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Abstract. In this paper, the Riesz potential (B−Riesz potential) which are

generated by the Laplace-Bessel differential operator will be studied. We ob-

tain the necessary and sufficient conditions for the boundedness of the B−Riesz
potential Iαγ in the B−local Morrey-Lorentz spaces M loc

p,q,λ,γ(R
n
k,+) with the

use of the rearrangement inequalities and boundedness of the Hardy operators

Hβ
ν and Hβ

ν with power weights.

1. Introduction

Lorentz spaces, which are very useful in the theory of interpolation, have first
been introduced by Lorentz [18]. These spaces are Banach spaces and generaliza-
tions of Lebesgue spaces. The Lorentz space Lp,q(Rn), 0 < p, q ≤ ∞, is known as
the set of all measurable functions f such that

∥f∥Lp,q(Rn) = ∥t
1
p−

1
q f∗(t)∥Lq(0,∞) < ∞.

Here, by f∗ we denote the nonincreasing rearrangement of f and

f∗(t) = inf {λ > 0 : |{y ∈ Rn : |f(y)| > λ}| ≤ t} , t ∈ (0,∞).

The necessary and sufficient condition for the functional ∥ · ∥Lp,q be a norm is
1 ≤ q ≤ p or p = q = ∞. If p = q = ∞, then L∞,∞(Rn) ≡ L∞(Rn). One can
easily observe that Lp,p(Rn) ≡ Lp(Rn) and Lp,∞(Rn) ≡ WLp(Rn). It is obvious
that Lp,q ⊂ Lp ⊂ Lp,r ⊂ WLp for 0 < q ≤ p ≤ q ≤ r ≤ ∞. For further details, we
refer the interested reader to [5, 18,19].
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On Lorentz spaces, the boundedness of the Riesz potential and the boundedness
of its version related to the Laplace-Bessel differential operator

∆B :=

k∑
i=1

∂2

∂x2
i

+
γi

xi

∂

∂xi
+

n∑
i=k+1

∂2

∂x2
i

, 1 ≤ k ≤ n,

have been studied by many researchers [3, 4, 10–15, 21]. The Riesz potential con-
nected with the Laplace-Bessel differential operator (B−Riesz potential) is gener-
ated by generalized shift operator

T yf(x) := Cγ,k

∫ π

0

. . .

∫ π

0

f [(x1, y1)α1
, . . . , (xk, yk)αk

, x′′ − y′′] dγ(α).

Here Cγ,k = π− k
2 Γ(γi+1

2 )[Γ(γi

2 )]
−1, (xi, yi)αi = (x2

i −2xiyi cosαi+y2i )
1
2 , 1 ≤ i ≤ k,

1 ≤ k ≤ n and dγ(α) =

k∏
i=1

sinγi−1 αi dαi [16, 17].

The B−convolution operator is defined as:

(f ⊗ g)(x) =

∫
Rn

k,+

f(y)T yg(x)(y′)γdy.

Here, Rn
k,+ = {x ∈ Rn : x1 > 0, . . . , xk > 0, 1 ≤ k ≤ n}, γ = (γ1, . . . , γk), γ1 >

0, . . . , γk > 0, |γ| = γ1 + . . . + γk. Let us set x = (x′, x′′), x′ = (x1, . . . , xk) ∈ Rk,
and x′′ = (xk+1, . . . , xn) ∈ Rn−k.

The purpose of this paper is to obtain the boundedness of the B−Riesz potential
operator Iαγ on B−local Morrey-Lorentz spaces with the use of the rearrangement

inequalities and the Hardy inequality. Local Morrey-Lorentz spaces M loc
p,q,λ(Rn)

which have first been introduced by Aykol et al. [2] and are generalizations of
Lorentz spaces. One has M loc

p,q,0(Rn) = Lp,q(Rn). They have also proved that the
Riesz potential operator is bounded in these spaces. In this study, we consider the
B−Riesz potential by

Iαγ f(x) =

∫
Rn

k,+

T y|x|α−Qf(y)(y′)γdy, 0 < α < Q.

