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ABSTRACT. We investigate the atomicity and the AP property of the semi-
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1. Introduction and preliminaries

All monoids in this paper are assumed to be submonoids of the additive monoid
Q4 of nonnegative rational numbers.

All the notions that we use but not define in this paper can be found in the
standard reference book [4] by R. Gilmer. A very important reference is also the
paper [2] by D. D. Anderson, D. F. Anderson and M. Zafrullah.

Let M be a monoid. The elements of the semigroup ring F[X; M], where F is a

field and X is a variable, are the polynomial expressions
F(X) =@ X 4o 4 ap X,

where ay,...,a, € F, a1,...,a, € M and, if we do not specifically mention oth-
erwise, a1 > --- > «,. We say that a1 X! is the leading term of f, X* is the
leading monomial of f and that a; is the degree of f. The polynomial expressions
f(X) =a, a € F, are called the constant polynomial expressions (or constants),
their degree is 0, except for f(X) = 0, whose degree is —oco. F[X; M] is an integral
domain, the nonzero constants are its only invertible elements. A nonzero nonunit
element f € F[X;M] is called an irreducible element or an atom if it cannot be
written as f = gh, where both g, h are nonzero nonunits. A nonzero nonunit el-

ement f € F[X;M] is said to be prime if f | gh implies f | g or f | h. If every
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nonzero nonunit element of F[X; M] can be written as a finite product of atoms,
we say that the integral domain F[X; M| is atomic.

In general, in integral domains every prime element is irreducible, but not vice-
versa. Integral domains in which every irreducible element is prime (i.e., where the
notions irreducible and prime coincide) are called AP domains.

An integral domain R is called a wunique factorization domain (UFD) if the
following two conditions hold:

(i) R is atomic;
(ii) the decomposition of any nonzero nonunit into irreducibles is unique up to

associates and the order of the factors.

There is no relation between the notions atomic and AP: an integral domain can
be atomic but not AP, and vice-versa, AP but not atomic. It can also be neither
atomic, nor AP. Being both atomic and AP is equivalent (as it is easy to show) to
being a UFD.

An integral domain R is called a principal ideal domain (PID) if every ideal of
R is principal.

We have the following implication diagram:

/ domain \
UFD < atomic AP atomic non-AP non-atomic AP non-atomic non-AP
PID

T

Euclidean domain

T

field

We now describe a factorization process of a nonzero nonunit element of an
integral domain. Let R be an integral domain and € R a nonzero nonunit.
We describe a factorization process of x. If x is irreducible, we stop. If not, we
decompose it as x = xgr1, where both g and x; are nonzero nonunits. If both
xg, 1 are irreducible, we stop. If not, we take the first from the left of the elements
2,1 which is reducible and decompose it as a product of two nonzero nonunits.
Say xg is reducible. We decompose it: g = x9,020,1. Now we have © = x¢,0z0,171.
If all of the z¢,0, xo,1, 1 are irreducible, we stop. If not, we take the first from the

left of the elements xg o, 0,1, £1 which is reducible and decompose it as a product
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of two nonzero nonunits. Say zo,; is reducible: g1 = %0,1,020,1,1. Now we have
T = T0,0%0,1,0T0,1,1%1, etc. We call this process a factorization process of x. If it
stops after finitely many steps, we say that this is a finite factorization process of

x. If it never stops, we say that this is an infinite factorization process of x.

Remark 1.1. If R is a subring of the domain F[X], F a field, and R contains
F, then R is atomic. Indeed, by the degree argument any element f € R of degree
n > 1 can be decomposed into at most n irreducible factors, so every factorization

process of f is finite. (The elements of F are precisely the units of R.)

Let M, M’ be two monoids. A map pu: M — M’ is called a monoid homomor-
phism from M to M’ if p(x+vy) = p(x) + p(y) for every x,y € M and p(0) = 0. If,
in addition, p is bijective, it is called a monoid isomorphism between M and M’.

