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. 4
1 Surfaces in R 2(Bu,0u) = ¥ + (x1)? + (x2)? = 1

In Moore [4], we find a general definition of rota-

if we use arc length parametrization, g(ou,0t) =0

and g(ot,0t)=r" .

. . 4
tion surfaces mn R .

X(u,t) = (x1(u)cos(at) — x,(u) sin(at),

X1 () cos(ar) + x3 (u) sin(at), Using the Weierstrass representation in Section 2,

x3(u) cos(bt) — x4 (u) sn(br), we give two parameters familes of Bour's-type (in
x3 (u) cos(bt) + x4 (1) sin(bt)). Section 3) and Enneper's-type (in Section 4) minimal
surfaces in the four dimensional Euclidean space.

We propose that we look at a restricted case of this, Ve also calculate implicit algebraic equations of the

found in Ganchev-Milousheva [2] : surfaces, degrees and classes of the surfaces.
W(u,t) = (x1(u),x, ), r(u)cos(t), r(u) sm(z)). 2 Weierstrass equations for a minimal surface
in R*

The first we think is a bit too general since the curve

is not located in any subspace before rotation. In Hoffman and Osserman [3] , p.45, they give the
Weierstrass equations for a minimal surface in R*:

At any rate this has:
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() = L-(1+/2,i(1 ~f2).f ~ 2.~ + ). b= (Xews)
=—(-1+/1+/5)0+g] +2)E? +)?)
Here y is analytic and the order of the zeros of v = —(Xy,w1),

must be greater than the order of the poles of f, g
at each point. If w =2z and [ =f +if, , while

g =g, +ig, then a = (X, Xo)

X:—iX, = O(2) = <Xany>

= z(1 +/g,i(1 - fg).f — & =i/ + 8)) =(1+£2+/)+g +g)? +)?)
= ((1+/1g81 —f282)x — (281 +[182)y,

= (w;, w).
(fag1 +f182)x =y +f121y — f282)> < / J>
(fi —g)x + (/2 + )3, (f> + g2)x + (f1 + g1)¥) Now we can use Gram-Schmidt to find an orthonor-
—i(~y—f1(g2x + g1y) + fo(=g1x + g2), mal basis for the normal space. We let
1+ fig1 —f2g2)x — (frg1 +f122)ys e, =X, /\/; and e, = Xy /\/;. Then we get
+ (2 + g x+ 1+ gy,
(i +g1)x = (2 + g2)y) n, = - a - (w +%Xy),
a-—b
We set
ny = ﬁ(wz %Xx),
wi = (—(rg1x +figax —y +f121y — [282)), a -
(I +f1g1 —f282)x = (fag1 +f182)y, where
—((f2 +g2)x + (f1 +g1)y),
@ b = 4(f} + ) + 1) @l + g3 + 1),
(fi —g1)x + (+f2 + g2)y) b b
which is perpendicular to X _, and
i J L+f +f3
wa = (<(-1+figi —pg)x— (hgr +fig)y), V@ =07 40T +/)E +y) e+ + 1)
—y- X + +fo(=g1x + g2),
yv f1(g2 g&y) f;()gl g2) y Slafif
—ix+tgix—=U2+g22))), a - 1 5 0
a 1L+f3 + /3

—fax + gx + (=f1 +g1)y)

which is perpendicular to X' .

So far we see that:
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—(fig2 +f2g1)x = (=1 + f1g1 —f2&2)y

i + zm+r1+2
(I+fig1 = f2g2)x = (g1 +f1g2)y 2 min+2
~(fr+g)x = (fi +g1)y (i_;)
= (fi —g)x + (=2 +g2)y ,[(D(Z)dz = 2 mn+2
LN Ry : 2
@-b ~(figa +fog1)x + (=1 =fi1g1 = f2g2)y m+2 n+2

n (-1+/f1g1 - f2g2)x = (ag1 + /182y —i( 2" + Z"2 )
’ (Hf2+g@x+ (i +gy m+2 n+2
(fitg)x—(fr+g)y

~ Welet z=re' and take the real part

With x =rcos(d), y =rsin(0),
. 2 20 m+n+2 2)6
fl = r" cos(mb), fz — sm(mH), r 00;( )+ r c’(:li(flzg-w )0)
. 2.: m+n+2
g, =r"cos(n), g, =r"sin(nd) we have: nor- B 0 —= 5“;(29) - S;ni(nrgmz)g)
mals 7,(7,0): nn (1 0) = r"2 cos(m+2)0) _ r"* cos((n+2)0)
1\ . m+2 - n+2
"2 sin((m+2)0) |, " sin((n+2)60)
™ sin(0) — " sin((m + n + 1)6) m+2 n+2

