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Abstract

In this study, the Frenet elements of the curves that are drawn on the unit sphere by the unit vectors obtained
from linear combinations of Frenet vectors of the helix curve are calculated. Moreover, Sabban frames of these
curves are created and Smarandache curves are defined. Finally, the geodesic curvatures of each Smarandache
curve are calculated.
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Helis Egrisinin Kiiresel Gostergeleri Uzerine Bazi Uygulamalar
0z
Bu calismada, helis egrisinin Frenet vektorlerinin lineer birlesimden elde edilen birim vektorlerin birim kiire

lizerinde gizdikleri egrilerin Frenet elemanlari hesaplanmistir. Dahasi bu egrilere ait Sabban ¢atilari olusturularak
Smarandache egrileri tanimlanmistir. Son olarak bu Smarandache egrilerinin geodezik egrilikleri hesaplanmistir.

Anahtar Kelimeler: Geodezik egrilik, helis egrisi, Sabban catisi, Smarandache egrisi.
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Introduction

When the Frenet vectors of a differentiable curve are taken as position vectors, the regular curves
that are drawn by these vectors are called Smarandache curves (Taskoprii & Tosun, 2014). Some
properties of Smarandache curves obtained by using different frames and different curves were
examined (Alig¢ & Yilmaz, 2021; Ali, 2010; Bektas &Yiice, 2013; Cetin et al., 2014; Cetin &Kocayigit,
2013; Senyurt, 2018; Senyurt & Canli, 2023; Senyurt & Caliskan, 2015; Senyurt & Oztiirk, 2018;
Senyurt & Sivas, 2013; Senyurt et al., 2019; Senyurt et. al, 2020; Senyurt et. al, 2022; Senyurt et al.
2023a; Senyurt et al. 2023b; Turgut & Yilmaz, 2008). Sabban frame and geodesic curvature of
spherical indicatrix curves were defined by Koenderink (1990). Later, Smarandache curves obtained
from Sabban frames were defined and the geodesic curvatures of these curves were calculated.
Frenet vectors and curvatures of a differentiable curve are respectively (Abbena et al., 2017; Carmo,
1976)

’

T=%  N=BAT B=%72 (1)
e [N
’ n d t I, N, "
=MAgl =ehxag) )
e e ne’

Let I'=y" be the tangent vector of the unit speed spherical curve y = 7(5) . The orthonormal system

{7/,F, D} is called Sabban frame, where D =y AT (Koenderink, 1990). According to this frame, the

Sabban formulas and geodesic curvature of the curve are as follows (Koenderink, 1990; Taskopri &
Tosun, 2014):

y'=T, T"=-y+ K,D, D'= -K,I',

(3)
— /

K, =(I",D)

If the velocity vector of a curve makes a constant angle with a fixed direction, the curve is called a
helix curve, and the constant direction is called the axis of the helix. For any curve to be a helix, a
necessary and sufficient condition is that the ratio of its curvatures is constant. For example, Frenet

vectors, curvatures and Frenet formulas of the helix curve a(t) :(COSt’Smt’t)

Mazlum, 2023; Senyurt & Gir Mazlum, 2023):

are as follows (Gur

(—sint,cost,1) (sint,—cost,1)

T(t)= , N(t)=—(cost,sint,0), B(t)= ,
V2 V2 (4)
k=r=1,
2
T’(t):%(—cost,—sint,o), N’(t) = (sint,—cost,0), B’(t):i(cost,sint,o)-

NG

Some Applications on Spherical Indicatrices of the Helix Curve
The unit vector written as the linear combination of the Frenet vectors of the helix curve is
_ XT+yN +2zB

X +yi+7?

When the vector I in (5) is taken as the position vector, let the resulting curve be denoted by £ .

r X,y,zeR. (5)
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i. If y=z=0,x=1is taken, I'=T is gotten. In this case, the curve fis the T —tangent
indicatrix curve. This situation has been examined before (Senyurt and Gir Mazlum, 2023).

ii. If x=z=0, y=1 is taken, I'=N is gotten. In this case, the curve f is the N — principal
normal indicatrix curve.

iii. If Xx=y=0, z=1 is taken, '=B is gotten. In this case, the curve §# is the B—binormal
indicatrix curve.

T+N

iv. If x=y=1, z=0 is taken, I'= is gotten. In this case, the curve g is the TN —

N

indicatrix curve.
T+B
J2

N+B

N

V. If x=z=1 y=0 istaken, I'=

is gotten. In this case, the curve S is a fixed point.

Vi. If y=z=1 x=0 is taken, I'=

is gotten. In this case, the curve S is the NB —

indicatrix curve.

