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Abstract

In 2022, the notion of pointwise slant Riemannian maps were introduced by Y. Giindiizalp
and M. A. Akyol in [J. Geom. Phys. 179, 104589, 2022] as a natural generalization of
slant Riemannian maps, slant Riemannian submersions, slant submanifolds. As a gener-
alization of pointwise slant Riemannian maps and many subclasses notions, we introduce
pointwise hemi-slant Riemannian maps (briefly, PHSRM) from almost Hermitian mani-
folds to Riemannian manifolds, giving a figure which shows the subclasses of the map and
a non-trivial (proper) example and investigate some properties of the map, we deal with
their properties: the J-pluriharmonicity, the J-invariant, and the totally geodesicness of
the map. Finally, we study some curvature relations in complex space form, involving
Chen inequalities and Casorati curvatures for PHSRM, respectively.
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1. Introduction

In differential geometry, it is useful to define appropriate maps in order to compare
differentiable manifolds. In this respect, there are some important maps between manifolds
such as isometric immersions, Riemannian submersions and Riemannian maps which are
natural generalizations of isometric immersions and Riemannian submersions.

The notion of isometric immersions included many subclasses of submanifolds including
important submanifolds of Kaehler manifolds. More precisely, holomorphic and totally real
submanifolds were submanifolds examples of Kaehler manifolds. As a generalization of
holomorphic and totally real submanifolds, slant submanifolds were introduced by B. Y.
Chen in [15]. We recall that a submanifold M is called slant submanifold if for all non-zero
vector X tangent to M the angle §(X) between JX and T,M is a constant, i.e, it does
not depend on the choice of p € M and X € T),M.

In the 1889’s, Casorati introduced Casorati curvature which is a very natural concept
for regular surfaces in the three-dimensional Euclidean space in [14]. In a Riemannian
manifold, this curvature is defined as the normalized square of the length of the second
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fundamental form, and it is well known that this is an extrinsic invariant. Afterwards,
many geometers studied some optimal inequalities involving Casorati curvatures in various
ambient spaces, for example see ([7,8,30-32,54,57,60,61]).

In the 1960’s, B. O’Neill [37] and A . Gray [21] independently introduced Riemannian
submersions. More precisely, a differentiable map = : (My,91) — (M2, g2) between
Riemannian manifolds (M, g1) and (Ms, g2) is called a Riemannian submersion if 7, is
onto and it satisfies

g2(m X1, T X2) = g1(X1, X2) (1.1)

for X1, Xo vector fields tangent to My, where 7, denotes the derivative map. The theory is
also a very active research field not only in mathematics but also in mathematical physics.
More precisely, some of them are the Yang-Mills theory ([11,58]), the Kaluza-Klein theory
([12,28]), supergravity and superstring theories ([29,36]), etc.

In the 1990’s, F. Etayo introduced the notion of pointwise slant submanifolds under the
name of quasi-slant submanifolds in [19] and B. Y. Chen and O. Garay studied this kind
of submanifolds and investigated the geometrical characterizations in [18].

In the 1990’s, B. Y. Chen established some inequalities between the main extrinsic
(the squared mean curvature) and main intrinsic invariants (the scalar curvature and the
Ricci curvature) of a submanifold in a real space form [16]. The author also established
a relation between the Ricci curvature and the squared mean curvature for a submanifold
[17]. For the inequalities, see: ([9,34,35,51,55,56]).

In the 1992’s , A. E. Fischer [27] defined the notion of Riemannian maps as a generali-
ation of isometric immersions and Riemannian submersions. It is also important to note
that Riemannian maps satisfy the eikonal equation which is a bridge between geometric
optics and physical optics. For the geometry of Riemannian maps between various Rie-
mannian manifolds and their applications in spacetime geometry, see: ([1-6,20,23-25,38—
40,45-49, 52]).

In the 2010’s, B. Sahin introduced the anti-invariant Riemannian submersions, semi-
invariant Riemannian submersions and slant submersions from almost Hermitian manifolds
to Riemannian manifolds. as an analogue of anti-invariant submanifolds, semi-invariant
submanifolds and slant submanifolds, respectively in [49]. Afterwards, as a natural gen-
eralization of slant submersions, the notion of hemi-slant submersions has defined by H.
M. Tagtan et. al in [53].

In the 2014’s, J. W. Lee and B. Sahin defined the notion of pointwise slant submersions,
as a generalization of slant submersions which can be seen analogue of pointiwise slant
submanifolds and obtained several basic results in this setting in [33]. More precisely, let
o be a Riemannian submersion from an almost Hermitian manifold (M, ¢g1,.J1) onto a
Riemannian manifold (Ms, g2). If, at each given point p € My, the Wirtinger angle 6(X)
between J1 X and the space (kero,), is independent of the choice of the nonzero vector
X € (keroy), then we say that o is a pointwise slant submersion. In this case, the angle
A can be regarded as a function on M7, which is called the slant function of the pointwise
slant submersion. One can find many papers related to this notion see: ([41], [43], [42],
44]).

In [47], B. Sahin introduced slant Riemannian maps from almost Hermitian manifolds
onto Riemannian manifolds as a generalization of holomorphic Riemannian maps and
anti-invariant Riemannian maps, anti-invariant submanifolds, anti-invariant Riemannian
submersions, slant submanifolds, slant submersions, then he studied the geometry of such
maps. As a generalization of these notions, he also defined the notion of hemi-slant
Riemannian maps in [50] (see Figure 1).