The maximal operator has a crucial role in the study of the regularity of some partial
differential equations and in the study of the boundedness of some singular integrals
and on the differentiability properties of functions. For a function f ∈ Lloc

1,γ(Rn
k,+),

the B−maximal operator and B−fractional maximal operator are defined by, (see
[7]) respectively,

Mγf(x) = sup
r>0

|B+(0, r)|−1
γ

∫
B+(0,r)

T y|f(x)|(y′)γdy,

Mα
γ f(x) = sup

r>0
|B+(0, r)|

α
Q−1
γ

∫
B+(0,r)

T y|f(x)|(y′)γdy, 0 ≤ α < Q,
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where B+(x, r) = {y ∈ Rn
k,+ : |x − y| < r}. Let B+(0, r) ⊂ Rn

k,+ be a measurable
set, then

|B+(0, r)|γ =

∫
B+(0,r)

(x′)γdx = ω(n, k, γ)rQ,

where ω(n, k, γ) =
π

n−k
2

2k

k∏
i=1

Γ
(

γi+1
2

)
Γ
(γi

2

) , Q = n + |γ|. It is easy to observe that

M0
γf = Mγf for α = 0 (see [7]). It is well known that the inequality Mα

γ ≤ C Iαγ
holds.

On local Morrey-Lorentz space, the necessary and sufficient conditions for the
boundedness of the Riesz potential operator are given in [13]. On the other hand,
the B− Riesz potential has been investigated in various function spaces by many
mathematicians (see, for example [3,10–12]). The above results inspire us to investi-
gate the boundedness of the B−Riesz potential defined on B−local Morrey-Lorentz
spaces.

Throughout the paper, C denotes a positive constant independent of appropriate
parameters and not necessary the same at each occurrence.

2. Preliminaries

Given any measurable set E with |E|γ =

∫
E

(x′)γdx and a measurable function

f : Rn
k,+ → R, the γ−rearrangement of f in decreasing order is defined as

f∗
γ (t) = inf {s > 0 : f∗,γ(s) ≤ t} , ∀t ∈ (0,∞),

where f∗,γ(s) denotes the γ−distribution function of f given by

f∗,γ(s) =
∣∣{x ∈ Rn

k,+ : |f(x)| > s
}∣∣

γ
.

The average function of f∗∗
γ is defined as

f∗∗
γ (t) =

1

t

∫ t

0

f∗
γ (s)ds, t > 0,

and the following inequality holds (see [20]):

(f + g)∗∗γ (t) ≤ f∗∗
γ (t) + g∗∗γ (t).

Now, we give some characteristics of the γ−rearrangement of functions:

• if 0 < p < ∞, then∫
Rn

k,+

|f(x)|p(x′)γdx =

∫ ∞

0

(f∗
γ (t))

pdt,

• for any t > 0,

sup
|E|γ=t

∫
E

|f(x)|(x′)γdx =

∫ t

0

f∗
γ (s)ds, (1)
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• the following inequality holds:∫
Rn

k,+

|f(x)g(x)|(x′)γdx ≤
∫ ∞

0

f∗
γ (t)g

∗
γ(t)dt,

• the following inequality holds (see [5, 20,22]):

(f + g)∗γ(t) ≤ f∗
γ (t/2) + g∗γ (t/2) . (2)

Definition 1. [18] If 0 < p, q ≤ ∞, then we define the Lorentz space Lp,q,γ(Rn
k,+)

is the set of all measurable functions f ∈ Rn
k,+ such that

∥f∥Lp,q,γ
=

∥∥∥t 1
p−

1
q f∗

γ (t)
∥∥∥
Lq(0,∞)

< ∞.

