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Abstract
In this article, we discuss the global asymptotic stability of following system of difference equations with quadratic
terms: x;y; = a+/3y;—;1, Vit = Q +B% where «, 8 are positive numbers and the initial values are positive

numbers. We also study the rate of convergence and oscillation behaviour of the solutions of related system. We
will give also, some numerical examples to illustrate our results.
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1. Introduction

The difference equations or systems have too many applications among many branches of science. over the last two decades,
difference equations or their systems have been huge interest between scholars which are mathematicians . For example, in [22]
discussed global dynamics of an one-dimensional discrete-time laser model. Further in [8] Din et al. discussed stability of a
discrete ecological model. Studies of difference equations are increasing day by day and will continue to increase. Therefore,
there are many papers related to applications of difference equations or systems. More specifically, some scientists studied
the dynamics of solutions of difference equations or systems (for example, see [1]-[5],[7, 9, 12], [14]-[21], [23], [25]-[30]).
Additionally, there are many results related to our study as follows:

In [31], Yang et al. studied the solutions, stability and asymptotic behaviour of the system of the two nonlinear difference
equations

Axy Byn
Xptl = —, = .
n+1 147 Yn+1 1 +x7
In [11], Elabbasy et al. investigated the global behaviour of following system of difference equations
Xprl = aixn Ynrl = b1yn
" atazy, T byt baxg

In [6], Bacani et al. discussed solutions of the following two nonlinear difference equations

q
X, = —, = .
n+1 Pt Yn+1 oty
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In [24], Hadziabdic et al. examined the global behaviours of following system of difference equations

. blx% v ar —|—czy%
1= 1=
n+ Al +y£> n+ x;21

In [8], Burgic et al. investigated the global stability properties and asymptotic behaviour of solutions for the system of difference
equations

X _ Xn y _ Yn
n+1 a+y’217 n+1 b—|—x,%
In [10], Beso et al. concentrates on discussing boundedness of solutions of following difference equation
X,
Xn+1 = ’}/+5 2” .
Xn—1
In [13], Tasdemir et al. discussed the global asymptotic stability of a system of difference equations with quadratic terms
X,
Xnt1 :AJrBzyin, Ynt1 =A+B 2”
n—m xi’l*m

They also studied global asymptotic stability of related difference equation. Motivated by difference equations and their systems,

we consider the following system of difference equations
- X
Xiv = 0k BRS yin =t B (1.1)

1 1

where o and 3 are positive numbers and the initial values are positive numbers. In this paper we study the stability, global
behaviour and rate of convergence of solutions of system (1.1). We also discussed the oscillation behaviour of solutions of
related system. In this here, we obtain two theorems which are used during this study.

Theorem 1.1. (Linearized Stability Theorem [25]) Assume that
X1 =F(X),i=0,1,...

is a system of difference equations such that X is a fixed point of F.

(i) I all eigenvalues of the Jacobian matrix B about X lie inside the open unit disk |A| < 1, that is, if all of them have absolute
value less than one, then X is locally asymptotically stable.

(i) If at least one of them has a modulus greater than one, then X is unstable.

Theorem 1.2. [5] Leti € N;Jr and g(i,u,v) be a decreasing function in u and v for any fixed n. Suppose that for i < i,the
inqualities

Vie1 < g (1, yiyi-1)

uiv1 > g (6, yi,yi-1)
hold. Then

Vig—1 < Uig—1,Yip < Ui,
implies that
yi < uj,i > dp.
2. Linearized Stability of System (1.1)

First of all, we consider the change of the variables for system (1.1) as follows:

X .
Gi= 517 ni= §~
From this, system (1.1) transform into following system:
Gi=1+p 25 i =144 C";l Q.1
n; &
B

where U = > 0. From now on, we study the system (2.1).

o?
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Lemma 2.1. Let u > 0. Unique positive equilibrium point of system (2.1) is

s _ 1+/14+4p 14++/14+4u
(@ q)= (LA TV,
2 2
Now, we consider a transformation as follows:

(Chgi—hnhni—l) — (tatluz7zl)

=G,z=1+p ng ,21 = N; . Thus we get the jacobian matrix about equilibrium point (5, 1):
N
s 1 0 0 0
e
0 0 1 0
Thus, the linearized system of system (2.1) about the unique positive equilibrium point is given by X;11 = B(&,n)X; , where
Gi
Gi1
X = ,
! ni
Ni-1
-2
0 0 &
S 1 0 0 0
e
0 0 1 0
Hence, the characteristic equation of [3 (8,m) about the unique positive equilibrium point (5 ,M)is