1

(The inverse bijection p~* : M’ — M preserves the operation.) To every monoid

homomorphism p : M — M’ we can naturally associate a ring homomorphism
¢ : F[X; M] — F[X; M'], defined by

Plar X + -+ ap, X)) = a; XHOD) 4 g, X ),
¢ is an isomorphism if and only if x4 is an isomorphism.

Example 1.2. Let M be a monoid, 7 € Q4 \ {0}. Then ™M = {7z | z € M}
is a monoid and the map u, : M — TM, defined by p,(x) = 7T, is a monoid
isomorphism. Hence the naturally associated map ¢, : F[X; M| — F[X;T7M],
defined by

Dr(@ X 4+ a, X)) = a1 X7 + .. a4, X7

is a ring isomorphism.
The next proposition is easy to prove.

Proposition 1.3. If f(X) is a divisor in F[X; M| of an element X, a € M, then
f(X)=aXP withac F, 3€ M and a— 3 € M.

Definition 1.4. We say that a fraction @, m € Ny, n € N, is (written) in reduced
form if ged(m,n) = 1. "
06
171’

0 2
are written in reduced form, while 51 are not.

(G20 \)
H‘)—‘
Ol w

For example,

)

k
Lemma 1.5 (Reduced Form Lemma). Let —, m € Q4 be two fractions in reduced
n

l
form. Then
ﬁzﬁﬁﬂs’:m andl =n.
l n
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k
Proof. 7= m &kn = Im. Let p® be a prime power that appears in [ but not in
n
n. Let p’ be the power of p that appears in n. Then 0 <t < s. Let [ = p® -1,

n = p'-n/. From kp'n’ = p*I'm we get p*~¢ | kn/, a contradiction. Similarly, if
we have a prime power that appears in n, but not in [. Hence [ = n. Then from
kn=1Im, k=m. O

2. Essential generators

Let A be a subset of Q4. The intersection of all submonoids of Q4 which contain
A is a submonoid of Q, in fact, the smallest submonid of Q4 containing A. It
is called the submonoid generated by A and denoted (A). We have (#) = {0}. A
nonempty subset A of Q. generates a submonoid M of Q. if and only if

M:{k1a1+~~-+kznan|n6N,ai€A, k; € Ny (i=1,2,...,n)}.

We call the elements of A generators of M. If M can be generated by a finite set A,
we say that M is finitely generated, otherwise we say that M is infinitely generated.

Definition 2.1. An element a € M is called an essential generator of M if

(M {a}) # M.
Note that then, in particular, a ¢ (M \ {a}).

Examples 2.2. (i) M =Ny = (1) is a finitely generated monoid and 1 is an
essential generator of M.
(il) M = (2,5) is a finitely generated monoid and 2,5 are essential generators
of M.

(ili) M = Q4 is an infinitely generated monoid with no essential generators.
1

(iv) M = (5, 220937 ..) 4s an nfinitely generated monoid with no essential
generators.
1 1 1
(v) M = (5, ST AT AR 5) is an infinitely generated monoid with one essential
1
generator: —.
11 51
(vi) M = <§, 35 .Y is an infinitely generated monoid and each of the ele-
111
ments 21305 is an essential generator of M.
(vii) M = {0} is a finitely generated monoid with no essential generators since

Proposition 2.3. Let a be an essential generator of M. If A C M is a generating
set of M, then a € A.
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Proof. Suppose to the contrary, i.e., a ¢ A. Then A C M \ {a} and (4) = M,
hence (M \ {a}) = M, a contradiction. O

Proposition 2.4. Let A be a generating set of M and let a € A be such that
(A\ {a}) # M. Then a is an essential generator of M.

Proof. Suppose to the contrary, i.e.,
a=kxi+ -+ kntm, v; € M\ {a},k; € Nop.

