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PARAMETRIC GENERALIZATION OF THE MODIFIED
BERNSTEIN-KANTOROVICH OPERATORS

Kadir KANAT,! Melek SOFYALIOGLU? and Selin ERDAL3

L.2,3Department of Mathematics, Ankara Haci1 Bayram Veli University, Ankara, TURKIYE

ABSTRACT. In the current article, a parametrization of the modified Bernstein-
Kantorovich operators is studied. Then the Korovkin theorem, approximation
properties and central moments of these operators are investigated. The rate
of approximation of the operators is obtained by the help of modulus of con-
tinuity, functions from Lipschitz class and Peetre-K functional. Finally, some
numerical examples are illustrated to show the effectiveness of the newly de-
fined operators.

1. INTRODUCTION

Approximation theory has an important place in studies in the field of math-
ematics. Let f be a continuous function on the interval [a,b] and then for every
g > 0, there is a polynomial p that satisfies the || f(z) — p(x)|| < € condition. This
theorem was given by Weierstrass [19] in 1885. In 1912, Bernstein [3] proved the
approximation theorem defined by Weierstrass on the closed interval [0,1]. A gener-
alization of Bernstein operators was made by Chen et al. [7] in 2017. Fuat Usta [1§]
defined modified Bernstein operators in 2020 as

n

Biga) =23 (1) (€ -mape oty (4

N n
By definition of the operator B} (g;z), he obtained the following equalities
B(l;z) = 1,
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n—2 1

Bl(t;x) = x+ -,

! U U
) (n? — T+ 6) 5n —6 1
Bi(tz) = 2 a? + it

Certain examples of articles on parametric generalizations of operators can be
found in 2], [4], 5], [6], (8], (7, [9], (10, [12], [13], [14], [16], [17], [20] and [21].

The 6 parameterization of modified Bernstein operators were defined for every
g € C0,1] by Sofyalioglu et al. [15] as

n
B;ﬁ@nx>=:§jp$2@»g(g), W
¢=0
wheren >1,0<6 <1,z € (0,1) and
K@) = a p@) =1-ua,
@) _ 1 n—2 o — TV 2(1 —
W = {5 (7 ) -t vera- o
(T2 — 1 - e - 0)(1— )
n—1\ ¢—2 K
+1 ( Z ) (¢ —nx)?0x(1 — :c)} 21 —) 2 > 2
7
with binomial coefficients
1\ _ [ 5%m  Hf0<¢<n
¢ 0 otherwise

In this paper, we give the Kantorovich type of parametric generalizations of the
modified Bernstein operators created by Sofyalioglu et al. [15]. Later, we study
approximation properties of the operators. Then we give central moments and rate
of convergence.

Now, we define the parametric generalization of the modified Bernstein-Kantorovich
operators

n ¢+1
* [ K
Krolgio) =Y pyi(@) | g, (2)
¢=0 n
wheren >1,0<6 <1,z € (0,1) and
[ 6
P =z, @) =1-z,
(0) _ n n—2 o — 1))2(1 —
W = {25 (7 ) -t vera- o
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(1) € mros - fa 2, gz

with binomial coefficients

¢ 0 otherwise
Choosing ¢ = 1, it is seen that the operators By ,(g; x) turn into By (g;x) given

by Usta [18].
The following equalities are going to use in the proof of the next theorem

() - S )
(1) - 407

Theorem 1. The parametric generalization of the modified Bernstein-Kantorovich
operators can be expressed as

¢+1

K} o(gia) = “‘”Zl#[(“ﬁl)/f dHi/ ]

n

X ( " : ) (¢ = (n—Da)*at (1 —a2)"
+9§( Z )(c—n:c>2w<—1(1 —x)n—c—l/ " g(t)dt.

<

Proof. We rewrite the Eqn. in more explicit form as

Kyolie) = (-0 [ 2 (102 ) (¢ (- a0 - o
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In other words,

Kioln) = (=) i) +03 (L) (C=nopat 1 -y

¢=0
C41
<[ gt )
where p; and p, are
n—2 $+1
mo= (7 ) s vt [ gan
¢=0 0
n
mom 2 (123)c-1-t-epsa e