If 0 < p ≤ ∞, q = ∞, then Lp,∞,γ(Rn
k,+) = WLp,γ(Rn

k,+), where WLp,γ(Rn
k,+)

is weak Lebesgue space of all measurable functions f such that

∥f∥WLp,γ(Rn
k,+) = sup

t>0
t1/pf∗

γ (t) < ∞, 1 ≤ p < ∞.

If p = q = ∞ or 1 ≤ q ≤ p, then the functional ∥f∥p,q,γ is a norm [5, 11, 22].
However if p = q = ∞, then L∞,∞,γ(Rn

k,+) = L∞,γ(Rn
k,+).

In case 0 < p, q ≤ ∞, a functional ∥ · ∥∗Lp,q,γ
is given by

∥f∥∗Lp,q,γ
= ∥f∥∗Lp,q,γ(0,∞) = ∥t

1
p−

1
q f∗∗

γ (t)∥Lq(0,∞),

which is a norm on Lp,q,γ(Rn
k,+) for 1 ≤ q ≤ ∞, 1 < p < ∞ or p = q = ∞.

If 1 < p ≤ ∞, 1 ≤ q ≤ ∞, then

∥f∥p,q,γ ≤ ∥f∥∗p,q,γ ≤ p

p− 1
∥f∥p,q,γ ,

that is, ∥f∥p,q,γ and ∥f∥∗p,q,γ are equivalent.

Definition 2. [8] Let 1 ≤ p < ∞, and 0 ≤ λ ≤ Q. The B−Morrey space
Lp,λ,γ(Rn

k,+) is the set of all measurable functions with f ∈ Lloc
p,γ(Rn

k,+) such that

∥f∥Lp,λ,γ(Rn
k,+) = sup

x∈Rn
k,+,ρ>0

ρ−
λ
p ∥f∥Lp,γ(B+(x,ρ)) < ∞.

If λ = 0, then Lp,0,γ(Rn
k,+) = Lp,γ(Rn

k,+); if λ > Q or λ < 0, then Lp,λ,γ(Rn
k,+) = Θ,

where Θ is the set of all functions equivalent to 0 on Rn
k,+. Also, the weak B−Morrey

space WLp,λ,γ(Rn
k,+) is the set of all functions f ∈ WLloc

p,γ(Rn
k,+) with following

norm

∥f∥WLp,λ,γ(Rn
k,+) = sup

x∈Rn
k,+,ρ>0

ρ−
λ
p ∥f∥WLp,γ(B+(x,ρ)) < ∞.

Definition 3. [6] Let 0 ≤ λ ≤ 1 and 0 ≤ p < ∞. The local Morrey space
LMp,λ ≡ LMp,λ(0,∞) is the set of all functions f ∈ Lloc

p (0,∞) such that

∥f∥LMp,λ(0,∞) = sup
ρ>0

ρ−
λ
p ∥f∥Lp(0,ρ) < ∞.
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Moreover, WLMp,λ ≡ WLMp,λ(0,∞) denotes the weak local Morrey space of all
functions f ∈ WLloc

p (0,∞) such that

∥f∥WLMp,λ(0,∞) = sup
ρ>0

ρ−
λ
p ∥f∥WLp(0,ρ) < ∞.

Definition 4. [9] Given a function f ∈ Lloc
1,γ(Rn

k,+), and a ball B+(x, r). By fB+
(x)

we denote the average of T yf on the ball B+,

fB+
(x) = |B+|−1

γ

∫
B+

T yf(x)(y′)γdy.

The BMO−Bessel space BMOγ(Rn
k,+) is the set of all functions on Lloc

1,γ(Rn
k,+)

with

∥f∥∗,γ = sup
B+

|B+|−1
γ

∫
B+

|T yf(x)− fB+ |(y′)γdy < ∞.