In 2022, the present authors [24] introduced the notion of pointwise slant Riemannian
maps as a generalization of many notions including slant submanifolds, slant Riemann-
ian submersions, slant Riemannian maps, pointwise slant submanifolds, pointwise slant
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Figure 1. New class of Riemannian maps (PHERM)

submersions. The aim of the present paper is to introduce and study a new class of
Riemannian maps called pointwise hemi-slant Riemannian maps (briefly, PHSRM) as a
generalization of many concepts mentioned in Figure 2 below.

The paper is structured as follows. In Section 2 we recall some notions, which will be
used in the following sections. In Section 3 we define the notion of PHSRM from almost
Hermitian manifolds to Riemannian manifolds, giving a figure which shows the subclasses
of the map and a non-trivial (proper) example and investigate some properties of the
map, we deal with their properties: the J-pluriharmonicity of PHSRM , the J-invariant of
PHERM and the totally geodesic maps of PHERM. In Section 5 we study some curvature
relations in complex space form, involving Chen inequalities and Casorati curvatures for

PHERM, respectively.

2. Preliminaries

In this section, recall some basic materials from [10,27,50,59].
A 2n—dimensional Riemannian manifold (M, g1, J) is called an almost Hermitian man-
ifold if there exists a tensor field J of type (1,1) on M such that J? = —I and

n(X,Y)=q(JX,JY), VXY e T(TM,), (2.1)

where I denotes the identity transformation of T,,M;. Consider an almost Hermitian man-
ifold (M, g1,J) and denote by V the Levi-Civita connection on M; with respect to g;.
Then M; is called a Kaehler manifold [59] if J is parallel with respect to V, i.e.

(VxJ)Y =0, (2.2)
VXY € T(TM).

As a generalization of isometric immersions and Riemannian submersions, the notion
of Riemannin maps was defined by Fischer in [27] as follows;

Let 0 be a C*°-map from a Riemannian manifold (M, g1) to a Riemannian manifold
(Ms, g2). The second fundamental form of o is given by

(Vo) (X,Y) = V40.Y — 0, (VxY) for X,Y € T(TM;), (2.3)

where V7 is the pullback connection and we denote conveniently by V the Levi-Civita
connections of the metrics g; and g9 [10].
We call the map o a totally geodesic map if (Vo,) (X,Y) =0 for X, Y € I'(T'M;). [10]
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Denote the range of o, by rangeo, as a subset of the pullback bundle o~ 'TM,. With
its orthogonal complement (rangea*)J‘ we obtain the following decomposition
o 'TM, = range o, @ (rangeo, )™
Moreover, we have
TM; =kero, @ (ker 0*)J‘ .
Finally, B. Sahin proved the following lemma in [45].

Theorem 2.1 ([45]). Let o be a Riemannian map from a Riemannian manifold (M, g1)
to a Riemannian manifold (Ms, g2). Then

(Vo,) (X,Y) e D((range oy)t)  for X,Y e T'((keroy)b). (2.4)

Let o be a Riemannian map from a Riemannian manifold (M, g1) to a Riemannian
manifold (Ma, g2). Then, we define T and A as

7{152 = hvv§1v§2 + 'va& h§2 (25)
and
‘A£1§2 - vvh£1 h§2 + thfl 1)52 (26)

for every &1,&2 € T'(T'My), where V is the Levi-Civita connection of g;. In fact, one can
see that these tensor fields are O’Neill’s tensor fields which were defined for Riemann-
ian submersions. For any & € I'(T'M;), T¢, and Ag, are skew-symmetric operators on
(I(T'M1),g1) reversing the horizontal and the vertical distributions. We note that the
tensor fields T and A satisfy

Tz = T, Aebe = —Ag&r, Vni,me € T(kero,), Ve, & € T((kero,)t).  (2.7)
Using (2.5) and (2.6), we obtain

Vinnz = Tyt + Vi n; (2.8)
Vi€ = T &1+ hVy, &1 (2.9)
Ve,m = Agm + vV m; (2.10)
Ve &2 = Ag &2 + Ve &2, (2.11)

for any &1,& € I'((kero,)t), ni,m2 € T'(kero,), here @mm = oV, 2.

3. PHSRM from Kaehler manifolds

In this section, we are going to introduce pointwise hemi-slant Riemannian maps (briefly,
PHERM) from almost Hermitian manifolds to Riemannian manifolds, provide some ex-
amples and investigate the geometry of foliations and their geometric properties. We first
deal with the J-pluriharmonicity, the J-invariant of the map and obtain necessary and
sufficient conditions for the image of o, to be a local product Riemannian manifold and
give necessary and sufficient conditions for ¢ to be totally geodesic. Finally, we give some
theorems on the harmonicity of the PHSRM maps.

Definition 3.1. Let (M, g1, J) be an almost Hermitian manifold and (Ms, g2) be a Rie-
mannian manifold. Then we say that a Riemannian map o : M; — My is a pointwise
hemi-slant Riemannian map (PHSRM) if there exists a pair of orthogonal distributions
DY and D+ on kero, such that

(1) The space kero, admits the orthogonal direct decomposition D¢ @ D+,
(2) The distribution D+ is totally real (anti-invariant).
(3) The distribution DY is pointwise slant with slant function 6.



1222 M. A. Akyol, Y. Gindiizalp

In this case, the angle 6 can be regarded as a function on M7, which is called the hemi-
slant function of the PHSRM.

Figure 2 shows some examples for PHSRM.
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Figure 2. Examples of PHERM

We now give two non-trivial examples for PHSRM.