When we choose the term ( =7 and ( = 7 — 1 respectively, we get p; = 0.
Similarly, replacing ¢ = 0 gives puy = 0.
Therefore, we obtain

hy = ;Onﬁl ( . ) (€ (n— Daas (1 - 2)1¢=2 / gty

By using Eqn. and Eqn. (4)), we have

¢+1

= "2227721 l(ng2>/cn g(t)dt+<2:%>/4: g(t)dtl

¢=0
<(C— ( — a2t (1 — 2y,

If we rewrite the above equation in , we achieve the desired result. ([l

2. AUXILIARY RESULTS

Lemma 1. For every z € (0,1), the operator Ky 4(em;x) has the following identi-

ties:
K;;ﬂ(eo;:z:) = 1,
n—2 3
Kiglena) = 1= 2p 2
n,0 n 2n
3 — 1872 -3 18) — A(6n% — 42 36
K2 (enz) = (3n 1" —3n+18) — 6(6n n+36)

3n%(n—1)
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(1802 — 6m — 24) — (361 — 48)
3n*(n—1)
(n*+5n+6) — 120
3*n—1) 7

where e, =t™ form =0,1,2.

Proof. We briefly mention the results of K,*,’g(em; x), where e, = t™, m =0,1,2.
For eg = 1, we write

no(132) (19&57711 [(1,751%51)](”51)

¢=0
><(C - (77 1)x)2 L)

= 9) (1,x)+93;;(1;x)
= 1.

For e; = t, we have

rolt) = (1—9)772(177?1 l(l—nfl)/;tdw/: tdt]

x ( (e ) (¢ — (= D)2t~ (1 — )12

+92n:< ! ) (g—7733)2a:<—1(1—9[;)?7—4—1/C "Lt

¢=0 7
1 2
Since [." tdt = 22477;1 and [/ tdt = 2243;37
n—1
. U ¢ 20+1 ¢ [2¢+3
K o(t; = (1-40 1-—
ot ) ( );}n_l[( 77—1)< o2 +77—1 o

x ( 772 ! ) (¢ —(n—1D)ax)2a¢ (1 —2)1¢2
+9§ ( Z ) (€ =)z (1 —a)1=¢ (2“;1)

2n
. 10 .0
—2 3

= +—
n 2n
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For e, = t2, we have

K o(tho) =

1
Since [ " t*dt =

n

no(t?x) =

C+2

S ¢ S ¢ ;
(1-0)y (1 >/ t2dt + —— t2dt
¢ n—1 n—1 % n—1 4’#

=0

X ( n—1 ) (€ — () — D)2~ (1 — 2)1=¢—2

¢
(o =N
0 — )t (1~ ”‘4‘1/ 2dt.
+ qzo( ¢ >(< nz) z*" (1 —x) i
2 st2 5
SEEAEL and [y t2dt = FEAT

n

n—1 9
n ¢ 3CC+3¢+1
(1—9);771{(1—771)( 57 )

¢ (342 +9<+7>}
n—1 3n3

X ( n—1 ) (€ — () — D)2~ (1 — 2)1=¢—2

¢

; 2
+0<Z: ( Z— > (¢ — na)2af= (1 — z)n=¢-1 <3CJ;,773§H>
=0

1-60 (1-0n s
<TllJr n—1 +9)B’7(t””)

P Y e 10
n=1 nn=1 n) " 3n 3
(3773—18772—377+18)—9(6772—4277+36)$2
3n?(n—1)
(1872 — 61 — 24) — 0(367 — 48)
3n?(n—1)
(n? + 5n + 6) — 126
3Pn—1)

+

x

+

Lemma 2. For every x € (0,1), we have the central moments as

N -4z +3
nolt —zz) = Ty
1
((t—2)%2) = ——— {1827 — 242+ 6 + (5 + 3z — 152?)
ol 320 = 1) |
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+1%(1 4 92 — 32?)
—0[12 — 48z + 362% + 6n°2? + 1(36z — 422%)]} .

Proof. For the sake of brevity, central moments can be expressed as

not—mz) = Kjoler;m) — 2Ky y(eo;z),
no(t—2)%2) = Kjoleasa) — 2Ky g(er; x) + 2> Ky g(eo; ).
The proof is completed by using these equalities. ([l

Let C[0,1] be the Banach space of all continuous functions g on [0, 1] with
the norm

lgll = Iren(gﬁ)lg(x)h

Theorem 2. For every x € (0,1) and g € C|0, 1]

[ K095 2) = g(@)|| = 0, (6)
uniformly as n — oco.
Proof. In the light of Lemma 1, we have

lim K} g(e;2) =t',  i=0,1,2.

71— 00

By Korovkin theorem [11] the proof is completed. O

3. RATE OF CONVERGENCE
The modulus of continuity is given by

w(g,0):= sup sup |g(t) —g(z)], >0,
[t—x|<6 2€(0,1)

where g € C[0, 1]. Following feature of the modulus of continuity [1]
|t — =

90 9l < (14151 ) wta.s)

will be used in the proof of the next theorem.