If each z1,...,2, can be generated by the elements of A\ {a}, then a can be
generated by the elements of A\ {a}, a contradiction. Hence at least one of the
elements x1, ..., Z,,, when generated by the elements of A, has to use the generator
a. Say 1 = lja1 + -+ lyan + lpp1a. Then a = ky(lvay + -+ + lpan) + k1lnt1a +
kaxo + -+ + k. Since x1 # a, the right hand side (RHS) is bigger than the left
hand side (LHS), a contradiction. O

Proposition 2.5. If M = (A), then we can remove from A any finite set consisting
of nonessential generators of M and the set A’ obtained in that way still generates
M.

Proof. Let A\ A" ={ay,aq,...,a,}. By Proposition 2.4, (A\ {a1}) = M. Assume
that (A\ {a1,...,ar}) = M. Then, again by Proposition 2.4,

(AN {ar, - anp) \{ar}) = (A\{ar, .., ap, ap g }) = M.
It follows that (A \ {a1,...,a,}) = M, ie., (A") = M. O

Proposition 2.6. Let M, M’ be two monoids, u: M — M’ a monoid isomorphism
and let a € M. Then a is an essential generator of M if and only if u(a) is an

essential generator of M'.

Proof. It is enough to prove that if a is an essential generator of M, u(a) is an
essential generator of M’. Suppose to the contrary, i.e., (M \ {a}) # M, however
(M'\ u(a)) = M'. Let u(a) =b. We have b = kyy1 +- -+ knyn, where y1,...,y, €
M’'\{b}. Let x1,..., 2, be such that u(z;) = y;. Each of z1,...,x, is # a (since p

is bijective). Since p(kiz1 + -+ + kpxy,) = b, we have kyzq + -+ - + kpz, = a (since

 is bijective). This contradicts to (M \ {a}) # M. O
Example 2.7. A monoid M = (ni,ns,...,ng), where ny,ng,...,np € N =
{1,2,3,...} are such that ged(ny,na,...,ng) = 1 is called a numerical monoid.

For example, M = (2,5) = {0,2,4,5,6,7,...} is a numerical monoid. For this
monoid the ring F[X; M| is atomic by Remark 1.1, but is not AP since X° | X10 =
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X2.X2.X2.X2.X2, however X° { X2. The elements 2,5 are the essential generators
of M. Since M' = (4,10) is isomorphic with M (via pz : M — M’, us(x) = 2x),
the ring F[X; M'] is isomorphic with F[X; M| (via ¢ : F[X; M| — F[X;M']),

so F[X;M’] is also an atomic non-AP domain. The elements p2(2) = 4 and
u2(5) = 10 are the essential generators of M'. (However M’ is not a numer-
ical monoid since gced(4,10) = 2.) A similar analysis holds for, for example,

8 20
M ={Z,=).
%)

Proposition 2.8. Suppose that a is an essential generator of M and M # {(a).

Then X® is an irreducible non-prime element of F|X; M].

Proof. Suppose first that there is an element b € M such that either 0 < b < a or
b is another essential generator of M. Let a = B, b= %, both fractions in reduced
form. Then nbp = mp = gam. Note that X | ;](qm“ since X9 = X . X(am—la,
ie, X | X™ = (X% but X% { X° (either because b < a, or because we
would have b = a + ¢ for some ¢ € M, which is not possible since b is an essential
generator). Hence X* ia a non-prime element of F[X; M]. On the other side, X*
is irreducible since the relation X = X X< o # 0,¢ # 0 (which follows from
Proposition 1.3) would imply a = b’ 4 ¢/, which is not possible since a is an essential
generator.

Suppose now that a is the smallest non-zero element of M and the only essen-
tial generator of M. Consider the intervals (a,2a), (2a,3a), (3a,4a), ...and let
(ma, (m+1)a) be the first interval in which we have an element b of M \ (a). Since
b is not an essential generator, then there are non-zero elements ¢,d € M such that
c+ d = 0. This is not possible since at least one of the elements c¢,d is > ma and

the other one is > a, so that ¢+ d > (m + 1)a, a contradiction. O

Proposition 2.9. The irreducible elements of F[X; M| of the form X*, a € M,

are precisely the X® with a an essential generator of M.