Example 3.2. Let (R® ggs) be the Euclid space. Consider {Ji,.JJo} a pair of almost
complex structures on R® satisfying JiJo = —JoJq, here

Jl(al, ceey ag) = (—a3, —Aay4,a1,a2, —ay, —asg, as, CLG)
and

Ja(aq, ...,ag) = (—ag, a1, a4, —as, —ag, as, ag, —az).
For any real-valued function X : R® — R, we define new almost complex structure Jy on R®
by Jy = (cos A)Jy + (sin A)J2. Then, RS = (RS, J, ggs) is an almost Hermitian manifold.
Consider a Riemannian map o : R§ — R8 by

o (1, ..., x8) = (22, T3, T6, T8, 1992, 2014, 2018, 2022).

Then, by direct calculations, we obtain the Jacobian matrix of o as:

010 00O0O0O0
001 0O0O0O0O 0
000 0O0OT1TO0OODO
000 0O0OO0OO0T1
000 0O0O0OO0OOQ
000 0O0O0OO0OOQ
000 0O0O0OO0OOQ
L0000 000 0 g4
Then the map o is a PHSRM such that
0 o 0 1 o 0
D _<a$5’8$7> and D _<a$1’8$4>'
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Also, we obtain

o o0 0 0
k * L = a9 vAa. va. /o
( e ) <3ZL‘2 a$3 8:136 a$8>
with the slant function 6 = f.

Let o be a PHSRM from an almost Hermitian manifold (M, g1,.J) to a Riemannian
manifold (Ma, g2). Then for any V' € T (ker o), we put

JV = oV +wV, (3.1)
where ¢V €T (kero,) and wV € D(kero,)*. Also for any ¢ € I (kero,)™, we have
JE = BE+CE, (3.2)

where B¢ € T (ker o) and C¢ € I'(kero,)*t.
The proof of the following result is exactly the same as that for slant immersions (see
[15] or [13] for Sasakian case), so we omit its proof.

Theorem 3.3. Let 0 be a PHERM from an almost Hermitian manifold (M, g1,J) to a
Riemannian manifold (Ms, g2). Then o is a PHSRM if and only if there exists a constant
A € [—1,0] such that

®?U = \U (3.3)
for U e T(DY). If o is a PHSRM, then A\ = — cos> 6.
By using the above theorem, it is easy to see that
g2 (60-(U), 4. (V) = cos? 6, (U, V),
g2 (@ (U), w0 (V) = sin® 6, (U, V),
for any U,V € T(DY).

Now, we are going to investigate the J—pluriharmonicity of the PHSRM with respect
to the distibutions on the total space. First, we have the following definition.

Definition 3.4. Let o be a PHSRM from an almost Hermitian manifold (M, g1, J)
to a Riemannian manifold (Ma, ge) with the slant function 6. A PHSRM is called
J—pluriharmonic, (kero,)*-J-pluriharmonic, kero,-J-pluriharmonic, D+-J-pluriharmonic,
DO-J-pluriharmonic, (D+ — DY)-J-pluriharmonic and ((kero, ) — kero,)-J-pluriharmonic
if

for any X,Y € T(T'My), for any X,Y € T'((kero,)t), for any X,Y € I'(kero,), for any
X, Y € T(D1), for any X,Y € I'(DY), for any X € I'((kero,)t), Y € I'(kero,),
We first have the following theorem.

Theorem 3.5. Let o be a PHSRM from a Kaehler manifold (M, g1,J) to a Riemann-
ian manifold (Ms,go) with the slant function 6. Suppose that the map o is a D+-J-
pluriharmonic. Then the map o is a kero.-geodesic map if and only if T = {0} which
gives that the fibres are totally geodesic submanifolds.

Proof. For any U,V € I'(D+), since D+-J-pluriharmonic, by virtue of (2.3) we have
0= (Vo )(U,V) + (Vo) (JU, JV)
= 0. (TuV) + (Vo) (JU, JV)
which gives the proof. O

For the slant distribution D?, we have
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Theorem 3.6. Let 0 be a PHERM from a Kaehler manifold (M, g1,J) to a Riemann-
ian manifold (My,go) with the slant function ¢. Suppose that the map o is a DY-J-
pluriharmonic. Then the map o is a wD?-geodesic map if and only if TyV + TV +
g‘fV¢vwW + vaﬁbW.

Proof. Given U,V € T'(D%), since D-.J-pluriharmonic, by virtue of (2.3) we obtain

0= (Vo) (V,W) + (Vo )(JV,JW)
= —04 (‘I\/W) + (VJ*)(wV, wW) — O (‘I¢V¢W + HVyywW + Ay oW)

(VU*)(CUV7 CUW) = —0%« (‘I\/W + Td)V(bW + j‘CV¢VwW + .va¢W)

which completes the proof. [l

For (Dt —D%)-J-pluriharmonicity, we have the following theorem.

Theorem 3.7. Let o be a PHSRM from a Kaehler manifold (M, g1,J) to a Riemannian
manifold (My, g2) with the slant function 0. Suppose that the map o is a (D+ — DY)-J-
pluritharmonic. Then the following assertions are equivalent.

(i) The anti-invariant distribution D defines a totally geodesic foliations on M.
(il) V22 000W = 0, (CAy W + wVV 5y W)

Proof. For V € T'(D1) and W € I'(D?), since the map o is a (D+—D?)-J-pluriharmonic,
by using (2.3), we get
0= (Vo )(V, W) + (Vo) (JV, JIW)
=~ (Vv W) + V2 o (wW) = 0u(V v JW)
= —0,.(VyW) + vf){?( 7)o (@WW) = 0 (JV v W)
=~ (Vv W) + V32 )0 (@W) = 0 (CA W + wVV v W)

0 (Vv W) = V2 1 0u(wW) = 0 (CA W + VYV 5y W)

which gives the proof. O
Finally, for ((kero,)*—kero,)-J-pluriharmonicity, we have the following theorem.