Definition 5. Let 0 < p, q ≤ ∞ and 0 ≤ λ ≤ 1. The B−local Morrey-Lorentz
space M loc

p,q,λ,γ(Rn
k,+) is set of all measurable functions with the quasinorm

∥f∥M loc
p,q,λ,γ

= sup
ρ>0

ρ−
λ
q ∥t

1
p−

1
q f∗

γ (t)∥Lq(0,ρ) < ∞.

If λ > 1 or λ < 0, then M loc
p,q,λ,γ(Rn

k,+) = Θ, where Θ is the set of all functions
equivalent to 0 on Rn

k,+. Also,

M loc
p,q,0,γ(Rn

k,+) = Lp,q,γ(Rn
k,+) and M loc

p,p,λ,γ(Rn
k,+) ≡ M loc

p,0,γ(Rn
k,+).

The weak B−local Morrey-Lorentz space WM loc
p,q,λ,γ(Rn

k,+) is the set of all measur-
able functions with the quasinorm

∥f∥WM loc
p,q,λ,γ

= sup
ρ>0

ρ−
λ
q ∥t

1
p−

1
q f∗

γ (t)∥WLq(0,ρ) < ∞.

We need the boundedness of the Hardy operators which will be used in the proof
of our main theorem.

Definition 6. [21] Let φ be a measurable function on (0,∞) and β ∈ R. The
weighted Hardy operators Hβ

ν and Hβ
ν with power weights are defined as

Hβ
ν φ(t) = tβ+ν−1

∫ t

0

φ(y)

yν
dy, Hβ

νφ(t) = tβ+ν

∫ ∞

t

φ(y)

yν+1
dy.

In the following theorem, we state that the Hardy operators are bounded in local
Morrey and weak local Morrey spaces.

Theorem 1. [1, 21] Let 0 < λ < 1, 0 < β < 1 − λ, 1 ≤ r <
1− λ

β
and

1

r
− 1

s
=

β

1− λ
.
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i. If ν <
1

r′
+

λ

r
, then∥∥Hβ

ν φ
∥∥
LMs,λ(0,∞)

≤ C ∥φ∥LMr,λ(0,∞) .

ii. If ν =
1

r′
+

λ

r
, then∥∥Hβ

ν φ
∥∥
WLMs,λ(0,∞)

≤ C ∥φ∥LMr,λ(0,∞) .

iii. If ν >
λ− 1

r
, then∥∥Hβ

νφ
∥∥
LMs,λ(0,∞)

≤ C ∥φ∥LMr,λ(0,∞) .

iv. If ν =
λ− 1

r
, then∥∥Hβ

νφ
∥∥
WLMs,λ(0,∞)

≤ C ∥φ∥LMr,λ(0,∞) .

3. B−Riesz Potential in B−Local Morrey-Lorentz Space

This section devoted to obtain the boundedness of the B−Riesz potential in
B−local Morrey-Lorentz and weak B−local Morrey-Lorentz space.

For the B−Riesz potential, the following inequality

(Iαγ f)
∗
γ(t) ≤ (Iαγ f)

∗∗
γ (t) ≤ C2

(
t

α
Q−1

∫ t

0

f∗
γ (y)dy +

∫ ∞

t

y
α
Q−1f∗

γ (y)dy

)
(3)

holds, where C2 = Cγ,k(Q/α)2ω(n, k, γ)(Q−α)/Q (see [10]).

Theorem 2. Let 0 ≤ λ < 1, 0 < α < Q, 1 ≤ q ≤ ∞, 1 ≤ r ≤ s ≤ ∞,

r
r+λ ≤ p ≤

(
λ
r + α

Q

)−1

and f ∈ M loc
p,r,λ,γ .

(i) If r
r+λ < p <

(
λ
r + α

Q

)−1

, then 1
p − 1

q = λ
(
1
r − 1

s

)
+ α

Q is necessary and

sufficient condition for the boundedness of Iαγ from M loc
p,r,λ,γ to M loc

q,s,λ,γ .