2
P P
1—521_]2&—&—52 A CZ

Due to £ = 1), we can rearrange the characteristic equation such that

TR

Therefore, we obtain the four roots of characteristic equation as follows:

Ho /2 —8u 2

2@2 ’

/ 52

222

2 2
PERNS LI L R T

l

_'u_i'_ 2+8u§2
282

e
282
Now, we calculate C 2 and write in Ay. Then we have
2 p+ /B2 —4p(l+2u+ A +T)
I+2u+Ap+T1
_ B/ TR A AT+ A
1+2u+A4n+1
AT A+ A /T A
14+2p+/Au+1 '
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Thus straightforward calculations show that

M= V2R
SRR RN, iy

Additionally, we obtain similarly calculations that

TR
S TG T

On the other hand, we consider A3 as follows:

py— ZHEVORZ Hap+p/An T T
[+ 20 AT
_ VB VTR — 12 Au T
= Y e |
_ RV But VT2
1+2u+4p+1
2+ VITAL
142 +A4u+1

Moreover, we clearly see that 23 > 0. So 0 < A3 < 1 for all u > 0. Similar calculations we have that —1 < A4 < 0 for all
u>0.

Theorem 2.2. Suppose that it > 0.Then the following cases hold for system (2.1):

(i) If 1 < 2 then the equilibrium point of system (2.1) is locally asymptotically stable.
(ii) If L = 2 then the equilibrium point of system (2.1) is a non-hyperbolic equilibrium .
(iii) If L > 2 then the equilibrium point of system (2.1) is a repeller.

Proof. Firstly we know that |A3],]|A4| < 1 for all u > 0. Now we consider

2./2u
M| =de| = ===
14++/144u
If the equilibrium point of system (2.1) is locally asymptotically stable, then all roots of characteristic equation must lie the unit
disk. Therefore,we must show that |4;|,|A2| < 1. Hence

2+/2
M| = 2] = o

— < 1.

14++/144u
Thus, we have 2/2u < 1+ /1 +4u. From this, we obtain that gt < 2. The proofs of other cases can be obtained in a similar
way. O

3. An Oscillation Result of Solutions of System (2.1)

In this here, we investigate the oscillation behaviour of solutions of system (2.1).
Theorem 3.1. Assume {({;, 1)} be a positive solution of system (2.1) u > 0. Then for any i > 0 the following cases are true.

(i) if Gv1,mi < § =1 < &, Ni1 then

(Girae)iey < € < (Givan)is

o - (3.1)
(Miz2r)i=1 << (Mi2k—1)—1 -
() i GioMist < & =1 < i1, i then
(Giran)ier < & < (Givar1)ir s 32)

(Miv2n—1)er <N < (Miv2w)iy -
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Proof. Firstly we consider case (3.1). Assume that §;1,1; < Q_' =1 < §;,Ni+1. Then we obtain that

Gra=1+p 127,~ >1+H%=ﬁ=§,
i+1

Nip2 =144 gi <1+M§2=§=ﬁ,
i+1

Givs < &M > 1, Gipa > &, Miva < 7.

Therefore we have by using induction

G, Gy Civats - > 6> G, Gy oo, Gk 15+
Ni+1,Mi+35- s Mit2k—15- - > fl > NisMit+2s -5 Mit2ks - -

Thus the proof of (3.1) is completed as desired. The proof of (3.2) is similar to proof of (3.1). O

4. Boundedness of System (2.1)
Lemma 4.1. Let {({;,n;)} be a positive solution of system (2.1) and t > 0. Then §; > 1 and n; > 1 fori > 1.

Proof. Assume {({;,n;)} be a positive solution of system (2.1). Then we have from system (2.1):

G=1+p s,
Mo
m=1+p C;; > 1.
&
Therefore, we obtain by induction
Gip1i=14u ni;l > 1,
n;
Miv1=1+U CF; > 1.
&
So, the proof of lemma is completed. O

Theorem 4.2. If0 < u < 1 then every solution of system (2.1) is bounded.