Proof. If a is an essential generator, we cannot have X* = X°®X¢ with b,c €
M \ {0} since a = b+ ¢ implies that a is not essential. Hence, by Proposition 1.3,
X® is irreducible.

Conversely, if X is irreducible, we cannot write a = b+ ¢ for any b,c € M \ {0},

hence a cannot be generated by M\ {a}. Hence a is an essential generator of M. O

Proposition 2.10. If M # {0} cannot be generated by essential generators, then
F[X; M] is not atomic.
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Proof. Suppose to the contrary, i.e., that F[X; M] is atomic. Let A be the set
of all essential generators of M. Let a € M \ (A) and let X% = X1 X% ... X
be an irreducible decomposition of X* (it has to have this form by Proposition
1.3). Then by Proposition 2.9 each of a4, ..., a, is an essential generator of M and

a=a;+--+a,. Hence a € (A), a contradiction. O

Question 2.11. Does the opposite direction of Proposition 2.10 hold? In other
words, if M can be generated by essential generators, is F[X; M] then necessarily

atomic? (The next section provides an example where it is.)

111
3. Th idM=(_-,-,-,...
e monoi <2,3,57 >

111
In this section M always denotes the monoid <2, 35 >

Lemma 3.1. Every element o € M can be uniquely written in the form

a a
a:k+71+...+l7 (1)

b1 Dr
where k € No, r > 0, p1,...,pr are distinct primes and ay,...,a, are integers such

that 1 < a; < p; (i=1,...,7). (We call (1) the unique representation of . We
call k the integer part of a and “ 4+ 4 Y the fractional part of .)
b1

br

Proof. Let o € M. Then

ozl b
Diy Di,,
- . . bi,
for some distinct primes p;,,...,p;, and integers b;,,...,b; all > 1. Each —- can

pi;
a;,
be written as k;, + —2 where ki; > 0 is an integer and 0 < a;; < p;;. Writing
Pi;
a;,
k= ki +---+ k;, and relabeling the denominators of those — in which a; >1
2

as pi,...,pr, we get the form (1).

Now we show the uniqueness of (1). Suppose

a ar b bs
a:k+]3—1—|—---+—:l—|——1+----|——
1

T q1 qs

are two forms (1) of . Then

kpi...pp+aipi...pr+--tapr. P lqi.. . qs +01q1. . o+ A+ bsqr . Qs

P1-.-Dr qi1..-4s

and each fraction is in reduced form. (Here p; or ¢; means that factor is omitted.)

Hence by the Reduced Form Lemma we have {p1,...,p.} = {q1,...,¢s}. After
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relabeling we have

a a, b b,
kb —= b L=l L
P T yat DPr
Now if, for example, a; > by, we write
a; —b a, b b,
k+¥+~~+—:l+—2+~~+—,
b1 Dr D2 Dr

and so the LHS has p; but the RHS does not, a contradiction with what we proved

above. Hence a; = b; for i = 1,...,r. Hence k = [. O

Lemma 3.2. Let a, 8,7 € M be such that « = B+ . Then the sum of the integer
parts of B and v is less than or equal to the integer part of a. In particular, the

integer parts of B and v are less than or equal to the integer part of c.

Proof. Let
a:ka+ﬂ+~~+ﬂ7
Dp1 Di
b b
ﬁ:kﬁ+i+...+ﬂ,
q1 dm
c c
fy:]gv+i1+..._|_7”
T1 Tn
be the unique representations of «, 3,y. Then
b b c c
Bty=kg+hky+— 4 p
q1 qm 1 Tn
b b, . d: :
If ¢; = rj, we write — + G _bhite ki;+ —2L, where 0 < d;; < ¢; and k; ;
qi Ty q; 4q;
di g

isOor 1. If d;; = 0, we omit . After these additions and omitions, if there

P
are any, and after adding all the kzu to kg + k-, the RHS is written in the unique
representation form. Hence ko = kg + &k, + Zk” Hence ko > ko + kg. In

particular, ko > kg and ko > k. (Il

1 1
Lemma 3.3. The element — € M, p prime, cannot be written as — = o + B with
p

a,f € M\ {0}.