(ii) If p = r
r+λ , then 1 − 1

q = α
Q − λ

s is necessary and sufficient condition for

the boundedness of Iαγ from M loc
p,r,λ,γ to WM loc

q,s,λ,γ .

Proof. (i) Sufficiency. Let r
r+λ < p <

(
λ
r + α

Q

)−1

. From (3), we have

∥Iαγ f∥M loc
q,s,λ,γ(R

n
k,+) = sup

ρ>0
ρ−

λ
s

∥∥∥t 1
q−

1
s (Iαγ f)

∗
γ(t)

∥∥∥
Ls(0,ρ)

≤ sup
ρ>0

ρ−
λ
s

∥∥∥t 1
q−

1
s (Iαγ f)

∗∗
γ (t)

∥∥∥
Ls(0,ρ)

≤ C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s

(
t

α
Q−1

∫ t

0

f∗
γ (y)dy +

∫ ∞

t

y
α
Q−1f∗

γ (y)dy

)∥∥∥∥
Ls(0,ρ)
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≤ C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s+

α
Q−1

∫ t

0

f∗
γ (y)dy

∥∥∥∥
Ls(0,ρ)

+ C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s

∫ ∞

t

y
α
Q−1f∗

γ (y)dy

∥∥∥∥
Ls(0,ρ)

= I1 + I2.

We take ν =
1

p
− 1

r
and φ(y) = y

1
p−

1
r f∗

γ (y). Then, we have

β =
1

q
− 1

s
+

1

r
− 1

p
+

α

Q
.

From Theorem 1, we can write β = (1−λ)

(
1

r
− 1

s

)
. Then we get

1

p
− 1

q
=

λ

(
1

r
− 1

s

)
+

α

Q
. Therefore, again by Theorem 1, we get

I1 = C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s+

α
Q−1

∫ t

0

f∗
γ (y)dy

∥∥∥∥
Ls(0,ρ)

= C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥tβ+ν−1

∫ t

0

φ(y)

yν
dy

∥∥∥∥
Ls(0,ρ)

= C sup
ρ>0

ρ−
λ
s

∥∥Hβ
ν φ

∥∥
Ls(0,ρ)

= C
∥∥Hβ

ν φ
∥∥
LMs,λ(0,∞)

≤ C ∥φ∥LMr,λ(0,∞) = C sup
ρ>0

ρ−
λ
r ∥φ∥Lr(0,ρ)

= C sup
ρ>0

ρ−
λ
r ∥t

1
p−

1
r f∗

γ (y)∥Lr(0,ρ) = C ∥f∥M loc
p,r,λ,γ(R

n
k,+).

We now estimate I2. We take ν =
1

p
− 1

r
− α

Q
and φ(y) = y

1
p−

1
r f∗

γ (y).

Then, we get

β =
1

q
− 1

s
+

1

r
− 1

p
+

α

Q
.

Therefore, by using Theorem 1, we obtain

I2 = C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s

∫ ∞

t

y
α
Q−1f∗

γ (y)dy

∥∥∥∥
Ls(0,ρ)

= C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥tβ+ν

∫ ∞

t

φ(y)

yν+1
dy

∥∥∥∥
Ls(0,ρ)

= C2 sup
ρ>0

ρ−
λ
s

∥∥Hβ
νφ

∥∥
Ls(0,ρ)
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= C
∥∥Hβ

νφ
∥∥
LMs,λ(0,∞)

≤ C ∥φ∥LMr,λ(0,∞) = C sup
ρ>0

ρ−
λ
r ∥φ∥Lr,λ(0,ρ)

= C sup
ρ>0

ρ−
λ
r ∥t

1
p−

1
r f∗

γ (τ)∥Lr(0,ρ) = C ∥f∥M loc
p,r,λ,γ(R

n
k,+).

