mn) along σξ(Mn) is an

almost complex structure in T p
q (Mn).

1.2. Sasakian Metrics on T p
q (Mn)

For each P ∈Mn the extension of the scalar product g (denoted also by g) is defined on the tensor space
π−1 (p) = T p

q (P ) by
g (A,B) = gi1t1...giptpg

j1l1 ...gjqlqA
i1...ip
j1...jq

B
t1...tp
l1...lq

for allA,B ∈ T p
q (P ). A Sasakian metric Sg(or a diagonal lift of g) is defined on T p

q (Mn) by the three equations
[11, 13]

Sg
(
AV , BV

)
= (g (A,B))

V
, A,B ∈ ℑp

q (Mn) , (1.15)
Sg
(
AV , Y H

)
= 0, (1.16)

Sg
(
XH , Y H

)
= (g (X,Y ))

V
, X, Y ∈ ℑ1

0 (Mn) . (1.17)

These equations are easily seen to determine Sg on T p
q (Mn) with respect to which the horizontal and vertical

distributions are complementary and orthogonal.
We define the horizontal lift ∇H of the Levi-Civita connection in Mn to T p

q (Mn) by the conditions{ (
∇AV BV

)
= 0,

(
∇AV Y H

)
= 0,(

∇XHBV
)
= (∇XB)

V
,
(
∇XHY H

)
= (∇XY )

H (1.18)

for any X,Y ∈ ℑ1
0 (Mn) and A,B ∈ ℑp

q (Mn) .
Let R denote the curvature tensor field of the Levi-Civita connection ∇. Then [5, 8][

AV , BV
]

= 0, (1.19)[
XH , AV

]
= (∇XA)

V
,[

XH , Y H
]

= [X,Y ]
H
+ (γ̃ − γ)R (X,Y ) ,

where γ̃ − γ : ℑ1
1 (Mn) → ℑ1

0

(
T p
q (Mn)

)
is the operator defined by

(γ̃ − γ)φ =

(
0∑q

µ=1 t
i1...ip
j1...m...jq

φm
jp

−
∑p

λ=1 t
i1...m...ip
j1...jq

φiλ
m

)
(1.20)

for any φ ∈ ℑ1
1 (Mn) with respect to the adapted frame ,φi

m being local components of φ in Mn.
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2. Main Results

2.1. The Tachibana operators applied to vertical and horizontal lifts with respect to almost complex structure φD along
σξ (Mn).

Definition 2.1. Let φ ∈ ℑ1
1(Mn), and ℑ(M) =

∑∞
r,s=0 ℑr

s(Mn) be a tensor algebra over R. A map ϕφ |
r+s⟩0 :

∗
ℑ(Mn) → ℑ(Mn) is called a Tachibana operator or ϕφ operator on Mn if

a) ϕφ is linear with respect to constant coefficient,

b) ϕφ :
∗
ℑ(Mn) → ℑr

s+1(Mn) for all r and s,

c) ϕφ(K
C
⊗ L) = (ϕφK)⊗ L+K ⊗ ϕφL for all K,L ∈

∗
ℑ(Mn),

d) ϕφXY = −(LY φ)X for all X,Y ∈ ℑ1
0(Mn) where LY is the Lie derivation with respect to Y,

e)

(ϕφXη)Y = (d(ıY η))(φX)− (d(ıY (ηoφ)))X + η((LY φ)X) (2.1)
= ϕX(ıY η)−X(ıφY η) + η((LY φ)X)

for all η ∈ ℑ0
1(Mn) and X,Y ∈ ℑ1

0(Mn), where ıY η = η(Y ) = η
C
⊗ Y,

∗
ℑr

s(Mn) the module of all pure tensor fields
of type (r, s) on Mn according to the affinor field φ [2, 3, 9, 12](see [10] for applied to pure tensor field).

Theorem 2.1. ForLX the operator Lie derivation with respect toX , φD ∈ ℑ1
1

(
T p
q (Mn)

)
the diagonal lift of φ ∈ ℑ1

1 (Mn)
to T p

q (Mn) along σξ (Mn) defined by (1.9) is an almost complex structure in T p
q (Mn), ϕφD the Tachibana operator on

Mn, we get the following formulas

i) ϕφDV HWH =
(
Lφ(V )W − φLVW

)H
+ (γ̃ − γ) (R (φ (V ) ,W )− φR (V,W )) ,

ii) ϕφDAV V H = (∇V φ(A))
V − (φ∇VA)

V
= ((∇V φ)A)

V
,

iii) ϕφDV HAV =
(
ψφ(V )A

)V
,

iv) ϕφDAV BV = 0,

where R is the curvature tensor of ∇, A,B ∈ ℑp
q (Mn) , V,W ∈ ℑ1

0 (Mn) and φ ∈ ℑ1
1 (Mn) .

Proof. i)

ϕφDV HWH = −
(
LWHφD

)
V H = −LWHφDV H + φDLWHV H

= −
[
WH , (φ (V ))

H
]
+ φD

[
WH , V H

]
=

[
(φ (V ))

H
,WH

]
− φD

([
V H ,WH

])
= [(φ (V )) ,W ]

H
+ (γ̃ − γ)R (φ (V ) ,W )

−φD
(
[V,W ]

H
+ (γ̃ − γ)R (V,W )

)
= [(φ (V )) ,W ]

H
+ (γ̃ − γ)R (φ (V ) ,W )

− (φ [V,W ])
H − (γ̃ − γ)φR (V,W )

=
(
Lφ(V )W − φLVW

)H
+(γ̃ − γ) (R (φ (V ) ,W )− φR (V,W ))

ii)

ϕφDAV V H = −
(
LV HφD

)
AV = −LV HφDAV + φDLV HAV

= −LV H − (φ (A))
V
+ φD (∇VA)