Proof. Firstly we have from system (2.1) §; > 1 and n; > 1 for i > 1 and p > 0. Moreover, every solution of system (2.1)
satisfies

G <14+u4p>&y,i>1, “.D

which due to Theorem 1.2, means that §; < ¢;, i =0, 1,..., where {u;} satisfy
wipr =14+u+p?uq,i>1, 4.2)
such that

Us = CSaus+1 = CS+17S € {_1707 17}al > s,

Hence the solution u; of the difference equation (4.2) is

1 4 .
Y=g +UCr+ (—p)'Ca. (4.3)

Actually, we have from (4.2)
Uit] = 1+,LL+H2M,;1 :>12_u2 20:>2,172 =4u.
From this, the homogeneous solution of difference equation (4.2) is

Uy = WCi + (=)' Ca.
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In additon, from (4.2), the equilibrium solution of difference equation (4.2) is
G ltptplis s ——
= H-+u TS
Additionally, relations (4.1) and (4.2) imply that

Givt —uip1 S (Gt —ug 1), i>s,u € (0,1).

Therefore we have
Gi<uj,i>s (4.4)
Hence, we obtain from (4.3), (4.4) and Lemma 4.1,
1 ) .
1<§< q +u'Cr+ (_.U)ICZ =Ny,
where
1 1+u
Ci = — _
1= (IJCo-i-Cl 1”) )
1
Cy=— - 1).
275 M (u—Ci+1)
Similarly we can write that

1 . )
b<msi—y T U Cs+ (—p)'Ca =Ny

where
_ 1 _I4p
C3= o <MC0+C1 1_“),
1
Cs (wo—Ci+1).

T2

5. Convergence Results of Solutions of System (2.1)

Theorem 5.1. If {; > ¢ and n; > 7 (resp., G > Candmi >0 )fori>sands e {—1,0,...} then the solution {(&,m;)} of
system (2.1) tends to equilibrium point {(C, ﬁ)} as i — oo,

Proof. Let {(&;,n;)} be a positive solution of system (2.1) such that
G=Comi=m,i>s, (5.1)

where s € {—1,0,... }. Hence, we obtain from (5.1), system (2.1) and Lemma 4.1:

Gin S THu+p*G ). (5.2)
Ui = 14+ plui g, (5.3)
us = Gy ugr) = Cor1,5 € {—1,0,...}, i > s. (5.4)

Therefore, we get from the solution of the difference equation (5.3):

= 1_“4-14 Cr+(—u)'c (5.5)

uj
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where Cy,C, depent on ; ,{;1 1. Moreover, we have from (5.2) and (5.3):
Givt — s < P2 (G — 1), i>s (5.6)
Thus we obtain from (5.4), (5.6) and by induction
Gi<u,i>s. (5.7

From (5.1), (5.5) and (5.7), we obtain that

lim §; = .
i—oo0
Then we similarly obtain that lim 1; = 7]. The proof of the other case of this theorem is similar to this case, so we leave it to
i—»o0
readers. O

Theorem 5.2. Suppose that 0 < u < % Then the positive equilibrium point of system (2.1) is globally asymptotically stable.

Proof. We have from Theorem 4.2,
1 < my =liminf{; <Ny,
i—o0
1 <my =liminfn; <N,
i—o0
1 < Uy =limsup{; < Ny,
i—voo
1 <Up =limsupn; < N,.
[—o0
By system (2.1), we can write
U2 ny
U0<1+u—m>14+u—,
1> u m% 1 H U22

U] mi
U< l4+p==,mp>1+p—.
2> .um% 2 ‘uU]Z

Hence we have

m U.
U1+H?: <Um sz-Hlmfz’

my Ul
Uy+u—<Um <m +u—.
U, my
Therefore we obtain that

m m U. U
U+ +Us+ s <y U=+ my +
U U, mo my
U. U
Ui+ 4 Uy + 22—y — =2 —my — =+ <0,
U U, my my
U —my) (1 LI | P i) <o
—m —u|—+— —m - —+— .
1 1 u m U 2 2 H m Uy <
In this here if £ € (0, 1) than
1 1
l—pu{—+—1]>0,
u(m1+U1>

1 1
1— —+—|]>0.
" <m2 + Uz)
Thus, we get that
U1—m1=O, Uz—mzzo.

So, Uy = my and U = my. The proof is completed as desired. O
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6. Rate of Convergence of System (2.1)
Now we study the rate of convergence of system (2.1). Hence, we consider the following system:
Eip1 = (a+B(i))E;, (6.1)
where E; is a k-dimensional vector, @ € C**¥ is a constant matrix, and f8 : Z*+ — C*** is a matrix function satisfying

1B — 0, 6.2)

as i — oo, where || - || denotes any matrix norm that is associated with the vector norm

(x| = Va2 +y2.