Theorem 3.8. Let o be a PHSRM from a Kaehler manifold (M, g1,J) to a Riemannian
manifold (Mz, go) with the slant function ¢. Suppose that the map o is a (kero,)*-kero,-
J-pluriharmonic. Then the following assertions are equivalent.

(i) The horizontal distribution (kerc,) defines a totally geodesic foliations on Mj.
(ii) (VU*)(@X,Q}U) = —U*(Tgx(bU 4+ HVgxwlU +Aex(f)U)
for any X € T'(kero,)* and U € T'(kero,).

Proof. For X € I'(kero,)* and U € I'(kero,), since the map o is a ((kero,)* —kero,)-
J-pluriharmonic, by using (2.3), we get

0= (Vo.)(X,U)+ (Vo) (JX,JU)
= —0.(VxU)+ (Vo.)(BX,pU) + (Vo) (BX,wU)
+ (Vo) (CX,9U) + (Vo.)(CX,wU)
= —0.(VxU) — 0.(TBX,¢U) — 0. (HVpxwl)
—ox(AexoU) + (Vo) (CX,wl)
(Vo) (CX,wU) = —04(VxU) — 0.(TBX, U + HVpxwlU) + AexoU)
which completes the proof. O

Finally, we will find necessary and sufficient conditions for the PHSRM to be the
J—invariant of the distibutions on the total space. First, we have the following definition.
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Definition 3.9. Let o be a PHSRM from an almost Hermitian manifold (M, g1, J) to a
Riemannian manifold (M2, g2) with the slant function . A PHSRM is called J—invariant,
(kero,)*-J-invariant, kero,-J-invariant, D+-J-invariant, D-J-invariant, (D+ — DY)-J-
invariant and ((kero,)® — kero,)-J-invariant if

(Vo )(Z,W) = (Vo) (JZ,JW) (3.5)
for any Z,W € T'(T M), for any Z,W € I'((kero.)™*), for any Z, W € T'(kero,), for any
Z,W € T(D4), for any Z, W € T'(D?), for any Z € T'((kero.)*), W € T'(kero.),

We first have the following theorem.

Theorem 3.10. Let o be a PHSRM from a Kaehler manifold (My, g1,J) to a Riemannian
manifold (Mz, go) with the slant function 6. Suppose map o is a D+-J-invariant. The
following assertiones are equivalent.

(i) The anti-invariant distribution D defines a totally geodesic foliations on M.
(ii) V22 0. JZ = 0. (CA X Z + wVV  x Z)
for any X, Z € T(D).
Proof. Given X, Z € T'(D1), since the map is D+-J-invariant, by using (2.3), we get the
proof. O

For the slant distribution D?, we have

Theorem 3.11. Let o be a PHSRM from a Kaehler manifold (M, g1, J) to a Riemannian
manifold (My, go) with the slant function 6. Suppose map o is a D-J-invariant. The
following assertiones are equivalent.

(i) The fibres are totally geodesic submanifolds in M;.
(ii) Vo (wU,wV) = 0u(TpuoU + HV ypwV — Ay eU)
for any U,V € T'(DY).
Proof. Given U,V € T'(D?), since DY-J-invariant, by virtue of (2.3), we obtain
(Vo.)(U,V) = (Vo) (JU,JV)
—0.(VuV) = (Vo.) (U, dV) + (Vo.)(oU,wV) + (Vo) (wU, pV) + (Vo) (wU,wV)
—0.(VuV) = =0.(VeudV) — 0. (VerwV) — 0 (VuudV) — 0 (VepwV)
—0.(VuV) = =0.(Tgu oV + HV ypwV — Auy V) — 0. (VerwV).
which completes the proof. [l

For (Dt — DY)-J-invariant, we have the following theorem.

Theorem 3.12. Let o be a PHERM from a Kaehler manifold (M, g1,J) to a Riemannian
manifold (My, go) with the slant function 6. The map o is a (D+—DY)-J-invariant if and
only if VM2, (JX)ow(wU) = 0u(AsxoU + HV jxwU — AxU) for any X € T'(D*) and
U eT(DY).

Proof. Given X € I'(D+) and U € T'(DY). since (D+ — D)-J-invariant, by virtue of (2.3)
we obtain

(Vo) (X,U) = (Vo,)(JX, JU)
—0.(VxU) = (Vo) (JX,pU) + (Vo) (JX,wU)
—0,(VxU) = —0,(VxoU) — V™20, (JX) 0, (wWU) — 04 (V yxwU)
—0.(VuV) = —0.(Ajx U + HV jxwU — 0 (HV jxwU).

which gives the proof. O

Finally, for ((kero.)*—kero.)-J-invariant, we have the following theorem.
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Theorem 3.13. Let o be a PHSRM from a Kaehler manifold (M, g1,J) to a Riemannian
manifold (M, g2) with the slant function 0. If the map o is a ((kero.): —keroy)-J-
invariant if and only if C(TexU + AexU) + w(@BXU + VWexU) + AxU = 0 for any
X € T(kero,)* and U € T'(kero,).

Proof. Given X € I'(kero,)* and U € T'(kero,). We assume that the map is invariant.
In this case, by virtue of (2.3) we have

(Vo) (X,U) = (Vou)(J X, JU)
—0,(VxU) = (Vo,)(BX, JU) + (Vo) (CX, JU)
—0(VxU) = —0,.(VaxJU) — —0.(Vex JU)
—0.(VuV) = —0u(J(TpxU + VxU) + J(AexU + VWexU)
0= 0.(C(TaxU + AexU) + w(VaxU + VWexU + AxU)
which completes the proof. O

Recall that a map o is called totally geodesic if (Vo) (X,Y) =0 for X,Y € I'(T'M,).
Geometrically the notion implies that for each geodesic § in M; the image o(f) is a
geodesic in Mbs.

