42 (2023) 74-85 _—

NeW Tht]éug%ﬁg Journal of New Theory New Thébry

https://dergipark.org.tr/en/pub/jnt
ISSN: 2149-1402 Open Access

@

‘‘‘‘‘‘‘‘‘‘‘‘‘

On the Hyperbolic Leonardo and Hyperbolic Francois
Quaternions

Orhan Digkaya! ““ , Hamza Menken? ', Paula Maria Machado Cruz Catarino®

Abstract — In this paper, we present a new definition, referred to as the Francois sequence,
related to the Lucas-like form of the Leonardo sequence. We also introduce the hyperbolic
Received: 4 Nov 2022 Leonardo and hyperbolic Francois quaternions. Afterward, we derive the Binet-like formulas
Accepted: 12 Jan 2023 and their generating functions. Moreover, we provide some binomial sums, Honsberger-like,
Published: 31 Mar 2023 d’Ocagne-like, Catalan-like, and Cassini-like identities of the hyperbolic Leonardo quaternions
and hyperbolic Francois quaternions that allow an understanding of the quaternions’ proper-
ties and their relation to the Francois sequence and Leonardo sequence. Finally, considering
the results presented in this study, we discuss the need for further research in this field.
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1. Introduction

The algebra of hyperbolic quaternions in abstract algebra is a non-associative algebra over real numbers
with elements of the form
q = qo€o + q1€1 + q2€2 + g3€3

where qo, ¢1, 2, and g3 are real numbers and eg, e, ez, and es are the standard basis in R*. The

hyperbolic quaternion multiplication is defined using the rules
6% = 6% = 6% = 6% = 1, €1€2 = —ege] — €3, €23 — —e3€y = €71, and €361 = —e1€3 = €2
This algebra is also non-commutative. Let ¢ = qoeg+qi1e1+g2ea+gses and p = poeg+pie1 +paea+pses

be any two hyperbolic quaternions. Then, the addition and subtraction of the hyperbolic quaternions

are
qgFp=1(q Fpoeo + (q1 Fp1)er1 + (g2 Fp2)ea + (g3 F p3)es

and multiplication of the hyperbolic quaternions is

qp = (qoeo + qie1 + gae2 + gse3) (poeo + pie1 + paea + pses)
= (qopo + q1p1 + q2p2 + q3p3)eo + (qop1 + q1po + q2p3 — q3p2)er
+ (qop2 — q2p0 + q1p3 + q3p1)e2 + (qops + q3po — q1p2 + q2p1)es
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Moreover, for k € R, the multiplication by scalar is
kq = kqoeo + kqie1 + kqzea + kqses
and conjugate and norm of the hyperbolic quaternion ¢ are

q = qoeo — q1e1 — g2€e2 — g3€e3

lgll = \/lqal = /@& — @& — & — &3

respectively. One of the non-associative hyperbolic number systems, ideal for studying space-time

and

theories in relativities, is the hyperbolic quaternions. Many studies have been published on hyperbolic
quaternions. Macfarlane yields the hyperbolic counterpart of the spherical quaternions in [1]. Kosal
introduces hyperbolic quaternions and their algebraic properties in [2]. The four-dimensional real
algebra of bihyperbolic numbers is studied by Bilgin and Ersoy in [3]. An alternative representational
method is proposed for the formulation of classical and generalized electromagnetism in the case of
the existence of magnetic monopoles and massive photons after presenting the hyperbolic quaternion
formalism by Demir et al. in [4]. Kuruz introduces hyperbolic matrices with hyperbolic number entries
in [5]. Assis presents some properties of mathematical and physical interest in generalized algebras of
two, three, and four dimensions in [6]. The Fibonacci and Lucas sequences {Fy},~, and {Ly},,~, are

defined by two order recurrences, respectively,

Fob=0, Fi=1, and Fio=F,p1+F, (1)
and
Lo=2, Li=1, and Lypjo=Lp1+ Ly (2)
Here, F,, and L, are the nth Fibonacci and Lucas numbers. First few terms of these sequences are,
respectively,
0,1,1,2,3,5,8,13,21, 34,55,89, 144
and

2,1,3,4,7,11,18,29,47,76,123,199
The Recurrences 1 or 2 involve the characteristic equation
2 —r—-1=0 (3)

The roots of Equation 3 are

1 1—
+2\/5 and f— 2\/5

Then, the following relations can be derived

a+B8=1 a-8=V5 af=-1

o =

Therefore, the Binet formulas for the Fibonacci and Lucas sequences are, respectively,
a” — 5n
a—p