Hence, we obtain that the B−Riesz potential Iαγ bounded from M loc
p,r,λ,γ to

M loc
q,s,λ,γ .
Necessity. Suppose that the B−Riesz potential Iαγ is bounded from

M loc
p,r,λ,γ to M loc

q,s,λ,γ and
r

r + λ
≤ p ≤

(
λ

r
+

α

Q

)−1

. For τ > 0, we define

fτ (x) := f(τx). Then (fτ )
∗
γ(t) = f∗

γ (tτ
Q) and

∥fτ∥M loc
p,r,λ,γ

= sup
ρ>0

ρ−
λ
r ∥t

1
p−

1
r (fτ )

∗
γ(t)∥Lr(0,ρ)

= sup
ρ>0

ρ−
λ
r ∥t

1
p−

1
r f∗

γ (tτ
Q)∥Lr(0,ρ)

= sup
ρ>0

ρ−
λ
r τ−

Q
p ∥t

1
p−

1
r f∗

γ (t)∥Lr(0,ρτQ)

= τ−
Q
p +Qλ

r sup
ρ>0

(ρτQ)−
λ
r ∥t

1
p−

1
r f∗

γ (t)∥Lr(0,ρτQ)

= τ−Q( 1
p−

λ
r )∥f∥M loc

p,r,λ,γ
.

Also, (Iαγ fτ )(x) = τ−α(Iαγ f)(τ
Qx) and (Iαγ fτ )

∗
γ(t) = τ−α(Iαγ f)

∗
γ(tτ

Q). Then,
we get

∥Iαγ fτ∥M loc
q,s,λ,γ

= sup
ρ>0

ρ−
λ
s ∥t

1
q−

1
s (Iαγ fτ )

∗
γ(t)∥Ls(0,ρ)

= τ−α sup
ρ>0

ρ−
λ
s ∥t

1
q−

1
s (Iαγ f)

∗
γ(tτ

Q)∥Ls(0,ρ)

= τ−α sup
ρ>0

ρ−
λ
s

(∫ ∞

0

(tτQ)
s
q−1((Iαγ f)

∗
γ(tτ

Q))sd((tτQ))

) 1
s

τ−
Q
q

= τ−α−Q
q −Qλ

s sup
ρ>0

(ρτQ)−
λ
s ∥t

1
q−

1
s Iαγ f

∗
γ (t)∥Ls(0,ρ)

= τ−α−Q( 1
q−

λ
s )∥Iαγ f∥M loc

q,s,λ,γ
.

Since the B−Riesz potential Iαγ is bounded from M loc
p,r,λ,γ to M loc

q,s,λ,γ , we

can write ∥Iαγ f∥M loc
q,s,λ,γ

≤ C∥f∥M loc
p,r,λ,γ

, where C > 0 is a constant. Then

∥Iαγ f∥M loc
q,s,λ,γ

= τα+Q( 1
q−

λ
s )∥Iαγ fτ∥M loc

q,s,λ,γ

≤ Cτα+Q( 1
q−

λ
s )∥fτ∥M loc

p,r,λ,γ
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= τα+Q( 1
q−

λ
s )∥f∥M loc

p,r,λ,γ

= τα+Q( 1
q−

1
p )+Qλ( 1

r−
1
s )∥f∥M loc

p,r,λ,γ
.

• If 1
p < 1

q + λ
(
1
r − 1

s

)
+ α

Q , then we have ∥Iαγ f∥M loc
q,s,λ,γ

= 0 as τ → 0

for all f ∈ M loc
p,r,λ,γ .

• If 1
p > 1

q + λ
(
1
r − 1

s

)
+ α

Q , then we have ∥Iαγ f∥M loc
q,s,λ,γ

= 0 as τ → ∞
for all f ∈ M loc

p,r,λ,γ .

• If 1
p −

1
q ̸= λ

(
1
r − 1

s

)
+ α

Q , then we have Iαγ f(x) = 0 for all f ∈ M loc
p,r,λ,γ

and a.e. x ∈ Rn
k,+, which is impossible.