T+N+B

NE

vii. If Xx=y=2z=1 istaken, ['= is gotten. In this case, the curve § is the TNB —

indicatrix curve.

N — Principal Normal Indicatrix Curve

Theorem 1. The Frenet vectors T,,N,,B, and curvatures «,,7, of the principal normal indicatrix
curve g are as follows:
-T+B T+B
Ty=—=— Ny=-N, By=——,
V2 V2
Proof: If the first, second and third derivatives of the curve S are taken and the necessary
operations are performed,

_—-T+B N w T-B _T+B

N N
IB1=1 1 Ap1=5. det(p.p".p7)=0

Ky =1, 7, =0. (6)

ﬂ!

are obtained. From (1) and (2), the vectors in (6) are obtained.

Let {ﬂ’TN Dy :ﬂ/\TN} be the Sabban frame of the principal normal indicatrix curve ﬂ. So, these
vectors and their derivatives are obtained as follows:

-T+B _T+B

N )

, Ti=-N, D, =0.

=N, T, =

_—-T+B

P

Definition 2. Let {,T,,D,} be the Sabban frame of the spherical curve that are drawn by the
principal normal indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

156



Ordu Universitesi Bilim ve Teknoloji Dergisi | Ordu University Journal of Science and Technology 2024, 14(1), 154-175

1
A =—(F+T,
1 \/E( N)
is called the A, — Smarandache curve, (Figure 1). From (7),

~T+/2N+B
S

is gotten.

A (8)

Theorem 3. The geodesic curvature K *of the A, —Smarandache curve is as follows:
A1 —_
K," =0.

Proof: From (1) and (8), the tangent vector TAl of A, —Smarandache curve is as follows:

—T-J2N+B
T=— (9)

So, by the cross product of the vectors A, and TAl in (8) and (9),

T+B
V2

is gotten. If the derivative of the vector T, is taken,

A, /\TAl =

, T-2N-B
T =

is obtained. From (3) and (4), the proof is completed.

Definition 4. Let {ﬂ,TN,DN} be the Sabban frame of the spherical curve that are drawn by the
principal normal indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
A, =—(p+D
=7 (B+Dy)
is called the A, —Smarandache curve, (Figure 1). From (7),

_T+V/2N+B

A
2 2

(10)

is gotten.

Theorem 5. The geodesic curvature K * of the A, —Smarandache curve is as follows:

1
K22 =_—_.
9 2
Proof: From (1) and (10), the tangent vector TAZ of A, —Smarandache curve is as follows:

7 -T+B (11)

A, \/E

So, by the cross product of the vectors A, and TAz in (10) and (11),
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A, /\TAz = Tﬂ/ﬁ#

is gotten. If the derivative of the vector TAz is taken,
T, =-N

is obtained. From (3) and (4), the proof is completed.

Definition 6. Let {,T,,D,} be the Sabban frame of the spherical curve that are drawn by the
principal normal indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
A, :_(TN + DN)

2
is called the A, —Smarandache curve, (Figure 1). From (7),
A, =B (12)
is gotten.

Theorem 7. The geodesic curvature KgAa of the A, —Smarandache curve is as follows:

1
Ay _
K =

J2
Proof: From (1) and (12), the tangent vector TA3 of A; —Smarandache curve is as follows:

T

Ay

=—-N. (13)
So, by the cross product of the vectors A; and TAS in (12) and (13),

Ay ATy, =T

is gotten. If the derivative of the vector T, is taken,

, T-B
Ay \/E
is obtained. From (3) and (4), the proof is completed.

Definition 8. Let {ﬂ,TN,DN} be the Sabban frame of the spherical curve that are drawn by the
principal normal indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
A, :—3(ﬂ+TN +Dy)

N

is called the A, —Smarandache curve, (Figure 1). From (7),

2N +B

V3

is gotten.

A, (14)

Theorem 9. The geodesic curvature KgA“ of the A, —Smarandache curve is as follows:
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KA4—\/§+1-

RNE

Proof: From (1) and (14), the tangent vector TA4 of A, —Smarandache curve is as follows:

7 _T-V2N+B

A > (15)

So, by the cross product of the vectors A, and TA4 in (14) and (15),

32T -2N +/2B

Ay AT, =

A, 2\/5

is gotten. If the derivative of the vector T, is taken,

, T-2N-B
T

is obtained. From (3) and (4), the proof is completed.