More information for the Fibonacci and Lucas numbers are given in [7,8]. The Leonardo sequence

F, = and L,=ao"+ "

{£n},>¢ is defined by recurrence

ﬁ():l, L4 =1, and £n+2:£n+1+£n+1
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where L,, is the nth Leonardo number. An expression of the relationship between Leonardo and

Fibonacci numbers is
L,=2F,y1—1, n>0

The Binet-like formula for the Leonardo sequence is
n+1 _ agn+l1
cn:2(1£f>—1 (5)

where a and 3 are given Equation 4. Other studies about Leonardo numbers can be listed in [9-15].
2. The Francois Numbers
This section presents a new definition, called the Francois sequence, related to the Lucas-like form of
the Leonardo sequence as follows:
Definition 2.1. The Francois sequence {F,} is defined by

Fn=Fon1+Fno+1l, n>2 (6)
with initial conditions Fy = 2 and F; = 1. Here, F,, is the nth Francois number.

First few terms of this sequence are 2, 1, 4, 6, 11, 18, 30, 49, 80, 130, 211. The Recurrence 6 can also
be written as follows

Fn+s =2Fny2 — Fn (7)

In fact, by the equalities Fp, 13 = Fni2 + Fnt+1 + 1 and Fpp0 = Fry1 + Fn + 1, we reach Equation 7.
Equation 7 satisfies the characteristic equation

-2 4+1=0 (8)

The roots of Equation 8 are 1, «, and 3. Here, the other roots except 1 are the same as those of
Equation 3. Taking Fy = 2, F1 = 1, and F2 = 4, we can easily reach the following result.

Theorem 2.2. The Binet-like formula for the Francois sequence is

an—i—l _ pn+l
b -1

.FnZOé +5 +W 5

n>0 (9)
where a and [ are given in Equation 4.

PRrROOF.
Assume that F,, = aa™ + b8" + c¢. Thus, we have

Fo=a+b+c=2
Fi=aa+b8+c=1

and
Fo=acd’ +b6>+c=4

By performing the solution with the Gaussian elimination method, we can find that

o B
a—pf’ a— L’

and c= -1

This proof is complete. [
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Theorem 2.3. For n > 0, the following identity is valid:
fn:Ln—f—F»,H_l—l, TLZO

PROOF.
The proof is clear by Theorem 2.2. [

Studies similar to the Leonardo and Francois numbers can be seen in [9,16-18]. The hyperbolic

Fibonacci and hyperbolic Lucas quaternions are defined as follows, respectively,
HF, = Fyeo+ Fypiie1 + Fioea + Fi3e3

and
HL, = Lyeo + Lpy1e1 + Lpg2ea + Ly 3es

The Binet-like formulas for the hyperbolic Fibonacci and hyperbolic Lucas quaternions are as the

form, respectively,

aa™ — Bp"
HF, = 10
and
HL, = aa" + 38" (11)
where
& = ey + el + oey + adeg
and

B =ey+ Ber + Bles + Bes
The hyperbolic Fibonacci and hyperbolic Lucas quaternions and some of their generalizations are
given in [19-23].

3. Hyperbolic Leonardo and Hyperbolic Francois Quaternions

In this section, we define the hyperbolic Leonardo and hyperbolic Francois quaternions, and we pro-
vide their Binet-like formulas and generating functions. Then, we obtain certain binomial sums,
Honsberger-like, d’Ocagne-like, Catalan-like, and Cassini-like identities of the hyperbolic Leonardo

quaternions.
Definition 3.1. The hyperbolic Leonardo quaternion sequence {HLy}, - is defined by

HL, = Lneg+ Lpy1e1 + Lpyoes + Ly13€3 (12)
where Le,, is the nth Leonardo number and ey, e1, ez, and e3 are units of the hyperbolic quaternions.
Definition 3.2. The hyperbolic Francois quaternion sequence {H.F,}, is defined by

HFn = Fneo + Fniie1 + Fnioea + Frnises
where F,, is the nth Francois number and eg, e, e2, and ez are units of the hyperbolic quaternions.

Theorem 3.3. (Binet-like Formula) The Binet-like formula for the hyperbolic Leonardo quater-

A~ n+l _ Bpantl
Hﬁn:2<o‘o‘ a_gﬁ )-i, n>0 (13)

nions is
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where
& =eg+ ae; + a262 + a363
B =ey+ Ber + BPes + Bes
and
T=eyg+e1+es+es
PRrROOF.

