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1. Introduction

A variety of models exist in the literature for examining lifetime data. The Weibull distribution originated as
an extension of the exponential distribution. The distribution is more flexible in shape than the exponential
distribution. This property makes the Weibull distribution useful for lifetime modeling and modeling data from
economics and business administration [1-3]. In reliability theory, the Weibull distribution is convenient for
modeling monotonic hazard rates. However, it does not provide a reasonable parametric fit for non-monotonic
failure rates [4, 5]. To improve the ability to model non-monotonic failure rates, several generalizations and
modifications of the Weibull distribution have been introduced in the literature [6, 7].

As an alternative to the Weibull distribution, the omega distribution was introduced as a new probability
distribution, and its applications in reliability theory were discussed [8]. Dombi et al. [8] showed that the
asymptotic omega hazard rate function is the Weibull hazard rate function, which implies that the asymptotic
omega distribution is just the Weibull distribution. Moreover, the omega distribution belongs to the class of
proportional hazard rate models. Ozbilen and Geng [9] introduced the unit exponentiated-half logistic (UEHL)
distribution corresponding to the omega distribution with a special case of the parameter value of the
distribution. The distribution corresponds to the exponentiated half-logistic distribution with a simple
transformation, which has many applications in reliability theory [10, 11].

In statistical literature, there are various ways to generate new distributions using some baseline distributions
[12, 13]. In this context, Kumar et al. [14] proposed the Dinesh, Umesh, and Sanjay (DUS) transformation to
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obtain a new distribution family. Let f(x) and F(x) denote the probability density function (PDF) and
cumulative distribution function (CDF) of the baseline distribution, respectively. Then, the PDF and CDF of
the DUS family are given by

F(x)
fous(x) = &, x €D )
e—1
and
F(x) _
Fous () = S @

respectively. In Equation (1), D is the domain of the baseline distribution. As observed from Equations (1) and
(2) that the DUS family does not contain any new parameters in addition to those used in the baseline
distribution. Hence, the DUS family results in a parsimonious distribution in terms of computation and
interpretation.

There exist several studies in the literature where the DUS transformation is used. Kumar et al. [14] applied
the DUS transformation to an exponential CDF. Deepthi and Chacko [15] proposed the DUS-Lomax
distribution, considering the Lomax distribution as the baseline distribution for the DUS transformation. Kavya
and Manoharan [16] obtained the DUS-Weibull distribution with the same approach. Maurya et al. [17]
proposed a generalization of the DUS transformation and studied the exponential baseline in the proposed
method. Karakaya et al. [18] considered the DUS transformation with the Kumaraswamy distribution and
investigated the properties of the distribution.

The performance of the UEHL distribution can be improved by applying the DUS transformation to the CDF
of the UEHL distribution. In this paper, we use the DUS transformation to the UEHL distribution to enhance
distribution in the scope of modeling proportional data.

The rest of the paper is organized as follows: Section 2 introduces the UEHL distribution with DUS
transformation and obtains the survival and hazard rate functions. Section 3 discusses some analytical
characteristics, such as the moments, quantile function, stress-strength reliability, likelihood ratio ordering,
and the maximum likelihood estimation (MLE) of the method. Section 4 performs a simulation study to
validate the performance of the maximum likelihood estimates of the distribution. Section 5 provides a
numerical example to illustrate the performance of the proposed distribution in modeling the real data. The
last section concludes the paper.

2. DUS-UEHL Distribution

Recently, the UEHL distribution [9] has been proposed as a special case of omega distribution [8], a member
of the class of proportional hazard rate models. The distribution corresponds to the transformation Z = e~*
where X has the exponentiated half-logistic distribution. The UEHL distribution has many applications in
reliability theory through exponentiated half-logistic distribution [10, 19, 20]. This section applies the DUS
transformation to the UEHL distribution to introduce a new class of distributions. The PDF and CDF of the
UEHL distribution are given as follows, respectively:

(1-x0)""

fUEHL(x) = ZAer‘lm, 0<x<1 (3)
and
A
1—x?
Fygu,(x) =1— <1_|_—x9> , 0<x<1 (4)
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where 6 > 0 and 1 > 0 are the scale and shape parameters of the distribution, respectively. By applying the
transformations given in Equations (1) and (2) to Equations (3) and (4), the PDF and CDF of the new
distribution are obtained as follows, respectively:

-1 _,0\?
f () = —— 22601 a-x) 1_<1+i9> ()
D-UEHL e—1 (1 + x0)4+1
and
A
1 (=
Fp_yenL(x) = ponry I <1+x9> -1 (6)

The random variable X with the CDF in Equation (6) is said to follow the two-parameter DUS-UEHL
distribution and is denoted by D-UEHL(6, 1). Considering the derivative of PDF in Equation 5, we obtain