Theorem 3. For every x € (0,1) and g € C|0, 1],

1K 0(952) — g(2)] < 2w(g; by). (7)
Here,
dy(x) = [Kpe((t—a)%a)]”
1 4 3 2 2 2
= {3772(77_1){—977 x+9I°r + 1827 — 24z + 6 + n°(1 + 18z — 3z°)

+(5 — 63 — 1522) — 0[12 — 48z + 3622 + 61222 + (362 — 4222)]}}'/%.
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Proof. For K ,, we write

K o(g:w) — g(2)]

!K* g t) —g(w)'ﬂc)!

7Ia

IA
H~
Q
—
&
\_/
&
~—

IN

If we select

N

d=10, = [ ne((t_$)2 33)] ,
then we get
1
K 0(g32) = 9(@)] < 20 (g3 Kot = 2)% )] ),
which is the desired result. O
Here, we investigate the rate of convergence of K;’G(g; x) by using functions

of Lipschitz class. Let’s recall that a function g € Lipys (¢) on (0, 1) if the
inequality

lg(t) —g(2)] < M|t —=[* ; Vt,z € (0,1) (8)
holds.

Theorem 4. Let z € (0,1), g € Lipp (<), 0 << <1, then we get
K o(95 @) — g(a)| < M&3, (),

where
Sp(z) = [K;o((t—2)%2)]

1
= oo -t + 9P + 1827 — 242 + 6 + n*(1 + 18z — 32?)
{3772(77 -1) {

Nl

+(5 — 6 — 1522) — O[12 — 48z + 362° + 61°2” + (362 — 4222)]} }/2.

Proof. Let © € (0,1), g € Lipp(s) and 0 < ¢ < 1. From the linearity and
monotonicity of the operators K:;ﬂ, we have

Ky o(gix) —g(@)] < K;(lg(t) —g(2)];2)

< MK (-2l ;).

By putting p = %, q= % in the Holder inequality, we obtain
M K g((t =) i)

S
2

Ko (g:2) — g (2)]

IN

IA

By choosing

Nl=

0y(x) = [K; p((t — 2)% )]
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the proof is completed. ([

Lastly, we will give the rate of convergence of our operator K ;,0(% x) by means
of Peetre-KC functionals. First of all, we give the following lemma.

Lemma 3. Forz € (0,1) and g € C[0,1], we get

K2 o (g:2)] < gl (9)
Proof. For K ,,
n ¢+1
* 0 K
Kool = |3 %) / olt)dt
¢=0 n
n ¢+1
0 n
< 30w / olt)dt
¢=0 n
n S+l
0 n
< 30 / 9(t)] dt
¢=0 n
911K (15 2)
gl
O

C?[0,1] is the space of the functions g, for which g, ¢’ and g” are continuous on
[0,1]. The norm on the space C?[0,1] is given by
17l c2p0,1) = IRl oy + 1A oo,y + 1R oo, -
Now, we define classical Peetre-XC functional as follows:

e . _ "
K(g.%) = inf Lo — Al +An")

where A > 0.
Theorem 5. Let z € (0,1) and g € C[0,1]. Then we have for alln € N,
[K0(952) = g () | < 2K(g; Ay (2)),

where

1
Ay (2) 5 |10n* — 4n+ 6 — 120 + (=24 + 159 — 3> — 66 (6n — 8)) =

6% (1
+ (18 — 15 — 3n* — 60 (6 — Tn + %)) 22| .

Proof. For a given function h € C?[0, 1], we have the following Taylor expansion
t

h(t) = h(z) + (t — x) (x) +/ (t —s)h"(s)ds, t e (0,1). (10)

x
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Applying K; , operator to the Eqn. , we get

t
|Kpr g ((t —2)h! (z); )| + ‘ (/ (t— s)h"(s)ds;x)‘
t
1] K <t—x;x>|+|h”||\f<;,9 (/ <t—s>ds;m)\

IPI| [5G (t — 50 |+Hh”llf o ((t=2)%2).

| K5 o(h; 2) — h(z)|

IN

IN

So,
| K o(hi ) — h(@)| < X[h]].