Theorem 3.14. Let o be a PHESRM from a Kaehler manifold (M, g1,J) to a Riemannian
manifold (Ms, g2). Then o is totally geodesic if and only if

wIyJV + CHVyJV =0
sin20U(0)Z + HVywoZ + CHVywZ + wITywZ =0
sin20X(0)Z + HVxwopZ + CHV xwZ + wAxwZ =0

and
50:(Y) = -0, (AxpBY + HVxwBY) + CHVxCY + wAxCY)

for € €T (kero), U,V €T (DY), Z €T (D%) and X,Y €T ((kero.)")
Proof. For U,V €T (DJ—>, from (2.2), we have
(Vo) (U, V) = o, (JVIV).
By virtue of (2.9), (3.1) and and (3.2), we get
(Vo) (U, V) = o (T JV + CHVJV). (3.6)
For U € T (kero.) and Z € I'(D?), (2.3), (2.2) and (3.1) imply

(Vo) (U, Z) = 0. (Vud?Z + VowsZ + wTywZ + CHVywZ)
Then by using (3.3), we derive
sin?0 (Vo) (U, Z) = 0, (sin 20U (0) Z + HVywopZ + CHVywZ + wTpwZ) . (3.7)
In a similar way, for X € T’ ((k‘era*)L> and Z €T (De), we obtain
sin? 0 (Vo) (X, Z) = 0. (sin20X () Z + HV xwdZ + CHV xwZ + wAxwZ).  (3.8)
For X,Y €T ((kerc,)"), from (2.3), (2.2) and (2.10), we have

(Vo) (X,Y) =V%0.(Y) 4+ 0. (VxJBY) 4+ 0. (JVxCY)
= V%0 (Y) + 02 (Ax$BY + HVxwBY + CHVxCY + wAxCY). (3.9)

Thus proof is complete due to (3.6)-(3.9). O



Pointwise hemi-slant Riemannian maps (PHSRM) 1227

4. Chen-Ricci inequality and Casorati curvatures of PHSRM

In the present section, we aim to obtain some inequalities involving the Ricci curvature
and the scalar curvature on the vertical and horizontal distributions for PHESRM from a
Kaehler manifold to a Riemannian manifold. We also consider the equality cases of these
inequalities. Finally, we study Casorati curvatures in comlex space form for PHSRM.

Let 0 be a PHSRM from a Kaehler manifold (M{", ¢1,.J) to a Riemannian manifold
(Ms, g2) with the slant function 6 and (rangeo,)* = {0} and dim(ker o) = r = k; + 2k».
For every ¢ € M, we consider { X1, Xo, ..., Xiy, Xiy+1, Xy 42, - -+ » Xhoy+hn» 5€C 00X 41, - . -,
sec 0 Xy, +x,} and {X,11,..., X, } two orthonormal bases of (ker o) and (ker o,)*. From
[26] and [49], we have

A

v
R(U>VY7F7 W) = Z{gl(‘/: F)gl(Ua W) - gl(Uv F)gl(v7 W)
+91(U, JF) g1 (JV, W) — 1 (V, JF) g1 (JU, W)
+ 291(U, JV)gl(JF, W)} — gl((.TUW, (.TvF) + gl((va, (.TUF), (4.1)

for all vector fields U, V, F,W € I'(ker o,) and
. v
R (X> Y, Z, H) = Z{gl(x Z).gl(Xv H) - gl(Xa Z)gl(}/v H)
+q(JY, Z)g1(JX, H) — 1 (JX, Z)g1(JY, H)

+ 291(X, JY)gl(JZ, H)} + gl(.AX}/,ﬂzH) — gl(.AyZ,.AxH)
+ g1(AxZ, Ay H) (4.2)

for all vector fields X,Y, Z, H € T'(ker o, )*.

Theorem 4.1. Let o be a PHSRM from a Kaehler manifold (M{", g1, J) to a Riemannian
manifold (Ma, gar,) with the slant function § and (rangeo.)®™ = {0}. Then, we have

Ric(U) > Z(T — 14 3cos®0) —rg1(TyU, H). (4.3)

for a unit vector field U € D?. The equality case of (4.3) holds for a unit vertical vector
U if and only if each fiber is totally geodesic.

Proof. From (4.4), we obtain

Rie(U) = U{(r ~ Du(U.0) + 3 Y g} (U0} — ran(ToU H) + [ToUP (4.4)

=1
where
Ric(U) =" q1(U, U, U, U). (4.5)
=1

Obviously, One can get easily,

) (o forie {1,... k1 —1},
91 (J Xy, X)) = { cos?0, forie {ky+1,... k1 + 2ky —1},
Since
> g1 (I Xy, Xs) = 2kacos™0. (4.6)
k,s=1
using last equation (4.4), we drive (4.3). O

In a similar way, we have the following theorem.
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Theorem 4.2. Let o be a PHERM from a Kaehler manifold (M{", g1, J) to a Riemannian
manifold (Ma, g2) with the slant function 6 and (rangec,)* = {0}. Then, we have

ch(U) 4(7’ — 1) —rq1(TyU, H). (4.7)

for a unit vector field U € T (DL) . The equality case of (4.7) holds for a unit vertical
vector U € T (DJ-) if and only if each fiber is totally geodesic.
Theorem 4.3. Let o be a PHERM from a Kaehler manifold (M{", g1, J) to a Riemannian

manifold (M, go) with the slant function 0 and (rangeo,)* = {0}. Then, the Ricci tensor
Skerox on the vertical distribution satisfies,

Skercf*(U V) 1 (’r -1+ 3 cos? 9)91(U V) — g1 ((-TUV j{) (4.8)

for U,V € T'(ker oy), the equality status of the inequality satisfies if and only if every fibre
is totally geodesic.