1 ™ cos(0) + r" cos((m + n + 1)0)
e + 1D +1) =" sin((n + 1)0) — sin((m + 1)0)
=" cos((n + 1)0) + cos((m + 1)0) Example: For m =2, n=0, wehave B, (r,0):

/ % cos(26) * cos(40) \
+
and n,(r,0): 2 4 x(r,0)
72 sin(26) 7 sin (46)
© « 19) 2 + 4 y(r,0)
m - +n+ =
reos reostimn 2 cos(26) #* cos(46) Z(l" 9)
1 =" sin(0) — 1 sin((m + n + 1)0) > T 2
@+ 1)@ +1) | " eos((n + 1)6) — cos((m + 1)0) 2 sin(26) + 4 sin(40) w(r,0)
P14 sin((n + 1)8) — sin((m + 1)) \ 2 4 /
and B, (u,v):
3 Bour's family of surfaces
y %(u2 v+ i—u“ - %uzv2 + %v“ x(u,v)
We now choose, in analogy with the surface case, v+ 1y —w? B
(//:22/ f:Zm and g:Zn,With m # n. This _L(MZ_V2)+LM4_iu2V2 + Ly4 - z(u V)
2 4 2 4 g
BIves: wv + v —uy? w(u,v)
O(z)=z(1+z""i(1-z""),z" = z" —i(z" +z")).
We want to find normals 7, and 7, of the Bour's
We integrate to get:

minimal surface

B, o (4,9) = (x(u,v), y00,v), 21, ), wat,v)),
and degree of the algebraic Bour minimal surface.

Hence, we find the implicit equations
Q(x,y,z, W)=0 of B, (u,v) using elimination

157



CBU F Bil. Dergi,, Cilt 13, Say1 1, 2017, 155-163 s
techniques in the cartesian coordinates x,y,z,w

as follow:
¥+ 4xy? +y* = 2w — 8xyw — 43w — 3w?
+4xw? + 6y*w? —dyw? + wh,
and

=3y? +y* + 4?2z - 2yw — 43w — 8yzw + w?

+ 6y w? +4zw? — dyw? + wH,

without z and x, respectively. But we should get
with x, y,z,w . On the other hand, we use the Syl-

vester elimination technique and find the implicit
eq. as follows:

1040
010 4 ,
det =(B-A4)
10B0
010 B
:(2x+22—2wy+2xz+wz—x2+y2—zz)2,
where

A=-2(x-2)%+2(x+2z),
B=—-(x-2)?%-Ww-y)>.

For short, taking r*=t> =k, thenwe get

=2x +2z— 2wy + 2xz + w? —x2 +y? — 22

Hence, the irreducible implicit equation is

O@x,y,z,w) = 2x + 2z = 2wy + 2xz+ w? —x? +1y? —z

with deg(Bzw0 ) =2. So, Bz,o is an algebraic mini-

mal surface in 4-space. Then find F, using

2
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xX1+yY1+zZ, +wW, + P, =0,
where
ny = X1 (uw,v), Y1 (u,v),Z (u,v), Wi (u,v)),
and B = B(u,v). Similarly, find P, using
xXo +yYo +zZ, + wWy + P, = 0,
where
ny = (Xo(u,v), Yo(u,v),Z>(u,v), W2 (u,v)),

and P, = P,(u,v). Therefore, inhomogeneous tan-
gential coordinates of the Bour surface, using 7,
a,=X//B, b=Y/F,
a,=X,/P,

(resp. using n,), are
CIZZI/Ea d] :VVI/R
b,=Y,/P, €27= Z)/Py, dy = W1lP»).

(resp.

Hence, we can find the implicit eq.
Ql (alablacladl) = O

(resp. 05(a2,by,¢2,dy) = 0)
of
Boo(u,v)

using elimination techniques in the inhomogeneous
a,,b,,c,,d, (resp.

a,,b,,c,,d, ) and can find the classes of the al-

tangential  coordinates

gebraic Bour minimal surface (we have 2 normals
and then have 2 classes).