Hence, we obtain 1
p − 1

q = λ
(
1
r − 1

s

)
+ α

Q .

(ii) Sufficiency. Let r
r+λ < p <

(
λ
r + α

Q

)−1

. From (3), we have

∥Iαγ f∥WM loc
q,s,λ,γ(R

n
k,+) = sup

ρ>0
ρ−

λ
s

∥∥∥t 1
q−

1
s (Iαγ f)

∗
γ(t)

∥∥∥
WLs(0,ρ)

≤ sup
ρ>0

ρ−
λ
s

∥∥∥t 1
q−

1
s (Iαγ f)

∗∗
γ (t)

∥∥∥
WLs(0,ρ)

≤ C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s

(
t

α
Q−1

∫ t

0

f∗
γ (y)dy +

∫ ∞

t

y
α
Q−1f∗

γ (y)dy

)∥∥∥∥
WLs(0,ρ)

≤ C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s+

α
Q−1

∫ t

0

f∗
γ (y)dy

∥∥∥∥
WLs(0,ρ)

+ C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s

∫ ∞

t

y
α
Q−1f∗

γ (y)dy

∥∥∥∥
WLs(0,ρ)

= J1 + J2.

We take ν = 1 +
λ− 1

r
and φ(y) = y1+

λ−1
r f∗

γ (y) in the Hardy operator.

Then, we get

β =
1

q
− 1

s
+

1

r
+

α

Q
− 1− λ

r
.

From Theorem 1, we can write β = (1 − λ)

(
1

r
− 1

s

)
. Then we have

1− 1

q
=

α

Q
− λ

s
. Therefore, again by Theorem 1, we get

J1 = C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s+

α
Q−1

∫ t

0

f∗
γ (y)dy

∥∥∥∥
WLs(0,ρ)

= C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥tβ+ν−1

∫ t

0

φ(y)

yν
dy

∥∥∥∥
WLs(0,ρ)
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= C sup
ρ>0

ρ−
λ
s

∥∥Hβ
ν φ

∥∥
WLs(0,ρ)

= C
∥∥Hβ

ν φ
∥∥
WLMs,λ(0,∞)

≤ C ∥φ∥LMr,λ(0,∞)

= C sup
ρ>0

ρ−
λ
r ∥φ∥Lr(0,ρ)

= C sup
ρ>0

ρ−
λ
r ∥y1+

λ−1
r f∗

γ (y)∥Lr(0,ρ)

= C ∥f∥M loc
p,r,λ,γ(R

n
k,+).

We now estimate J2. We take ν = 1+
λ− 1

r
− α

Q
and φ(y) = y1+

λ−1
r f∗

γ (y)

in the Hardy operator. Then, we get

β =
1

q
− 1

s
+

1

r
+

α

Q
− 1− λ

r
.

Therefore, by using Theorem 1, we obtain

J2 = C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥t 1
q−

1
s

∫ ∞

t

y
α
Q−1f∗

γ (y)dy

∥∥∥∥
WLs(0,ρ)

= C2 sup
ρ>0

ρ−
λ
s

∥∥∥∥tβ+ν

∫ ∞

t

φ(y)

yν+1
dy

∥∥∥∥
WLs(0,ρ)

= C2 sup
ρ>0

ρ−
λ
s

∥∥Hβ
νφ

∥∥
WLs(0,ρ)

= C
∥∥Hβ

νφ
∥∥
WLMs,λ(0,∞)

≤ C ∥φ∥LMr,λ(0,∞)

= C sup
ρ>0

ρ−
λ
r ∥φ∥Lr,λ(0,ρ)

= C sup
ρ>0

ρ−
λ
r ∥y1+

λ−1
r f∗

γ (y)∥Lr(0,ρ)

= C ∥f∥M loc
p,r,λ,γ(R

n
k,+).