From Identities 5 and 12,

HL, = Lyeo+ Lpji1e1 + Lyyoea + Lyi3e3
n+1 _ an+l1 n+2 _ an+2
Y it e Y it -
a—p a—p3
an+4 _ Bn+4
2] —— | —1
( a=p ) ]%

an+1 /Bn+1
=2 (eo + aer + ales + a’ez) — (eo + Ber + B%es + BPes) | — (eo + €1+ ea + e3)

€y + e +

_|_

a—pf a—pf
B &an+l_ﬁﬁn+1 .
()

is obtained. O

Note that the hyperbolic Leonardo quaternion sequence can be expressed in terms of the hyperbolic

Fibonacci quaternion as:
HL, =2HF, {1 — 1, n>0
where HF;, is nth the hyperbolic Fibonacci quaternion.

Theorem 3.4. (Binet-like Formula) The Binet-like formula for the hyperbolic Francois quaternions
is

da”'H . Bﬁn—i-l

HF, = aa™ + BB + 3 —1, n>0 (14)
o —

where

& =eg+ae + a’es + a3eg

B =eo+ Ber + BPes + Fes
and

izeo+€1+€2+€3

PROOF.

It is proved similarly to the proof of Theorem 3.3. O

Note that the hyperbolic Francois quaternion sequence can be expressed in terms of the hyperbolic

Fibonacci and hyperbolic Lucas quaternion as:
HF,=HL,+HF, .1 -1, n>0

where HL,, and HF,, is nth the hyperbolic Lucas and hyperbolic Fibonacci quaternions, respectively.
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Theorem 3.5. (Generating Function) The generating function for the hyperbolic Leonardo quater-

nions is
A — Bx + Cx?
) = o
where
A =eg+ el + 3es + bes
B=ey—e1+er+e3
and
0260—61—62—363
PROOF.
Let

Gur(x) = i HLz" = HLy + HLix + HHox? + HLzz® + ...+ HLpz™ + ...
n=0

be generating function of the hyperbolic Leonardo quaternions. Assume that multiply every side of
the expansions above by —2z and 22 as follows:

—22Gyr(x) = —2HLoz — QHL 2% — QHLox? — QH L3z — . — QH L™ — .
and

23Gue(x) = HLox® + HLia* + HHoa® + HLsa® + ..+ HL,a" > + .
Then, we write
(1 =22 + 23)Gye(x) =HLo + (HLy — 2HLy)x + (HLs — 2HL )2 + (HL3 — 2HLy + HLo)x3 + . ..
+(HL, —2HL, 1 + HLp—3)2™ + ...

By using the values,
HLy = eg + e1 + 3ea + Ses

HL1 = eg + 3e1 + bes + 9eg
HLs = 3eg + 5e1 + 9eq + 15e3
/Hﬁg = 560 + 961 + 1562 + 2563

and
HL, —2HL, 1 +HL,_3=0

are obtained. [

Theorem 3.6. (Generating Function) The generating function for the hyperbolic Francois quater-

nions is
E — Fx+ Ga?
where
E:260+€1+462—|—663
F =3eqg — 2e1 + 2e5 + e3
and

G =2eg — 2e1 — ey — 4eg
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Proor.
The proof is similar to one of Theorem 3.5. [

Theorem 3.7. (Exponential Generating Function) The exponential generating function for the
hyperbolic Leonardo quaternions is

A oax _ pAR.BT
gHL(x)_2<aaea_gﬁe ) _fen

PROOF.
Using Equation 13,

Enc(z) = gﬂcnﬁ
S e )
_ jfaﬁ > (Of,) B amﬁ i <ﬁ:;)" s é %T
, <aaea; - gﬁeﬂw> i

is obtained. [

Theorem 3.8. (Exponential Generating Function) The exponential generating function for the
hyperbolic Francois quaternions is
voe®® — Bﬁeﬁx

Enr(z) = aae® + BaebT 4+ 2 G 167
a J—

PROOF.

The proof is similar to one of Theorem 3.7. [

Theorem 3.9. (Binomial Sum) Let m be a positive integer. Then,

m

3 (:) HLpw = HLom + 1(1 — 2™

n=0
PROOF.