Proof. By virtue of (4.4), for U,V € I'(kero,), we have

Skerow (V) = 1 Y —143cos20)g1(U, V) — rg1(TuV, H) + Zgl (Tu,V,TuUs).  (4.9)
=1

Hence, the equality status of the inequality satisfies if and only if every fibre is totally

geodesic. O

Similarly, the following theorem can be given.

Theorem 4.4. Let o be a PHERM from a Kaehler manifold (M{", g1, J) to a Riemannian
manifold (Ma, g2) with the slant function 6 and (rangeo,)* = {0}.

2pker o — Z{rz — 1 + 6ky cos? 0} — r? ||HH2 + ‘|TU¢UZ'||2 (4.10)
for U,V € T'(ker oy).

Let 0 be a PHSRM from a Kaehler manifold (M{", ¢1,J) to a Riemannian manifold
(Ms, g2) with the slant function 6 and (ranges,)* = {0} and dim(ker o,) = r = ki + 2k».
For every ¢ € M, we consider { X1, Xo, ..., Xk, Xiy+1, Xy 42y - -+ » Xy o> 5€C 00X 41, ...,

sec0d Xk, 1k, } and {X,41..., X, } two orthonormal bases of (ker o) and (ker o)t
Now we denote T7; by
T3 = 91(Tu,Uj, Xs), (4.11)
where 1 <14, <rand1<s<n.
Similarly, we denote A7} by
Ajy = 1(Ax, X, Ua), (4.12)

where 1 <4,j <nand 1 <« <r. From [22], we use

= iigl((vxiT)UkUk,Xi))- (4.13)

i=1k=1
From the Binomial theorem there is such as the following equation between the tensor
fields T
1

n T 1
> D (TP = 5 IHIP + 5 (Th — T3 — = T3
s=11i,j=1 2 2
+2) > (T3, 22 > (TET - (T (4.14)

s=17=2 s=12<i<j<r
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Theorem 4.5. Let o : My — My be a PHSRM with (rangeo,)- = {0}. Then
2pkeros > E{rz —r 4 6ky cos® 0} — r? HfHHQ

The equality case of (4.15) holds if and only if each fiber is totally geodesic.

Proof. Using (4.11) in (4.15), we can write

by T
2pker0* — Z{T2 —r + 6k9 cos? (9} —r? HJ'CHQ + Z Z ( 55)2
a:p+1 k},Szl

If (4.14) is used in (4.16), then (4.16) can be written as

1 &
2pKer o — {r — 7+ 6kgcos? 0} — =12 || H|* + 3 YT T - =T
_p+].

b1 r b1 r
+2 30 3R -2 > Y (TRTL - (TR)Y).

a=p+1 s=2 a=p+12<k<s<r
Thus from (4.37) we derive

1
2pker0* > Er(r — 1+ 3cos? ) — *7“2 HH”2

Plm -T2y Y - 1)),

s=12<i<j<r

Furthermore, taking U = W = U;, V = F' = U;, we obtain

N =

2 Y RULULULU) =2 Y RU,U;, UL
2<i<g<r 2<z<]<r

£23 Y (T - (1)),

s=12<i<j<r

Using (4.19) in (4.38), we derive

1
2pker0* 22{7«2 — 1 + 6ky cos? 0} — 57“2 ”HH2

+2 Z Rkera*(Uk‘aUSaUS;Uk’) -2 Z R(UkaUsaUsaUk)'
2<k<s<r 2<k<s<r

Besides, we have

20k =2 " R(U,U;, U, Uy) +2ZRU1,UJ,U],U1)

2<i<g<r j=1

Considering (4.21) in (4.19), we derive

2Ric(Uy) > {r —r 4 6kycos? 0} — 2”9{\\ -2 > R(Ui,Us, U, Uy).

2<k<s<r

Since M(c) is a complex space form, its curvature tensor R satisfies the we get
— 1
Rie(U1) > £{r — 1} = 37 |54])°.

From (4.22) and (4.23) we obtain (4.15).

Hence, we have the following theorem.

1229
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Theorem 4.6. Let o be a PHSRM from a Kaehler manifold (M7", g1, J1) to a Riemannian
manifold (Ma, go) with the slant function 0 and (rangec,)™ = {0}. Then, for any unit

vector field Uy € T (Dl), it follows that

— 1
Ric(Uy) > Z{ﬂ — 1+ Gy cos 6} — o0 | (4.24)
The equality case of the inequality satisfies if and only if
11="T+ ..+ 7T,
=0, s=2,..,7

Theorem 4.7. Let o be a PHSRM from a Kaehler manifold (M{", g1, J1) to a Riemannian
manifold (Ma, g2) with the slant function 6 and (rangec,)* = {0}. Then, we have (4.2),