72 sin(0) — sin(30)
72 cos(0) + cos(30)
—r2 sin(0) — sin(30)

—r% cos(0) + cos(360)

(1), (r,0) = —1

264 +1)

X,(r,0)
Y, (r,0)
Z(r,0)
Wi (r,0)
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and then

/ v(u4+2uzv2—3u2+v4+v2> \
(u2+v2)% ,2<<uz+vz>2+] )

u (u4+2u 2y2 424043 v2>

(u2+v2>% ’2(<uz+v2>2+l )

v(u4+2u2v2+3uz+v4—vz>

<uz+v2)% |2 ((u2+v2)2+1 )

u(u4+2u2v2—uz+v4+3 v2>
\ <uz+v2)% ’2<(u2+v2)2+1) /

/ X (u,v)
Y1 (u,v)
Z1(u,v)
\ Wi (u,v)

(nl )2’0 (u,v) =

Using xX, +yY, +zZ +wW,+ B, =0, we get

vﬁ(,/uZ + 2 )3

Py = ,
4w + v2)  +1
and then
20 +2u?v? = 3u? +v* +v2)
ar =X,\/Py = 3 )
w? +v?)
2u(u® + 2u”v? + u? +v* = 3v?)
v(u? +v?)
—2(u* + 2uv? + 3u? +v* —v?)
C1 :Zl/Pl = 3 5
(u? +v?)
2u(u® +2u*v? —u? +v* +3v?)
d, = WwW,/P, = .

v(u? +v?)?

Hence, in the inhomogeneous tangential coordina-

tes a,,b,,c,,d,, parametriceq. of Bour surface is
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v(u* +2u?v? = 3u? + vt +0?)
u(u® +2u*v? +u? +v* = 3v?)
%2,0(%") = 2

v(u? +v2)3 —v(u* +2uv? + 3u? + v —v?)
—u(u* +2u?v? —u? +v* +3v?)
ay (u,v)
by (u,v)
c1(u,v)

dy(u,v)

So, we have 6 implicit eqgs.

51(01,b1,01,d1)=0

of

%2,0 (u, V)

using elimination techniques in the inhomogeneous

tangential coordinates a,,b,,c,,d, , as follow:

~ 2 2
Ql(al,bl,cl,dl) = —albl +a1d1 +2a1b101
—2a1c1d1 —blc%+c%d1

—4a1b1 +4Cld1,

or

é](alsblaclgdl) = —a} +2a’c, +2a,b?
—2a1bd, —alcf—b%cl
+c1dt +4at +4a;c
+4bd, +4d?,

or

él(al,bl,cl,dl) = —20? + SG%CI + 36111)% —4a1b1d1
—4alc%+a1d%—2b%cl +2b16‘1d1
+C?+8a%+4a101 —4b%+4b1d1

—4ct +8d3,

or
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0,(ar,by,c1,dy) = a* —4d3c, +6a3c? —4a,c}
+c} —2a’c,; —2a,b? +4a,b,d,
+4aic} —2a,d? - 2c3 — 16a?
—24a,c, —8b% -24b,d, — 80%
- 1643,

or

3 _ 3 2 3 2
. = _ _
Q (dl,bl,Cl,dl) 2a1b1+6a1b101 alb1+3a1b1d1

—6a1b16% —3a1b1df +a1df +2b10%
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X, (u,v)
Y2 (u,v)
Zy(u,v)
W, (u,v)

(}12 )2,0 (M, V) =

4 Enneper's family of surfaces
We now choose, in analogy with the surface case,
w=2, f=z"and g=2z", with m#n . This

gives:

— 1661%171 + léafdl + 16a1b101 —4a101d1 (I)(Z) — (1 +Zm+n,l'(1 _Zm+n)’Zm _Zn’_l'(Zm +Zn))‘

— 463 —8b2d, — 125, + 4b,d? + 8
— 32611171 + 32C1d1,

or

él(al,bl,cl,dl) = Cllb‘lt —4a1b?d1 +6[l1b%d% —4a1b1d? ‘*’Cl]d‘lt
- 16a‘1‘ + 38a?cl + 14a%b% —44a%b,d1
- 28aic? +22a2d? + 16a,bic, + 6a,c?
£ 4bY 4 Ab3dy — 8B2CP — 1263 — by
+8d! + 1444} — 144a2c, — 2084, b7
+168a1b,d; + ]04016‘% +40L11d% + 8017%61
—24c¢3 —320a? — 224a,c, + 96b% —224b,d,
+96¢2 - 320d3.