A, (magenta)

A, (red) A, (blue) A, (green)

Figure 1. and ~ Smarandache Curves on the Unit

Sphere

B - Binormal Indicatrix Curve

Theorem 10. The Frenet vectors T, Ng, B, and curvatures «;,7, of the binormal indicatrix curve
are as follows:

T,=-N, Ny=—*2 g 128 12 -0

NG
Proof: If the first, second and third derivatives of the curve S are taken and the necessary
operations are performed,

I_ﬂ r/=T B ’”:ﬁ ’ ,,=T+B
'B_\/E' 2 B \/E’ﬂ/\ﬂ'r 2\/51
”ﬂ’”:%’ ||ﬁ'/\ﬂ"||=%, det(s', ", ") =0,
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are obtained. From (1) and (2), the proof is completed.

Let {8, Ty, Dy = BAT,} be the Sabban frame of the binormal indicatrix curve . So, these vectors
and their derivatives are obtained as follows:

f=B, T,=-N, D, =T, (16)
-N T-B N
'=—, To=———, Dl =—.
RN RN
Definition 11. Let {,T;,D;} be the Sabban frame of the spherical curve that are drawn by the
binormal indicatrix curve £ on the unit sphere. The regular curve that are drawn by the vector

1
¢ ZE(IB"'TB)

is called the ¢, —Smarandache curve, (Figure 2). From (16),

-N+B
&= (17)
b2
is gotten.
Theorem 12. The geodesic curvature Kg¢1 of the ¢, —Smarandache curve is as follows:
3
K S .
g J10
Proof: From (1) and (17), the tangent vector Tg1 of ¢, —Smarandache curve is as follows:
-T+2B
T = . (18)

g‘T

So, by the cross product of the vectors ¢, and T¢1 in (17) and (18),

_2T-N-B

AT, =————
4/1 < \/E

is gotten. If the derivative of the vector T;1 is taken,

(__3N

T =
4 J10
is obtained. From (3) and (4), the proof is completed.

Definition 13. Let {[)’,TB, DB} be the Sabban frame of the spherical curve that are drawn by the
binormal indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
- :ﬁ(ﬁ—i_DB)

is called the ¢, — Smarandache curve, (Figure 2). From (16),

T+B
¢, = N

is gotten.

(19)

160



Ordu Universitesi Bilim ve Teknoloji Dergisi | Ordu University Journal of Science and Technology 2024, 14(1), 154-175

Theorem 14. The geodesic curvature Kgf2 of the ¢, —Smarandache curve is as follows:
G _

K, =0.

Proof: From (1) and (19), the tangent vector ng of £, —Smarandache curve is as follows:

T

75 0. (20)

So, by the cross product of the vectors ¢, and ng in (19) and (20),
<, /\Tg2 =0
is gotten. From (3) and (4), the proof is completed.

Definition 15. Let {,T;,D;} be the Sabban frame of the spherical curve that are drawn by the

binormal indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
4’3 —f(TB + DB)

is called the ¢, —Smarandache curve, (Figure 2). From (16),

T-N
@—fzr

is gotten.

(21)

Theorem 16. The geodesic curvature Kg§3 of the ¢, —Smarandache curve is as follows:

1
Kgga zg,

Proof: From (1) and (21), the tangent vector T43 of £, —Smarandache curve is as follows:

L _T+N-B
3 \/§ )

So, by the cross product of the vectors ¢, and T¢3 in (21) and (22),

(22)

T+N+2B
/\T =
NG

is gotten. If the derivative of the vector T43 is taken,

, —T+N+B
¢ J6
is obtained. From (3) and (4), the proof is completed.

Definition 17. Let {ﬂ,TB, DB} be the Sabban frame of the spherical curve that are drawn by the
binormal indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

§4 :%(ﬁ—l—TB +DB)

is called the &, — Smarandache curve, (Figure 2). From (16),
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_T-N+B

- Ne

is gotten.

(23)

Theorem 18. The geodesic curvature Kg¢4 of the ¢, —Smarandache curve is as follows:

1
Sa _
=y

Proof: From (1) and (23), the tangent vector Tg4 of §, —Smarandache curve is as follows:

T =18 (24)

Sa \/6 )
So, by the cross product of the vectors ¢, and TQ1 in (23) and (24),

T-2N+B
/\T ="
cant, 32

is gotten. If the derivative of the vector Tg4 is taken,

is obtained. From (3) and (4), the proof is completed.

£ IR

-~
7
e

-~

s —
Iy e R B

Figure 2. £, (red), &, (green) and &, (magenta) —Smarandache Curves on the Unit Sphere.