A
226x°~2(~2262° + (6 + D +6 = 1) (57 — 1)

f,D—UEHL(x) = (x20 —1)2

1/6
and the extreme points 0 and 1. Given 8 > 1, this

(Aei\/m))
(6+1)
indicates that the D-UEHL(6, A) distribution is unimodal with the unique mode at x; or x, depending on the
scale and shape parameters of the distribution. Moreover, the PDF can be an increasing, decreasing, or U-
shaped function of x depending on the values of the PDF at the extreme points.

which has the critical points x; , = (

Figure 1 shows the PDF of the D-UEHL(6, 1) distribution for various values of the parameters 6 and A.
According to Figure 1, the D-UEHL(O,2) distribution can take different shapes, including unimodal,
increasing, decreasing, and U-shaped functions.
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Figure 1. PDF plots of the D-UEHL(6, 1) distribution for various values of the parameters 6 and 1
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The survival function and the hazard rate functions of the D-UEHL distribution are provided as follows,
respectively:

1—x‘9 g
e — el <1+x9> (7)
Sp-venL(x) = T e—1
and
A-1 1—x9 4
210 9—1(1_¢ 1_<1+§9>
T L (8)
hD—UEHL(x) = N
e — el_(1+x9)

Figure 2 manifests the hazard rate function for selected values of the parameters 8 and A. According to Figure
2, the hazard function of D-UEHL(6, 1) is an increasing function.
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Figure 2. Hazard rate function plots of the D-UEHL(6, 1) distribution for various values of the parameters 6
and 4

3. Some Analytical Characteristics of the D-UEHL(8, A) Distribution

This section discusses some statistical characteristics, including the moments, quantile function, stress-strength
reliability, likelihood ratio ordering, and MLE of the D-UEHL(6, A) distribution.

3.1. Moments

The moments are useful for understanding the various characteristics of a statistical distribution. In this section,
we consider the moments of a D-UEHL(8, 1) random variable. Let X be a D-UEHL(6, 2) random variable
with PDF given by Equation (5). Then, for r € {1,2,3, --- }, the r-th raw moment of X is

24e g (1 —xe)/l_1 1—<i>/1
E(Xr) — 1fxr <9x9_1—>e 1+x° dx

e —

By substituting v = x?, the expectation is written as
1-1\2

1
2le 1
EX") =23 f b0 (1 = 0)A1(1 4+ v) A te (1) aw
0

ooxj

By using the Taylor expansion e* = X727, n
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2e
E(X™) = py—

o) .1
Z l(_“l)l f(vr/e(l _ v)1(1+i)—1(1 + v)—l(lﬂ')—l)dv
i=0 ' 0

Using Equation 3.197.3 provided in [21], i.e., f01 X711 = )11 = Bx)Vdx = B4, p) LFy(v, A+ 3 B)
such that Re A > 0, Re u > 0, and | 8| < 1, the r-th raw moment is obtained as

22 O (-1)! r o
Yy I . . T r N
E(X)—e_lzo L B<1+9,/1(1+1)>2F1()l(1+1)+1,1+9,1+9+,1(1+l)’ )
1=
where

' > (@) (b)y, 2™

B(a,b) =f t* (1 —t)’"tdt and ,F,(a,b;c;z) = (@ )nz_l

° n=0 (C)n n

are the beta and Gauss hypergeometric functions, respectively, and (a), = a(a + 1)--(a + n + 1).
Table 1 shows the mean, variance, skewness, and kurtosis of D-UEHL(8, 1) distribution for selected pairs of
(6,1). The results indicate that the D-UEHL(6,1) has various shapes depending on the values of the
distribution parameters.

Table 1. Mean, variance, skewness, and kurtosis of the D-UEHL(6, A) distribution

0 A Mean Variance Skewness Kurtosis
0.7 0.7 0.4893 0.1057 0.0478 1.6247
1.5 0.2600 0.0557 0.9766 3.0931
3 0.1179 0.0168 1.8289 6.8839
15 0.7 0.6574 0.0725 -0.5416 2.1708
1.5 0.4688 0.0573 0.1228 2.1052
3 0.3153 0.0322 0.5336 2.7771
3 0.7 0.7874 0.0374 -1.0363 3.4153
1.5 0.6571 0.0369 -0.4670 2.5985
3 0.5355 0.0285 -0.1805 2.5863
3.2. Quantile Function
The quantile function of the D-UEHL(6, A) distribution is given by
-1 1/6
Qp-ven(w;0,1) = F 1 (w;0,1) = [2(1 + (1 - log(l +ule — 1))) IM) - 1] 9)

Based on Equation (9), the median of the D-UEHL(6, A) distribution is given by the following function, a
function of the parameters 6 and A:

Qp_ven.(0.5;0,1) = [2(1 +(1—log2 —log (1 +e))V*) " — 1]1/9 (10)

The median values of the D-UEHL(6, A) distribution for selected parameter values are provided in Table 2.