So,
classes(%z,o) = 3,4,5.

We can use the same techniques for (”z )2 0

2 cos(0) — cos(30)
| 2 sin(0) — sin(30)

204 +1) | —r*cos(0) — cos(36)

r* sin(9) — sin(30)

(l’l2 )2)() (I”,G)

X, (r,0)
Y, (r,0)
Z,(r,0)
W, (r,0)

We integrate to get:

m+n+1

zZ+i—

m+n+1
m+n+1

Zz

m+n+1 )

n+l

iz -

m+l1

[o(2)dz =

m+1 n+l
.(Zm+] + Zn+l )
l m+1 n+l

Welet z =re'’ and take the real part

m+n+l

r cos((m+n+1)80)
rcos(0)+ o
. " sin((m+n+1)0)
E (r0)= —rsin(fd)+ e
m,n \" 2 "L cos((m+1)6) _ " cos((n+1)0)
m+1 n+l
" Lsin((m+1)6) n #"Lsin((n+1)0)
m+1 n+l

Example: For m=2, n=0,wehave E, ((,0):

3
/ rees? 003560) + rcos(0) \

x(r,0)
7 sin(36) .
5 rsn® | y(n0)
ﬂ‘:zﬂ — rcos(6) z(r,0)
2 sin(36) . w(r,0)
\ —s + I"SI['I(Q) /

and E,  (u,v):
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L3 —w? +u

3 X(H,V)
1
TS G B YCRY
%u3 —uv? —u z(u,v) ’
uzv—%v3 iy w(u,v)
where u =rcosf, v=rsind.

We want to find normals »n, and #n, of the Enne-

per's minimal surface
E2,0 (u’ V) = (x(u, V)a y(ua V)’ Z(ua V)’ W(u’ V)),

and degree of the algebraic Enneper minimal sur-
face.

Wehave r+A4=0, r*+B=0 and

1400
0140
001 4
1 00 B

Syl(4,B,r) = det = B—- A3,

where

_ _1 _ )2 _ 1,2
4 =L =22+ w=p)?),
B = —%((x +2)2+(w+y)?).
Hence, we find the irreducible implicit equation
Q(x, y,Z,W) =0 of E,((u,v) using elimination

techniques in the cartesian coordinates x,y,z, w

as follows:

CBU J. of Sci., Volume 13, Issue 1, 2017, p 155-163
wé —6wdy + 3w*x? — 6whxz + 15wy? + 3wiz?
= 12w3x2y + 24w3xyz — 20w3y3 — 12w3yz? + 3wyt
— 12w2x3z + 18w2x2y? + 18w?x 222 — 36wixy’z
—12w2xz3 + 15w?y* + 18w?y?22 + 3w?z* — 144w?
— 6wx*y + 24wx3yz — 12wx2y® — 36wx2yz? + 24wxy’z
+ 24wxyzd — 6wy’ — 12wy 2% — 6wyz* — 288wy + x©
—6x°z+ 3x*y? + 15x422 — 12x3y%z - 20x32° + 3x%y*
+ 18x2y2z% + 15x22*% — 144x? — 6xy*z — 12x)°2° — 6x2°

—288xz +y0 + 3y4z2 + 3y2z% — 144y? + 20 — 14422,

Its degree is deg(E2,0)= 6. So, O(x,y,z,w)=0
is an implicit algebraic Enneper type minimal sur-

face in 4-space. Then find F using

x X +yY1 +zZ, +wW, + P, = O,

where
ny = (Xl (U,V), Yl (U,V),Z] (ua V)a Wl (M,V)),

and P, = P(u,v). Similarly, find P, using

xX, +yY2 +zZy +wWy + Py = O,

where
n; = (XZ(uav)aYZ (U,V),ZQ(M,V), WQ(M,V)),

and P, = P,(u,v). Therefore, inhomogeneous tan-
gential coordinates of the Enneper surface, using 7,
(resp. using n,), are a,=X,/P, b =Y, /P,
¢ =218, d =W,/F (resp. a,=X,/P,
b,=Y,/P, ¢c,=2,/P, d,=W,/P,).

Hence, we can find the implicit eq.