Ric*(X) = 2{(n = 1)1 (X, X) + 3€[*} - 2| Ax X (4.25)

where

Ric*(X) =Y R*(X,X;, X;, X).
i=1
The equality case of (4.25) holds if and only if

(f] :0, ]:2,,n
Proof. By using (4.2), we have
(n(n—1)+3[CII") 3> 3 (A%~ (4.26)

a=11i,j=1

v

27 —
T Ty

Thus (4.26) can be written as

T n T
v 2
27" = Z(n(n=1) +3|IC) - 6 DN AYP -6 D (A%~ (4.27)
a=1j=2 a=12<i<j<n
Moreover, taking X = H = X; Y = Z = X, in (4.2), we obtain
,
2 Y R(Xi, X5, X;,Xi)=2 > RYX, X5 X5, X0)+6) D (A%)% (4.28)
2<i<j<n 2<i<j<n a=12<i<j<n
Using (4.28) in (4.27), we derive

20t = )+ L o~ 63 5 (g

4 a=1j=2
+2 Y RX, X, X5 X) -2 Y R(Xi, Xj, Xj, X)) (4.29)
2<i<j<n 2<i<j<n

Since M (v) is a complex space form, its curvature tensor R satisfies the equality (4.2), we
get

S R(Xi, X5, X5, X)) = g((n—2)(n—l)—|—3 S G(CXi, X;)). (4.30)
2<i<j<n 2<i<j<n
Then from (4.29) and (4.30) we get
(X)) = (’U—l—3) CX 2 ~ a2 4
2Ric"(X1) = 5 —((n = 1) +3[[CX[F) =6 3 > (A)*, (4.31)
a=1j=2
which gives (4.25). This completes the proof. O

From the above theorem, we have the following.
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Theorem 4.8. Let o be a PHERM from a Kaehler manifold (M{", g1, J) to a Riemannian
manifold (Ma, g2) with the slant function 6 and (rangeo,)* = {0}.

Ric'(X) < 2{(n = 1)gu(X, X) + 3]j€|*}, (4.32)

The equality case of the inequality holds if and only if the horizontal distribution is inte-
grable.

Theorem 4.9. Let o be a PHSRM from a Kaehler manifold (M{", g1, J) to a Riemannian
manifold (Ma, g2) with the slant function  and (rangec,)™ = {0}. If X is a unit vector,
then we have

Ric*(X) < Z{(n— 1) + 3)|e2}. (4.33)

The equality case of the inequality holds if and only if the horizontal distribution is inte-
grable.

Theorem 4.10. Let o be a PHERM from a Kaehler manifold (M7, g1, J) to a Riemann-
ian manifold (Ma, go) with the slant function 6 and (rangeo.)* = {0}. Then we have

* * (%
21" = Y R (XZ-,Xj,Xj,Xi):Z{n(n—1)+3||G\|2}—3||AXXZ-||2. (4.34)

1<i<j<n
forany X €T ((k‘era*)J—) .

Proof. Using the anti-symmetry of A and (4.2), we obtain

. v n n
277 = Z(n(” —1) 43> 01(€X;, X;)01(€X3, X)) — 3 Y g1 (Ax, X, Ax, X;), (4.35)

i,j=1 hj=1
where
™= Y R(X,X;,X;,X;) (4.36)
1<i<j<n
Let define .
le* =" gt (eXi, X;), (4.37)

=1

then from (4.35) and (4.37) we obtain

v
2" = Z(n(n —1)+3|C)?) - 3|l Ax X2 (4.38)

which completes the proof. ]

Now, we are going to obtain Casorati curvatures of PHSRM. The following lemma plays
a key role in the proof of our theorem:

Lemma 4.11. Let W = {(y1,y2, .., Ym) € R™ : y1 + Y2 + ... + Ym = 2z} be a hyperplane of
R™, and g : R™ — R a quadratic form given by

91,92, - Ym) = ST () + d(Ym)? — 281 <kes<m¥rys, ¢ >0, d > 0.
Then the constrained extremum problem min(y, v, . y.)ewg has the following solution:

z oz zZm—1)
cr U mT a1 T (er)d

=(c—m+2)

N=Y2=..=Yn-1= cr 1’

provided that d = m712, [54].

c—m+
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Let o be a PHSRM from a complex space form (M?P (v), g1, J) to a Riemannian manifold
(M22, go) with (rangeo,)™ = {0}. Suppose {X1,..., X} is an orthonormal basis of the
vertical space kero.q, for ¢ € My, and {Xp,y1,..., Xp, } be an orthonormal basis of the
horizontal space (kerc.,)*.

We defined the scalar curvature 75¢79+ on the vertical space keroy, by

Tk:era* _ Zz,s:lgl(RkeTU* (an XS)XS, Xk;)

and the normalized scalar curvature k*€"o+ of kero.q as

27_ker0'*

p(p—1)

erro* —

Then, we can write

(‘Tlfs = gl(“T(kaXS)vXﬁ)a kys=1,...p, B=p+1,...,0be,
ITI° = S o191 (T (X, X), T (X, X)),
traceT = XP_ T(Xy, Xy), |[traceT||* = g1 (traceT, traceT)

and the squared norm of T over the manifold M;, denoted by €¥"~ is called the vertical
Casorati curvatures of the vertical space (kero,),. Thus, we get

B \2
ﬁ—p+12g,s:1 ((‘Tks) .