V

= (∇V φ(A))
V − (φ∇VA)

V
= ((∇V φ)A)

V
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iii)

ϕφDV HAV = −(LAV φD)V H = −LAV φDV H + φDLAV V H

= −
[
AV , (φ (V ))

H
]
+ φD

[
AV , V H

]
=

[
(φ (V ))

H
, AV

]
− φD

[
V H , AV

]
=

(
∇φ(V )A

)V − φD (∇VA)
V

=
(
∇φ(V )A

)V
+ (φ (∇VA))

V
)

=
(
∇φ(V )A− φ (∇VA)

)V
=

(
ψφ(V )A

)V
iv)

ϕφDAV BV = −
(
LBV φD

)
AV = −LBV φDAV + φDLBV AV

= −LBV − (φ (A))
V

= 0

2.2. The Vishnevskii Operators applied to vertical and horizontal lifts with respect to almost complex structure φD

along σξ (Mn).

Definition 2.2. Suppose now that ∇ is a linear connection on Mn, and let φ ∈ ℑ1
1(Mn). We can replace the

condition d) of defination 2.1 by

d
′
) ψφXY = ∇φXY − φ∇XY (2.2)

for any X,Y ∈ ℑ1
0(Mn). Then we can consider a new operator by a Vishnevskii operator or ψφ−operator on

Mn, we shall mean a map ψφ :
∗
ℑ(Mn) → ℑ(Mn), which satisfies conditions a), b), c), e) of definition 2.1 and the

condition (d
′
) [2, 3, 8, 9].

Let ω ∈ ℑ0
1(Mn). Using Definition 2.2, we have

(ψφω) (X,Y ) = (ψφXω)Y (2.3)
= (φX)(ιY ω)−X(ιφY ω)− ω (∇φXY − φ (∇XY ))

= (∇φXω −∇X (ω ◦ φ))Y

for any X,Y ∈ ℑ1
0(Mn),where (ω ◦ φ)Y = ω (φY ). From (2.3) we see that ψφXω = ∇φXω −∇X (ω ◦ φ) is a

1−form [9].

Theorem 2.2. For the horizontal lift ∇H of the Levi-Civita connection ∇ in Mn to T p
q (Mn), φD ∈ ℑ1

1

(
T p
q (Mn)

)
the

diagonal lift of φ ∈ ℑ1
1 (Mn) to T p

q (Mn) along σξ (Mn) defined by (1.9) is an almost complex structure in T p
q (Mn), ψφD

the Vishnevskii operator or ψφ−operator on Mn, we get the following formulas

i) ψφDV HAV =
(
ψA
φ(V )

)V
,

ii) ψφDV HWH =
(
ψφ(V )W

)H
,

iii) ψφDAV BV = 0,

iv) ϕφDAV BV = 0,

where R is the curvature tensor of ∇, A,B ∈ ℑp
q (Mn) , V,W ∈ ℑ1

0 (Mn) and φ ∈ ℑ1
1 (Mn) .
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Proof. i)

ψφDV HAV = ∇H
φDV HA

V − φD∇H
V HA

V ,

= ∇H
(φ(V ))H

AV − φD (∇VA)
V
,

=
(
∇φ(V )A

)V
+ (φ (∇VA))

V
,

=
(
∇φ(V )A− φ (∇VA)

)V
,

=
(
ψA
φ(V )

)V
.

ii)

ψφDV HWH = ∇H
φDV HW

H − φD
(
∇H

V HW
H
)
,

= ∇H
(φ(V ))H

WH − φD (∇VW )
H
,

=
(
∇φ(V )W

)H − (φ (∇VW ))
H
,

=
(
∇φ(V )W − φ (∇VW )

)H
,

=
(
ψφ(V )W

)H
.

iii)

ψφDAV BV = ∇H
φDAV B

V − φD∇H
AV B

V ,

= −∇H
(φ(A))V

BV ,

= 0.

iv)

ψφDAV V H = ∇H
φDAV V

H − φD∇H
AV V

H ,

= −∇H
(φ(A))V

V H ,

= 0.

Theorem 2.3. If V is an holomorphic vector field with respect to almost complex structure φ , the curvature tensor R of
∇ satisfies R (V, φ (W )) = φR (V,W ) for any V,W ∈ ℑ1

0 (Mn) and ∇φ = 0, then its horizontal lift XH to the T p
q (M)

is an almost holomorfic vector field with respect to the almost complex structure φD ∈ ℑ1
1

(
T p
q (Mn)

)
the diagonal lift of

φ ∈ ℑ1
1 (Mn) to T p

q (Mn) along σξ (Mn) .

Proof. i) (
LV HφD

)
WH = LV HφDWH − φDLV HWH

= LV H (φ (W ))
H − φD

(
[V,W ]

H
+ (γ̃ − γ)R (V,W )

)
= [V, φ (W )]

H
+ (γ̃ − γ)R (V, φ (W ))− φD [V,W ]

H

−φD ((γ̃ − γ)R (V,W ))

= (LV φ (W ))
H − (φLVW )

H
+ (γ̃ − γ)R (V, φ (W ))

− (γ̃ − γ)φR (V,W )

= ((LV φ)W )
H
+ (γ̃ − γ) (R (V, φ (W ))− φR (V,W ))

ii) (
LV HφD

)
AV = LV HφDAV − φDLV HAV

= −LV H (φ (A))
V − φD (∇VA)

V

= − (∇V φ (A))
V
+ (φ∇VA)

V

= − ((∇V φ)A)
V
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[6] Mağden, A., Cengiz, N., Salimov, A.A.: Horizontal lift of affinor structures and its applications, Appl. Math. Comput. 156 (2), 455–461 (2004).
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