Proof. Suppose to the contrary. Then the integer parts of o, 5 are 0, so the unique

representations of o and (8 are

ai aj
o= — -t —,
D1 D1
b bm
ﬁ:il_k.. 4+ =
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1
None of p1,...,pr, q1,---,qs, can be equal to p, otherwise o+ § > —. When we
p

write
a a b b
a+ﬁ:i+...+l+i+...+7m’
b1 b q1 dm
a
then « + 3 = ——— for some integer a > 1, while p does not divide
P1---Piq1 - 4m
P11 PiqL - Gm- Thus a4+ B # —, a contradiction. ([l
p

Lemma 3.4. The irreducible elements of F[X;M] of the form X, a € M, are

precisely the elements X/?, p prime.
Proof. Follows from Lemma 3.3 and Proposition 2.9. (]

a a
Lemma 3.5. If the unique representation of « € M is a = Lyy -~ then
D1 Dr

Xo =XV XV o xee o xUee

al Qr

18, up to associates, the only decomposition of X< into irreducibles. In particular,

any factorization process of X* has the (same) finite number of steps.
Proof. Follows from Proposition 1.3 and Lemma 3.4. (I
Lemma 3.6. For every a € M \ {0}, X has every factorization process finite.

Proof. The proof is by induction on the integer part of a. If the integer part
of o is 0, the statement follows from Lemma 3.5. Suppose that for every a €
M \ {0} with integer part < k all factorization processes of X are finite. Let
a=k+ “u + -+ ar be the unique representation of a. Let X® = X% . X7 be
the first Zs)tlep of a ﬁxred factorization process of X¢. If the integer parts of both
B,v are < k, then both ,~ have all factorization processes finite by the inductive
hypothesis and so the factorization process of « is finite. Suppose that one of 3,
has the integer part equal to k and (by Lemma 3.2) the other one to 0. We will
assume that the integer part of 8 is k (it is not a big difference if we assume that

~ has the integer part k). It follows that, after relabeling,

a a b b
ﬁ:k+71+...+7m+m7+1+...+7”7
P1 Pm Pm+1 DPn
:M_ﬂ,_.._’_&_‘_@_‘_._‘_&’
Pm+1 Pn Pn+1 br
where m >0, n>m+1,b; +¢; =a; (i =m+1,...,n). Since v has at least one

addend in its unique representation, the fractional part of the unique representation

of B is “smaller” than the fractional part of the unique representation of «. The
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next step in the factorization process of X* would be a factorization of X”, namely
X8 = X9.X#. If both § and € have integer part < k, they have finite factorization
processes and since X7 also has a finite factorization process, then the factorization
process of X = X% X¢X7 is finite. If § has the integer part equal to k (similarly if
¢ has the integer part equal to k), then the fractional part of § would be “smaller”
than the fractional part of 5. There can be only finitely many steps in which the
integer part of one of the factors stays k and the fractional part is “smaller” and
“smaller”, so after finitely many steps the integer parts of both factors become < k

and we can apply the inductive hypothesis. ([l

111
273’57
AP. Moreover, no nonzero nonunit element of F[X; M| has an infinite factorization

Theorem 3.7. Let M = < . > Then the domain F[X; M| is atomic non-

process.

Proof. Let f € F[X; M] be a nonzero nonunit element. For atomicity of F[X; M]
it is enough to show that f has a finite factorization process. We claim that, in
fact, every factorization process of f is finite. Suppose to the contrary, i.e., that f

has an infinite factorization process. Denote it (after a relabeling at each step)

f = fOfl = fOfl,Ofl,l = f0f170f171,0f171,1 =....