Table 2. Median of the D-UEHL(6, A) distribution

0 0.1 0.5 1 2.5 5 10
0.1 0.99874892  0.05466397 0.00033596  0.00000007 <1078 <1078
0.5 0.99974966  0.55916532 0.20195643  0.03655548 0.00930982  0.00233835
A1 0.99987482  0.74777357 0.44939563  0.19119487 0.09648743  0.04835653
2.5 0.99994993  0.89024193 0.72619213 0.51592966  0.39245358  0.29770219
5 0.99997496  0.94352633 0.85216907 0.71828244  0.62646116  0.54562093
10 0.99998748 0.97135283 0.92313004 0.84751545 0.79149299 0.73866158
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3.3. Stress-Strength Reliability
Given the stress and strength random variables, Y and X, the stress-strength reliability is defined as R =
P(Y < X). In this section, we compute the stress-strength reliability for the model D-UEHL(6, 1).

Proposition 1. Let Y and X be independent stress and strength random variables following D-UEHL
distribution with parameters (6, A,) and (6, A,), respectively. Then, the stress-strength reliability is

2 X (—1>fy(al . )

= Ziv11
CEN VT Ul
j=0

! 11
7 -— (1)

e—1

R

where 1, > 0, 4, > 0, and y(a, x) = f; ta~1 et dt is the incomplete gamma function.
Proor.

By the definition, the stress-strength reliability can be written as

1
R = J.P(Y <XI1X=x)f(x)dx

0
1 1_x9 A1 0 12_1 1_x9 A2
:f 1 1_<1+x9> -1 L2129x9—1& 1_<1+x9> dx
e—1
0

e—1 ¢ (1 +x9)12+1e

y)
1-x9\"1

1+i6) and applying the Taylor expansion of e*,

By substituting t = (

1
e
R= —f (e‘t’HMZJr1 - 1) et dt
0

i (_1)J'tﬂ1f//12 1

. ——let dt
J! e

3.4. Likelihood Ratio Ordering

fx(x)
fr(x)
it is said to be the random variable X is smaller than Y in likelihood ratio ordering and denoted by X <;,- Y.

Proposition 2 gives the property of likelihood ratio ordering for the D-UEHL distribution.

Let X and Y be random variables with PDFs fx (-) and fy (-), respectively. If

is non-decreasing in x, then

Proposition 2. Let X ~ D-UEHL(0,,4,) andY ~ D-UEHL(0,,1,). 1f 6; = 0,, then X <;,. Y.
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Proor.

Let 8; = 6, = 6. The ratio of the PDFs of X and Y is given by

6-1 (1 — x9)11—1
(1 + x9)21+1
0-1 (1 — x9)12—1
X (1 + x0) %t
After simplifications, we obtain g'(x) < 0,for0 < x < 1and 8 > 0. Hence, g(-) is a non-decreasing function
of x, which completes the proof.

2/119x

gx) =
22,0

3.5. Maximum Likelihood Estimation

Let X;,X,, -+, X,, be an identically independent distributed sample from D-UEHL(6, A). Then, the likelihood
and log-likelihood functions are written as

A

L8, 1) = ﬁ —— 226x o- (- )" 16 _C:") (12)

L 1le- ( ?)Aﬂ

and

£(0,1) = —nlog(e — 1) + n(1 + log2) + nlog A + nlog6 + (6 — 1)zlog(xl-)

i=1 3
+( - 1)210g(1 —x0) -1+ 1)zlog(1 +x7) - Z(l 20 )

respectively. Differentiating the log-likelihood function with respect to the parameters, we get the log-
likelihood equations as

ae(ez)_g Zog(")‘“‘”z s 1)2 log | gz(lﬂ =0 (14)

and

(13)

6{’(91) n Zn: 1—x? i 1—x? /11 1—x? 0
= — 0 =
A 1+xf — 1+xf 8 1+xf (15)
Equations (14) and (15) do not have a closed-form solution. To solve these equations, some iterative methods
can be employed. We apply the optim procedure in R to obtain the solution of the equation system.