Theorem 6.1. (Perronas Theorem, [24]) Assume that condition (6.2) holds. If E; is a solution of (6.1), then either E; = 0 for
all as i — oo,0r

1iIIl \/i HE1H7
I—»oo
or

o Il
im ,
e JE]

exists and is equal to modulus of one of the eigenvalues of matrix o.

Theorem 6.2. Suppose that 0 < u < % and {({;, M)} be a solution of the system (2.1) such that lim §; =  and lim 1; = 1.
1—o0 [—o0

Then the error vector

‘lle Gi— C_
E — ei—21 Ci—.l___c

gi ni n

€1 Ni-1—M

of every solution of system (2.1) satisfies both of the following asymptotic relations:

,lgg VIE] = |A1234 Fr(E, 1),

oo Bl
m
e TE

= 234 Fi(E.0)].

where 21234 Fi(§, 1) are the characteristic roots of the Jacobian matrix Fy(§, 7).

Proof. To find the error terms, we set

- 1 -
Ci+1 - C = ;}An (ti—n - C) + Z B, (Zi—n - T_])a
1
Niy1 — N = ;)Dn (Ci—n - E) + Z()Gn (ni—n - ﬁ) )

and e! = {;— {,e? = n; — 7. Thus we have

1 1
1 _ 1 2
€iy1 = Z Anei_,+ Z Bpei_,,
n=0 n=0

1 1
1 1 2
€y = Z Dpe;_, + Z Gnei_y,
n=0 n=0
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where
Ag=A; =0,
_ '+ ;
By B = u(_nzn)7
n; nn;
— + G
py=H p = HELG)
i q¢
Go=G; =0

Now we take the limits

limAg = limA; =0,

i—o0 i—oo
. U . —<H
limBy=—, limB =——
im0 72’ e N2’
. u . -2
limDy=—, limD;=——,
i—>o0 2 i—voo §2
_lim Go = 11m Gl =0.
i—yoo i—oo
Hence
-2
Bo—%-kbz, 31—71_]2‘1-”1,
-2
Dy %4—51,, DI—E—Q‘LH,,

where b; = 0, r; = 0, di — 0, t; — 0 as i — oo. Therefore, we obtain the system of the form (6.1)
Eiot = (a+B())E:

where

o= —~ ©
|
o
IS

(6.3)

&
=

S O O3

)
el 0 0 % a el
el |1 0o 0 o el

ek L 2 0 0 ef

5 2
¢ 0 0 1 0 €

which is same as linearized system of system (2.1) about equilibrium point(f , ). O
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7. Numerical Examples

In this section, we give two examples which include three figures to verify our theoretical results.

Example 7.1. We consider system (2.1) for u = 0.43. With the initial values {1 =1, §y = 1.2, n_; = 3 and 1y = 0.95 positive
equilibrium point of system (2.1) is globally asymptotically stable. Figures 7.1, 7.2 verify our theoretical results.

plot of y(n+1)
T

solution of y(n+1)
a
T

1.3
1.2
1.1 F
1 1 1 1 1 1
0 5 10 15 20 25 30
n-iteration
Figure 7.1

Example 7.2. We consider system (2.1) for u = 2.2. With the initial values {1 = 2.08, {o = 2.02, N1 = 2.03 and 1o = 2.08,
solutions of system (2.1) oscillate about positive equilibrium point ({, 7} = (0.0652,0.0652). Figure 7.3 verifies our theoretical
results.

1.4 F

1.36

0 5 10 15 20 25 30
n-iteration
Figure 7.2
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=104

0 5 10 15 20 25 30

n
Figure 7.3

8. Conclusions

In this paper we studied convergence results of a system of second order difference equations . Firstly we deal with the unique
positive equilibrium point of system(2.1). Then we analyse the bounded solutions of system (2.1). We also investigate the
oscillation of solutions of system. More specifically, we focus on the convergence results of solutions of system. According
to our results, if 0 < u < % then the positive equilibrium point of system (2.1) is globally asymptotically stable. After this
we concentrates on discussing the rate of convergence of solutions of system(2.1). Moreover to this we give two numerical
examples to verify our theoretical results.
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