Necessity. Suppose that the B− Riesz potential is Iαγ bounded fromM loc
p,r,λ,γ

to WM loc
q,s,λ,γ and p =

r

r + λ
. Again, for τ > 0, we define fτ (x) := f(τx).

Then ∥fτ∥M loc
r/(r+λ),r,λ,γ

= τ−Q∥f∥M loc
r/(r+λ),r,λ,γ

and

∥Iαγ fτ∥WM loc
q,s,λ,γ

= sup
ρ>0

ρ−
λ
s ∥y

1
q−

1
s (Iαγ fτ )

∗
γ(y)∥WLs(0,ρ)

= τ−α sup
ρ>0

ρ−
λ
s ∥y

1
q−

1
s (Iαγ f)

∗
γ(yτ

Q)∥WLs(0,ρ)
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= τ−α−Q
q −Qλ

s sup
ρ>0

(ρτQ)−
λ
s ∥y

1
q−

1
s Iαγ f

∗
γ (y)∥WLs(0,ρ)

= τ−α−Q( 1
q−

λ
s )∥Iαγ f∥WM loc

q,s,λ,γ
.

Since the B−Riesz potential Iαγ is bounded from M loc
p,r,λ,γ to WM loc

q,s,λ,γ , we

have ∥Iαγ f∥WM loc
q,s,λ,γ

≤ C∥f∥M loc
p,r,λ,γ

, where C > 0 is a constant. Then we

get

∥Iαγ f∥WM loc
q,s,λ,γ

= τα+Q( 1
q−

λ
s )∥Iαγ fτ∥WM loc

q,s,λ,γ

≤ Cτα+Q( 1
q−

λ
s )∥fτ∥M loc

p,r,λ,γ

= τα+Q( 1
q−

λ
s )∥f∥M loc

p,r,λ,γ

= τα+Q( 1
q−1−λ

r )+Qλ( 1
r−

1
s )∥f∥M loc

p,r,λ,γ
.

• If 1 < 1
q + α

Q − λ
s , then we have ∥Iαγ f∥WM loc

q,s,λ,γ
= 0 as τ → 0 for all

f ∈ M loc
r/(r+λ),r,λ,γ .

• If 1 > 1
q + α

Q − λ
s , then we have ∥Iαγ f∥WM loc

q,s,λ,γ
= 0 as τ → ∞ for all

f ∈ M loc
r/(r+λ),r,λ,γ .

• If 1 ̸= 1
q + α

Q − λ
s , then we have Iαγ f(x) = 0 for all f ∈ M loc

p,r,λ,γ and

a.e. x ∈ Rn
k,+, which is impossible.

Hence, we obtain 1− 1
q = α

Q − λ
s . This completes the proof.

□

The following corollary is easily obtained from the inequality Mα
γ ≤ C Iαγ and

Theorem 2, .

Corollary 1. Let 0 ≤ λ < 1, 0 < α < Q, 1 ≤ q ≤ ∞, 1 ≤ r ≤ s ≤ ∞,

r
r+λ ≤ p ≤

(
λ
r + α

Q

)−1

.

(i) If r
r+λ < p <

(
λ
r + α

Q

)−1

, then 1
p −

1
q = λ

(
1
r − 1

s

)
+ α

Q is necessary and suf-

ficient condition for the boundedness of the B−fractional maximal operator
Mα

γ from M loc
p,r,λ,γ to M loc

q,s,λ,γ .

(ii) If p = r
r+λ , then 1 − 1

q = α
Q − λ

s is necessary and sufficient condition for

the boundedness of the B−fractional maximal operator Mα
γ from M loc

p,r,λ,γ

to WM loc
q,s,λ,γ .

Author Contribution Statements The authors jointly worked on the results
and they read and approved the final manuscript.

Declaration of Competing Interests The authors declare no potential conflict
of interests.



448 E. KAYA, C. AYKOL

References
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