4. Simulation Study

In this section, a simulation study is carried out to examine the properties of the MLE, which we discussed in
detail in Section 3. Table 3 shows the biases and mean squared errors (MSES) of the parameter estimates with
5000 replications for various values of the parameters (n, 8, 1). According to the results in Table 3, the MLEs
are asymptotically unbiased. Moreover, the bias and MSE values of the MLESs decrease to zero as the sample
size increases as desired.
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Table 3. Bias and MSEs of MLE estimators for selected parameter values

Bias MSE
n 0 A 0 p)
2 2 50 0.06108 0.10841 0.09290 0.19997

100 0.02521 0.04550 0.04196 0.08155

200 0.01127 0.02281 0.01972 0.03706

300 0.00690 0.01386 0.01311 0.02379

500 0.00304 0.00752 0.00779 0.01394

3 1.5 50 0.09989 0.06955 0.24153 0.09187
100 0.04119 0.02920 0.10856 0.03866

200 0.01851 0.01493 0.05089 0.01787

300 0.01147 0.00909 0.03392 0.01148

500 0.00511 0.00496 0.02015 0.00676

1.5 0.8 50 0.06884 0.02793 0.09443 0.01843
100 0.02873 0.01179 0.04116 0.00817

200 0.01308 0.00629 0.01895 0.00389

300 0.00834 0.00381 0.01267 0.00250

500 0.00396 0.00216 0.00753 0.00148

5. Real Data Application

In this section, we investigate the flexibility performance of the D-UEHL(6, A) distribution with a real data
application. For this purpose, we consider the reservoir data set obtained from the monthly water capacity of
the Shasta Reservoir in California [22]. We compare the D-UEHL(6, A) distribution with well-known Weibull,
Beta, Kumaraswamy, and UEHL distributions. The PDFs of the distributions used for comparison are given
as follows:

Weibull distribution

2] 1
fuw(x;6,2) = EG) e=G/V% 9,1>0

Beta distribution

fz(x;6,1) = x? 11 -1, 6,A1>0

B(6,1)

Kunlaraswalny distribution
xwl(x;0,1) = 0Ax - X A 1, 6,1>0
f ( e ) 0 9—1(1 9)

We use the maximum likelihood method to estimate the unknown parameters of the considered distributions.
We test the goodness of fits of the models with Kolmogorov-Smirnov test statistic (K-S (stat)) and associate
p-value (K-S (p-value)). We report the Akaike information criterion (AIC) and Bayesian information criterion
(BIC) to compare the proposed model with the other models. AIC and BIC are computed as

AIC = 2k — 2¢(6,4) and BIC = klogn — 2£(6,4)

where k is the number of parameters, n is the number of observations, and ¢ is the maximum value of the
likelihood function for the underlying distribution.
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Table 4. Bias and MSEs of MLE estimators for selected parameter values

6 A AIC BIC 24 K-S (stat) K-S (p-value)
Weibull 7.2987 0.7748  -20.5347 -18.5432 -24.5347  0.2220 0.2396
Beta 7.3157 29099  -21.1238 -19.1324 -25.1238  0.2359 0.1834
Kumaraswamy  6.3476 44894  -22,9494 -20.9580 -26.9494  0.2209 0.2447
UEHL 6.9010 2.8883  -21.2699 -19.2784 -25.2699  0.2254 0.2248
D-UEHL 6.4316 3.2682  -23.0543 -21.0629 -27.0543  0.2046 0.3267

Table 4 shows the parameter estimates, AIC values, BIC values, and —2# values together with K-S (stat) and
K-S (p-value) for all models fitted to the reservoir data set. The K-S test results indicate that the compared
distributions are appropriate to fit the underlying data. From Table 4, it can be observed that the D-UEHL(6, 1)
distribution yields the lowest AIC and BIC values, followed by the Kumaraswamy distribution. Hence, we
conclude that the D-UEHL(6,1) model has the best fit for the reservoir data set among the compared
distributions in the study. Moreover, Figure 3 manifests the empirical and fitted curves based on the reservoir
data set for illustrative purposes.

1.00 1 ==
2 0.751 Pl - Empirical
= A - - Fitted
L:? 0.50 1 1 ’
£ 025 7 //
O‘OO i |l T T T T
0.00 0.25 0.50 0.75 1.00
X

Figure 3: Empirical and fitted distribution functions based on the reservoir data set
6. Conclusion

In this study, we introduce D-UEHL distribution for record data based on DUS transformation on unit
exponentiated half-logistic distribution CDF. We obtain various analytical characteristics, including moments,
guantile function, stress-strength reliability, and likelihood ratio ordering of the proposed distribution. We
perform a simulation study that illustrates the properties of the maximum likelihood estimates of the D-UEHL
distribution. The real data analysis on a record data shows that the D-UEHL model performs better on the data
than the other well-known models in terms of AIC and BIC criteria.

The findings of this article can be extended by applying the DUS transform to the omega distribution. In this
context, the effect of the extra support parameter of the omega distribution with the DUS transformation is a
topic for further research.
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