Considering Equations 3 and 13 and the binomial formula,

o (m = (m aantl — gpntl N
% (e () P (=) -1
260 I (m\ ., 288 s (m\ ., sk (m
s ()50 s ()
e e m 235 m m
= (a+1) —a_5(6+1) —12
B (da2m+1 562m+1> g N P igm
a—p

=HLom +1(1 —2™)

is obtained. [
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Corollary 3.10. Let m be a positive integer. Then,

S " VHE) k= HLwim+1(1—27),  n>0
k=0 k

PROOF.

Considering Equations 3 and 13 and the binomial formula,

mo (o B mo &an—k-',-l - Bﬁn—k—&-l .
2 (e (3) (=) ]

B m <m> l2 <&amkanm+l _Bﬁmkﬁnerl) B i‘|
B = k a—p

Qdan—m—I—l m m - 2,8,3“ m+1l m - . m m
S e e W 1

k=0 k=0 k=0
26an—m+1 2Banm+l ~
= nm - -4 nHm —12™m
A N LA )
A n+m+1l _ 2antm+1 R R .
:2<0‘0‘ gﬁ >—1+1—12m
o —

=HLpm +1(1—2™)
is obtained. [
Some identities, such as Honsberger, dOcagne, Catalan, and Cassini identities for Fibonacci and its

generating, have been studied by many authors (see [19,24,25]). Here, we obtain similar identities for

the hyperbolic Leonardo quaternion.

Theorem 3.11. (Honsberger-like Identity) Let L, be nth hyperbolic Leonardo quaternion.
The following relation is satisfied:

a2antm _ B2ﬁn+m

a—pf

HLir HLm + HLnH L1 = 4 ( ) ~A(HLnir +HLw), nym >0

PRrROOF.
Using Equation 13,

A~

HLns 1ML + ML MLy g = [2 (22502000 ) ] [ (0208 ) ]

2 ("“ =) — 1] [p (=) - 1

n+m+1 aﬁanquﬁm Baﬁn+1 m+(6) Bn+m+1
(a—p)?

) (7@“”;:@5”“) 21 (8el=00") 4 1

_l’_

(d)2an+m71_d3an6mfl _Bdﬂnam71+(ﬁ)2ﬁn+mfl
i ( @5 )

-8 a—p

. <d2an+m o B2Bn+m
a—p

2] (Be=58") _ 9f (GaT B 4 42

) — 1 (ML + HL)

is obtained. [
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Theorem 3.12. (d’Ocagne-like Identity) Let 7L, be nth hyperbolic Leonardo quaternion. For

n,m >0,

HLmH L1 — HLmia HLn = 1 (HLomi1 + HLn — HLom — HLns1) + 4 (O‘ﬁo‘ Ba - go‘ﬁ a ) 4 2f2

ProOOF.
Using Equation 13,

A m+1 _ Apm4l A n+2 _ Qpant2
HLwHLois — HLmir HLr = lQ (0‘0‘ bp ) _ i] lg (aa pB ) _ 1]

a—pf a—p
Aamt2 — Bﬁm—t—? R aantl — Bﬁn_H .
=) =)
—4 <(@)2an+m+3 — &Bamtignt2 _ Bdﬁm+1an+2 + (3)26n+m+3>
: (= PP
~ o da™tl — Bﬁerl A Gant? — BﬁnJrg i
_21< o7 )—21( P >+1
_4 ((@)2an+m+3 — @Bam-‘&ﬁn-l—l _ B&6m+20én+1 + (B)Zlgn-l,-m.l,_g)
(o — )
- [ Gam™t? — BpmH2 - Gamtt — ppntt -
21( a_3 )+21< P >_1

—i(%£m+1+%£n—Hﬁm—H£n+1)+4<aﬁa p" = pafma >+212

a—p

is obtained. O

Theorem 3.13. (Catalan-like Identity) Let HL, be nth hyperbolic Leonardo quaternion. For
n > r > 0, the following relation is satisfied:

aBpr + Baar

n—r n+r — 2:_171_7"
MLy HLonr — HLE = (—1) ( -

) Fr+102HL, —HLy » — HLpyr) + 212

PrOOF.
Using Equality 13,

ey e, 1= o () -] (5) -
- (o) -] p () -1

_ 4 ((d)2a2n_&éanrﬂn(«kr_ﬁﬁ)(gﬂnran+r+(3)262n>
oa—

—921 (da”‘(l:ﬁﬁ""“) _9i (da"‘t:[éﬁ”*"”) + i2

_4 (d)2a2n7&3anﬁn7Bdﬁnan+(3)252n
(a=p)?