Denote the leading monomials of f, fo, f1, f1,0, f1,1,... by X%, X% X% X0,
X1 .. Then

X = X0 XA — YU XY¥,0 Y¥,1 — YO Y¥,0 Y¥,1,0 YA,1,1 —

is an infinite factorization process of X<, which is a contradiction by Lemma 3.6.
F[X; M] is not AP since

X1/2 | X1/2X1/2 - X = X1/3X1/3X1/3,

however X'/2 { X1/3. (X'/? is irreducible by Lemma 3.4.) O

4. The case of finitely generated submonoids of Q.

Proposition 4.1. If M # {0} is a finitely generated monoid, then M has essential

generators ay, .. .,a, such that M = {(a1,...,a,).

Proof. Let A = {aq,...,a,} be a generating set of M such that |A| < |B| for all
generating sets B of M. Clearly, A exists because M is finitely generated. Thus,

by Proposition 2.4, each a; is an essential generator of M. O
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Theorem 4.2. Let M be a finitely generated monoid. Then precisely one of the
following situations occurs:
(i) M = {0}; then FIX; M| =F, a field.
(i) M = (a), a # 0; then F[X;M] = F[X], an Euclidean domain.
(iii) M = {a1,...,an), n > 2, all a; essential generators of M ; then F[X; M] is

an atomic non-AP domain.

Proof. Taking into account what we have previously said about monoid isomor-
phisms and associated ring isomorphisms, and taking into account Proposition 2.6
and Proposition 4.1, the only statement of this theorem that remains to be proved
is that in the case (iii) F'[X; M] is atomic and non-AP. The non-AP part follows
from Proposition 2.8. We now show that F[X;M] is atomic. Using the isomor-
phism p, with 7 equal to the least common multiple of the denominators of the
elements ay,...,a, we may assume that M C Ny. Then F[X; M] is a subring of
F[X] containing F. Hence F[X; M] is atomic by Remark 1.1. O

Remark 4.3. By Theorem 22 of Allen and Dale [1], every submonoid M of Ny is
finitely generated. Hence for F[X; M| precisely one of the three cases from Theorem

4.2 occurs.

5. The case of infinitely generated submonoids of Q

Proposition 5.1. Suppose M cannot be generated by essential generators. Then

every generating set of M contains infinitely many nonessential generators.

Proof. Suppose to the contrary. Let A be a generating set of M having only
finitely many nonessential generators, say ai,...,a,. We may assume that all of
them are # 0 and that a;y < --- < a,. Then A\ {a1} is still a generating set of
M by Proposition 2.4. Continuing this process we get that A\ {a1,...,a,} is a

generating set of M, a contradiction. O
mq me .

Lemma 5.2. Let —, ..., — € M, in reduced form, at least one of them nonzero.
ni Ty

Then ged(myq, ..., m¢) and lem(ng,...,n;) are relatively prime.

Proof. Suppose to the contrary. Then there is a prime p which divides both

ged(my,...,m) and lem(ny,...,n:). Hence
(Vm;) p | mg,
(3nj) p| n,.
Hence my is not in reduced form, a contradiction. O

n
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m m

Lemma 5.3. Let —1, e — e M, in reduced form, at least one of them nonzero.
ny Ty

Suppose that

ng(m17 s 7mt)

M.
lem(ny,...,n) <
Then
_lem(ng, ..., ny)
ged(ma, ..., my)

is an element of Q, in reduced form, such that:

ms
T — € Ny for all i;
n;

1
- e M.
T

Proof. That 7 is in reduced form follows from Lemma 5.2. The first claim is clear

since 7 is in reduced form. The second claim follows from the assumption. (I

The next theorem is a slight generalization of a theorem by R. Daileda from [3]

(given in Corollary 5.5). The proof follows Daileda’s proof.

Theorem 5.4. Let M be a monoid such that for any elements @, e e from M,
ny Tt
ged(my,...,my)

in reduced form, at least one of which is nonzero, we have e M.