Using the above inequality, we get

|53 0(932) — g(2)] K5 o(g52) — g() + K g (hw) — K o(hs ) + h(z) — h(z))|

< g = hll [5G (L 2)| +1lg = Rl + [ Ky o (hi 2) — h(=)]
< 2(|lg —Al| +A||h||)
= 2K(g;N).
As a result, by choosing
1
A=)\, (z —————— [10n* — 4n + 6 — 120
(%) 6772(?7—1)| T
+ (=24 + 1507 — 3n” — 66 (6n — 8)) =
+ (18 — 150 — 3> — 60 (6 — Tn + n?)) 22|,
we obtain
K5 0(g:2) — g(2)] < 2K (g3 Ay) - (11)
Thus, the proof is completed. O

4. GRAPHICAL ANALYSIS

In this part, we present some graphics to show the convergence of the operators
K3 5 to the function g. It is already known that, the operators K} ¢(g; z) have been
deﬁned for € (0,1). For this reason, the closed interval is given by [0 +¢,1 — €],
where € = 0.0001.

Example 1. Let

g(x) = 2(z — 1) (x - 112>

Then for 8 = 0.25, 8 = 0.5 and 8 = 0.9, we have plotted the convergence of the
new constructed K 1.0 parametric Bernstein-Kantorovich operators and By modified
Bernstein opemtors /18] to the function g in Fig. Ifor n = 125.
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7=125
002 . !
Ki25,025(0%)
O Ki25050%)
K 25,09(0%)
0.02 12500
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006 y
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.

-0.12
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,/ /
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FIGURE 1. Convergence of K ,(g; ) for different values of 6 with

fixed n = 125.
6=0.5 0=0.9
0.02 T T T T 0.02 T T T T T
~ Ko 0(0%) Kps.00(0%)
0 Ko0.5(0%) 0 Kip0s(@4)
0.02 K!nc.as(g*x) 002 E— ijln 5(9%)
T Kazsosle®) Ki25,000%)
008 gO)=x(x-1)(x-1/12) 004 gx)=x(x-1)(-1/12)

0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1

FIGURE 2. Convergence of K o(g; ) for different values of n with
fixed 0.

In Fig. EI, we have illustrated the convergence of the K}, operators to the

target function g(z) = z(x — 1) (z — 75) for fixed # = 0.5 and 6 = 0.9, where

n € {25,50,100,125}. The maximum errors for the operators K;,e and B to the

function g(z) = x(x — 1) (z — ;) are presented in Table [1| for different values of §

and 7. .

It is obvious from the Table [I] that the best error in the approximation of g
by K;,a is achieved when 6 = 0.999. Moreover, we note that the error in the
approximation of K} ;99(g) and Ky 999(g) is much smaller than the errors in the
approximation B;(g), where n € {25,50,100, 125}.

Example 2. As a second example, we choose

g(x) = we™™
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TABLE 1. Error for approximation of the parametric Bernstein-
Kantorovich operators K} , and modified Bernstein operators By.

0 n o By(g) —gll K 4(9) —dll

099 25 0.0296 0.0262
0.99 50 0.0155 0.0134
0.99 100 0.0079 0.0069
0.99 125 0.0063 0.0056
0.999 25 0.0296 0.0258
0.999 50 0.0155 0.0131
0.999 100 0.0079 0.0066
0.999 125 0.0063 0.0053

and z € (0,1). Then for § = 0.79, 8 = 0.89 and 0 = 0.99, we have plotted the
convergence of the K} , Bernstein-Kantorovich operators to the function g in Fig.

[3 for n = 170.

Ki70070(0¥)
Ki70089(9%)

—K

170099(0%)

——— gexe™

0 0.1 0.2 03 04 05 06 07 08 09 1

FI1GURE 3. Convergence of K;‘hg(g;a?) for 6 = 0.79, § = 0.89 and
0 = 0.99.

In Fig. we have presented K;ﬂ(g;x) for fixed § = 0.9 and 6 = 0.99, where
n € {25,100, 125,170}.
The error estimation for newly constructed operators K;,e to the function g(z) =
xe 3% is presented in Table [2| for different values of § and 7.
It is evident from the Table [2] that the best error in the approximation of g by
K}  is achieved when 6 = 0.99 and n = 170.
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H:P.Q 0=0.99

. 0ol0X
gs.ng‘g ) 250990%)

0008999

(@)
10009 100,0.99

12509(9%)

170,09(9%)

125,0.99(9%)

T
—K
K
—K
Ki700908%

—K
K
—K
K.

X glg=xe™ —gix)=xe™

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

FIGURE 4. Convergence of K 4(g;z) for = 0.9 and 6 = 0.99.

TABLE 2. Error for approximation of the K} o for § = 0.79,0.89,0.99.

0 n K e(9) —dll

0.79 25 0.0496
0.79 125 0.0194
0.79 170 0.0171
0.89 25 0.0194
0.89 125 0.0157
0.89 170 0.0130
0.99 25 0.0171
0.99 125 0.0119
0.99 170 0.0090
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