+21 (8e0=02") 4 of (22=08") _ 2
_(_pyner (dﬁﬁr + Baa’

o ) Fr+10QHL, —HLy y — HLpr) + 212

is obtained. [
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Corollary 3.14. (Cassini-like Identity) Let HL, be nth hyperbolic Leonardo quaternion. The
following relation is satisfied:

abp + Paa

HLp HLnsr — HLE = (—1)" ( -

) + 1ML, —HLy—1 — HLy1) +212, >0
ProOOF.

We take 1 instead of 7 in Theorem 3.13 to prove this theorem. [

Proofs of the following propositions can be easily proved using Equations 5, 9-11, 13, and 14.
Proposition 3.15. For n > 0, the following identities are valid:

1. HLpt1e0 — HLpy2e1 — HL 1369 — HLppge3 = —2Lp45 — 3

1. HLpr1e0 + HLpyoe1 + HLpiseo + HLpypaes = 2HL, +2L,45+ 3

Proposition 3.16. The following identities are valid:

. 2 N
i HlpyrFryr = g (HL2n+2r+1 - (_1)n+THL1) —1Fyr, n,r >0

2 A

1. HLp_vFr_y = g (HL2n72T+1 — (—1)n_rHL1) —1F,_., n>r>0
2 A

119. 'Hﬁn_an_Ha = g (HL2n+1 - (—1)”+THL1_2T) - 1Fn—r7 n>r> 0

. HLpyrFp—y = % (HLopy1 — (=1)" "HLgyy1) — 1F,4r, n>7r>0
0. HLyirLpsr =2 (HFopyor41 + ()" HF) — 1Ly, n,r >0

vi. HLp—Ln—y =2 (HFoy_9p1 + (=1)" "HF) — 1Ly, n>
vii. HLp—rLpsr = 2(HFopy1 + (=) "HFy41) = 1Lpyyr, n>7r>0
viii. HLpirLy—r =2 (HFpi1 + ()" ""HFy_9,) =1Ly, n>7r>0
it. HFnirFopr = HFonyor — (—1)"""HFy + £ (HLapyor41 — (-1)"""HLy) —1Foir, 0,7 >0
v. HFn-rFoy = HFop_9p — (—1)" "HFy+ t (HLop—2r41 — (-1)""HLy) — 1F,1,, n>7>0
i. HFn—rFoyr = HFpp — (1)"""HF 9, + £ (HLapy1 — (—1)"""HL1_9,) = 1Fp4r, n>7r>0

28, HFptrLptr = HLop1or +
. an—an—r = HL2TL—27‘

| \/

wit. HFpirFoy = HFoy — (—1)" "HFs + £ (HLgp11 — (=1)" "HLgp41) = 1Fpy, n>1r>0
(=1)"""HLo + HF3, 9041 — (—1)"""HF, —1L,4r, n,7>0
V' "HLy+ HFsy 9,41 — (—1)" "HFy — 1Ly, n>7>0

+ (= >
2v. HFp—yLnir = HLoy + (=1)"""HL_9, + HFyp 1 — (-1)"""HFy_9, — 1Lpy,, n>r

| V

0
avi. HFpyrLy_p = HLyy + (—1)" "HLg, + HF5, 1 — (=1)" "HFy 1 — 1L, ,, n>7r>0
Proposition 3.17. For n > 0, the following identities are valid:

i. HLy +HF, =3HF, 1+ HL, — 21
1. HF, —HL,=HF,+1 +HL,

i, MLy Lot HFFy = 2 (HFoms1 + (—1)" HEY )+ H Fyp— (— 1) H Fy 4 = = (HLany1 = (<1)"HL)~1 (Lo + F)

. 1 N
Ww. HL,Ly,—HFFp, =2(HFo,11 + (71)”HF1)7HF27L+(71)"HF075 (HLgpy1 — (-1)"HLy)—1(L, — F,)
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4. Conclusion

In the present study, we consider the Leonardo and Francois numbers related to the Fibonacci and
Lucas numbers, respectively. We define and investigate the hyperbolic Leonardo and hyperbolic Fran-
cois quaternions. We derive the Binet-like formulas, generating and exponential generating functions
for these new quaternions. We provide certain binomial sums. Finally, we establish well-known iden-
tities for these quaternions, such as the Honsberger-like, d’Ocagne-like, Catalan-like, and Cassini-like
identities. In the future, researchers may examine many more identities of the hyperbolic Leonardo
and Francois quaternions. In addition, these quaternions can be used in interdisciplinary studies.
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