Then F[X;M] is AP.

lem(nq,...,n)

Proof. Let f(X) = a1 X* +- - -+a, X be an irreducible element of F[X; M]. We
want to show that f is prime. Suppose that f(X) | a(X)b(X), where a(X),b(X) €
F[X; M]. We need to show that either f(X) | a(X) or f(X) | b(X). We have
a(X)b(X) = f(X)h(X) for some h(X) € F[X;M]. Let E(a), E(b), E(f),E(h) be
the sets of exponents of a, b, f, h, respectively, and let F = E(a)UE(b)UE(f)UE(h).

m m
Let £ = {1, R — }, all elements written in reduced form. At least one of them
ni nt
lem(ng,...,n
is nonzero since f is irreducible. Let 7 = M In F[X;7M] we have
ged(my, ..., my)

the relation
¢r(a)pr(b) = o7 (f)d-(h)

and all the polynomials in this relation belong to F[X]. Hence ¢,(f) divides
¢-(a)p-(b) in F[X]. Note that 7M D Ny since % € M, hence F[X;T7M] D> F[X].
Since f is irreducible in F[X; M], ¢ (f) is irreducible in F[X;7M], hence in F[X].
Hence ¢, (f) is prime in F[X] and so ¢,(f) | ¢-(a) or ¢-(f) | ¢-(b), say &-(f) |
¢r(a). Then ¢.(a) = ¢,(f) - o’ (X), where ¢’ (X) € F[X] C F[X;7M]. If we apply
the inverse isomorphism ¢, /. : F[X;7M] — F[X; M], we get a(X) = f(X)¢1/-(a),
ie, f(X)|a(X). Thus f(X) is prime. Hence F[X; M] is AP. O
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Corollary 5.5 (Daileda [3]). F[X;Q4] is a nonatomic AP domain.

Proof. F[X;Q4] is an AP domain by the previous theorem. It is nonatomic by

Proposition 2.10. (|
11 1 . .

Corollary 5.6. Let M = 3 g gE ) Then F[X;M] is a nonatomic AP

domain.

Proof. The same arguments as for the previous corollary. (]

Question 5.7. One may now wonder if for any M without essential generators
F[X; M] is AP. Consider, for example, the monoid

1 1 1 1 1 1
M={(=,=,=5,-- =y =5y =5, )-
<27227237 75752)537 >
11 d(1,1 1
For the elements -, — we have M =—¢& M. So we cannot use Theorem
2’5 lem(2,5) 10
5.4 to conclude that F[X; M] is AP. Is it non-AP? More concretely, is the element

f(X) = XY2 4 X5 of this domain irreducible? It is not prime since
X1/2 +X1/5 | (X1/2 +X1/5)2 — X1/5(X4/5 +2X1/2 +X2/5)7

however X2+ X1/5 does not divide any of the elements X*/> and X*/°> +2X1/2 4+
X2/5. In general, we would like to characterize all the monoids M such that
F[X;M] is AP.

Remark 5.8. If M is an infinitely generated monoid, then precisely one of the
following situations occurs:

(i) M has no essential generators. Then F[X;M] is non-atomic (by Propo-
sition 2.10). It can be AP (examples in the corollaries 5.5 and 5.6), the
question 5.7 asks if it can be non-AP.

(ii) M has at least one essential generator, but cannot be generated by essential
generators. Then F[X; M) is non-atomic (by Proposition 2.10) and non-
AP (by Proposition 2.8). An example of a monoid of this type is

11 1 1
M={Z = —, ..;=).
<2’22’23’ ’5>

(iii) M can be generated by essential generators. Then F[X; M| is non-AP (by
Proposition 2.8). It can be atomic (by the example of the section 3), the

question 2.11 asks if it can be non-atomic.
Proposition 5.9. If M is infinitely generated, then F[X; M] is not a UFD.

Proof. Follows from the discussion in Remark 5.8. O
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