’Q\ll(alablacladl) =0

~

(resp. 01(az,b2,¢2,dy) = 0)

of

%2,0 (ua V)
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using elimination techniques in the inhomogeneous
tangential coordinates a,,b,,c,,d, (resp.
a,,b,,c,,d, ) and can find the classes of the algeb-
raic Enneper minimal surface (we have 2 normals

and then have 2 classes). (n1 )2’0 (r,0) is as follows:

—sin(20)
2 20)

y o r* + cos(
(21),,(,0) LD | —sineo)

-2 + cos(20)

X1 (r,0)
Y1 (r,0)
Z(r,0)
Wi(r,0)

and (l’l1 )2,0 (u,v) is as follows:

—2uv
1 (u2+v2)2+(u2—v2)
W?* +v?) [2((u2 +v2)% + 1) —2uy
W? —v?) - (u? + \)2)2
X1 (u,v)
3 Y1 (u,v)
- Z1(u,v)
Wi (u,v)

Using xX, +yY, +zZ, +wW, + B, =0, we get

22v(u? +v?)

P] = s
_’a‘/(u2 +v2) 41
and then
a =X1/P1 :_—314 2
2w? +v?)
3<(u2+v2)2+u2—v2>
bl = Y]/Pl =

l

dyW? +v?)?

162
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3u

¢ = Z/Py = ——3U___
202 +v?)?

3((1,12 +v2)2 +v? —u2>

4y (u? +v? )2

d] :Wl/P] =

Hence, using E, (u,v) and (l’l1 )2)0 (u,v), we get

the first parametric eq. of Enneper type surface
@2,0 (u,v)

in the inhomogeneous tangential coordinates
a,,b,,c,,d, as follows:

’

—2uv
W +v2) +u? —v?
%2,0(%") = 3

4y(u? +v?)? —2uv

\ W +v)2 +v2 —u?
ai(u,v) \
bi(u,v)
ci(u,v)
di(u,v) /

Then we have implicit eq.

é](alablacladl) = O

of the first surface

@2,0 (M,V)

using elimination techniques in the inhomogeneous
tangential coordinates a,,b,,c,,d, , as follows:

0,(ar,by,c1,dy) = 16a2b8 — 96a2b3d, + 24042 b*d>
—320a}bic +240aibid} — 96aibd; + 16aldS

— 144a2b} + 288a3b3d, — 288a>bd; + 144a’d} — 36b°
+108b}d? — 108b2d} + 36d$ — 12964} — 648a%b?
—1296a3b,d, — 648a%d? — 81b% — 324b3d, — 486b%d3
—324b,d; - 81d1.

So,

class(/@fz,o) = 8.
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We can use the same techniques for

(n2 )2‘0(’/:9) =

1

r* — 12 cos(20)

—r2 sin(20)

/2}’4(1’4 +1) —r* — % cos(20)

—r? sin(20)

X, (r,0)
Y, (r,0)
Z,(r,0)
W, (r,0)

and (nz )2,0 (,v):

1

(? +vz)2 +v2 —u?

—2uy

W? +v?) IZ((u2+v2)2+1) ~@? +v?)? v —u?

X2 (u,v)
Y2 (u,v)
Z5(u,v)
W, (u,v)

—2uv

Using E, ((u,v) and (nz)z’o(u,v), we get

P, =

22u(u? +v?)

3,/ (u? +v2) 41

Hence, we obtain the second surface:

%2,0 (u,v)

3

dy(u? +v?)*

ar(u,v) \
by (u,v)

c(u,v)

| @ +v?)" +v2—u
/ [( 2)2 2 2:|
2uv

—|:(u2 +v2)% +u? — v2:|

\ 2uy

d>(u,v) /
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So, we have implicit eq.

62(a27b29029d2) = 0

of the second surface

’é(Z,O (M,V)

using elimination techniques in the inhomogeneous

tangential coordinates a,,b,,c,,d, as follows:

0,(az,ba,c2,dy) = 16a5b3 — 96a3bh2cy + 240atbc?
- 320a§b%cg + 240a%b%c§ - 96a2b%c§ + léb%cg

- 36ag — l44a§b% + 108a‘2‘c% + 288a3b%cz - 108a%c‘2‘
—288ayb3c3 + 144b3cs +36¢5 — 8la3 — 324a3c,

— 648a3b3 — 486a5c3 — 1296a2b3cy — 324a;c;3

— 1296b% — 648b2¢2 — 814,

Then we have

class(@:(z’o) = 8.
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