1
ekera* — 7”7”2 72171
p
Now, assume that L*¢"* is a t—dimensional subspace (kero.),, 2 < t and let { X1, X, ..., X;}
be an orthonormal basis of L. Then the Casorati curvature G¢¢7o (Lkerox) of LFerox

d(fﬁn(fd as
e ero I erox 1 7 2 Eb] Ei rJ'B 2

kero. kero* ( —kero (

The normalized ¢
are given by
[gplé'e"’* (p—1)], =1 erm* + pHmf{er“’* (Lkerox) . Lkero« g hyperplane of (keray),}, and

[Gheros (p — 1)), = QQI;em* _ 21;plmf{ekem* (Lkero«) ; LFerox a hyperplane of (kero),}-

Casorati curvatures g p— 1) and @ 1) of keroy),

Theorem 4.12. Let o be a PHSRM from a complex space form (MY (v),g1,J) to a
Riemannian manifold (M3, g2) with (rangeo.)* = {0} and 3 < p. Then the normalized

kero. —kero

p— Casorali curvatures @ and Qg on (kero,)q satisfy

3v

. keros < kerox _ 1 K - k 2 4
(i) K57 < @7 (p )+4+%@_D(w%0% (4.39)
3v
.. keros < —kerox(, 1 Z — (k 29 . 4.4
(i) K < @ (p )+4+2p(p—1)( 9 cos” ) (4.40)

Furthermore, the equality case holds in any inequalities at a point ¢ € My if and only if
with respect to suitable orthonormal basis {X1, ..., X,} on (keroy)q and {Xp41,..., Xp, } on
((keroy)q)*, the components of T satisfy

1
715127262: rJwglpl 2pp7/8€{p+1p+2 b}:

‘J',fs =0, k,se{l,,...,p}k#s), Be{p+1,p+2,....,01}.
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Proof. Using (1.27) of [26] and (4.4) we have
%(p2 —p)+ %(kg cos? )
— pCkers 1 ItraceT||?. (4.41)

Now we define a function Q¥"* associated with the following quadratic polynomial with
respect to the components of T :

27_kero*

1
ler‘a* — 5[(p2 . p)ekera* + (p2 . 1)€kero* (Lkera*)]
— grheres 4 Z(p2 —-p)+ 371/(]{2 cos?h).

Without loos of generality, by supposing that the hyperplane L¥7* is spanned by
{X1,..., Xp—1}, one can produce

Qkers — s SR p(Th)? + (p+ D(T5,)7)
+ a2+ DTS (TF)
R Iy LA (4.42)
Using (4.42), we obtain the critical points
T = (T T T T T

BRMEARI s Top
of Qkero« are solutions of the next system of equations:

6%;5k =2(r+ 1Ty — 25, Ty = 0

8%;519 =(r—1)T5, - 25/ 17, = 0 )
6%’;5 = 4(r +1)Ty, = 0 ‘
698’;£p =2(r +1)T], = 0,

here k,s € {1,2,....p — 1}, k # s and € {p+ 1,...,b1}. Frankly (4.43) is a system
consisting only in linear homogeneous equations and it is easy to checky that every solution
T¢ has ‘J',fs = 0 for k£ # s, and the determinant corresponding to the first two series of
linear homogeneous equations in (4.43) has vanishes. Furthermore, the Hessian matrix of

Qkerox ig defined as
Hy O 0
H(Qkeroy=( 0 Hy 0 |,

0 0 Hs
here
2p -2 ... =2 =2
-2 2p ... =2 =2
Hy = ,
-2 =2 ... 2p =2
-2 =2 ... =2 p—-1

0 denotes the zero matrix of suitable dimensions and the matrices Ho, Hs are ones having
the following diagonal forms

Hy = diag(d(p+1),4(p+1),...,4(p+1)),
Hy = diag(2(p+1),2(p+1),....2(p+1)).
Then a standard computation shows that the eigenvalues of 3 (Q¥"7+) are
€1 =0, &2=p+3, &3=..=p=2(p+1), &s=4(p+1),
by =2(p+ 1), Yk,s € {1,2,....,p— 1}, k # s.
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Also it follows that Q¥¢77* is parabolic and achieves a global minimum value Q¥ (c) for
T°— the solution of (4.43). However we obtain Q¥ 7 (c) = 0 and we get Q**"* > 0. Thus,

1
27_1667‘0'* < 5[(pQ _ p)ekera* + (p2 _ 1)ekera* (Lkera*)]
v

"1

3v
(p* —p) + 5 (k2 cos? 6) (4.44)
and using (4.44) we obtain
1 p+1
kerox < 7@]667‘0'* ekero* Lkera*
wherne < (b 4 EES ghere (e
v 3v
+—+ ———(kacos® 0 4.45

for all hyperplane L¥77* of M;. Now, taking the infimum in (4.45) over every hyperplane
LFeros  we get (i)

Eerox v
Kkera* < 4,0](?3 (p — 1) + Z
3v
+— " (kycos®H 4.46

Besides, simply we can check that the equality sign holds in the (4.46) if and only if
TO =0, Vk,s € {1,2,..,p}, k#s, Be{p+1,..,01},
and

T8 =277 = ... =27

p—1p-1s Vs €{p+1,p+2,..,b1}.

In a similar way we have (ii).
Using the Theorem 4.12; we obtain the following results:

Corollary 4.13. Let o be a PHSRM from a complex space form (MY (v),g1,.J) to a
Riemannian manifold (M3, g2) with (rangeo.)* = {0} and 3 < p. Then the normalized

o— Casorati curvatures U’éem* and 6’5”0* on (keroy)q satisfy
(Z) Kkera* < (pléercr* (p _ 1) + % (447)
(”) K;k:era* < (ﬁléem* (p _ 1) +% (4.48)

Furthermore, the equality case holds in any inequalities at a point ¢ € My if and only if
with respect to suitable orthonormal basis {X1, ..., X,} on (keroy)q and {Xpi1, ..., Xp, } on
((keros)q)*, the components of T satisfy

1

T =70 =.. = ‘:rfjflpf1 = §‘Igp, Be{p+1,p+2,...,b},

To. =0, kyse{l,,..p}(k#s), Be{p+1L,p+2,...b}.
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