TN — Indicatrix Curve
Theorem 19. The Frenet vectors T, Ny, By, and curvatures xy, 7y, of the TN —indicatrix curve

[ are as follows:

-T+N+B _—-T-2N+B _T+B

Tv Ny _T’ Bry _W’ Ky =

Ty =

w| s~
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Proof: If the first, second and third derivatives of the curve £ are taken and the necessary
operations are performed,

-T+N+B -T-2N+B T-N-B 3
12—, /r:—’ /ﬂ:—, ' "_ T B ,
/ 2 NI AN ALY
—3 3 4 " m
||ﬂ’||:\/27' ||ﬂ'/\ﬂ”||:zl det(ﬁ,ﬂ,ﬂ ):0'

are obtained. From (1) and (2), the proof is completed.

Let {ﬂ,TTN , Dy :,B/\TTN} be the Sabban frame of the TN — indicatrix curve £ . So, these vectors

and their derivatives are obtained as follows:

T+N -T+N+B T-N+2B
=, T = ’ D = (25)
ﬂ \/E TN \/é TN \/g

T+N+B —T-2N+B T-N-B
,:—, TI =, D’ =
ﬂ 2 TN \/g TN 2\/§

Definition 20. Let {f,T;,,D;} be the Sabban frame of the spherical curve that are drawn by the
TN —indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
0,=—(f+T.
1 \/E(IB TN)
is called the 0, —Smarandache curve, (Figure 3). From (25),

(ﬁ—ﬁ)T +(\/§+\/§)N +~/2B

0. =
1 2\/5

(26)

is gotten.

Theorem 21. The geodesic curvature Kgal of the 0, —Smarandache curve is as follows:

J3+1442

Ko =2

g 42
Proof: From (1) and (26), the tangent vector Tal of 0, —Smarandache curve is as follows:
—(J6+2)T +(\@—4)N +(J€+2)B
T, = .
1 Ja2

So, by the cross product of the vectors 0, and T51 in (26) and (27),

(4v3+6v2)T —(3v2+243)N +(1242-243) B
614

is gotten. If the derivative of the vector Tal is taken,
, —(Ve-4)T-2(V6+2)N +(V6-4)B

T, =
' 2721

is obtained. From (3) and (4), the proof is completed.

(27)

0, AT, =
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Definition 22. Let {f,T;,,D;} be the Sabban frame of the spherical curve that are drawn by the

TN —indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
a2 _ﬁ(ﬂ‘F DTN)

is called the 0, —Smarandache curve, (Figure 3). From (25),

a2=(J§+1)T +(\/§—1)N +2B 08)

23

is gotten.

Theorem 23. The geodesic curvature Kgf’2 of the 0, —Smarandache curve is as follows:

J2+4/6

K, =YD

o 4
Proof: From (1) and (28), the tangent vector T02 of 0, —Smarandache curve is as follows:
T, - -T+N+B .

2 3
So, by the cross product of the vectors 0, and T(32 in (28) and (29),

(V3-3)T —(V3+3)N+2y38
6

(29)

0, /\T(72 =

is gotten. If the derivative of the vector T, is taken,

T = -T-2N+B
0, \/6
is obtained. From (3) and (4), the proof is completed.

Definition 24. Let {,T;,D;} be the Sabban frame of the spherical curve that are drawn by the
TN —indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
a3 :E(TTN + DTN )

is called the 0, —Smarandache curve, (Figure 3). From (25),
(1-V2)T+(V2-1N+(V2+2)B
0;=
243

is gotten.

(30)

Theorem 25. The geodesic curvature Kg‘% of the 0, —Smarandache curve is as follows:

K a3_4\/§+\/6

’ 10

Proof: From (1) and (30), the tangent vector Ta3 of 0, —Smarandache curve is as follows:
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. (1—ﬁ)T —(2\E+1)N +(\/§—l)B |
* J15

So, by the cross product of the vectors 0, and T53 in (30) and (31),
(3-v2)T+(1-v2)N +(2-+2)B
O, AT, =
2 25

is gotten. If the derivative of the vector T, is taken,
(42T +(2V2-4)N -(4++2)8B
“ 2415

is obtained. From (3) and (4), the proof is completed.

2024, 14(1), 154-175

(31)

Definition 26. Let {4, T;,D;} be the Sabban frame of the spherical curve that are drawn by the

TN —indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
a4 zﬁ(ﬂ"‘TTN + DTN)

is called the 0, —Smarandache curve, (Figure 3). From (25),

(\/g_\/E-Fl)T +(\/§+\/§—1)N +(\/§+2)B
32

0, =

is gotten.

(32)

Theorem 27. The geodesic curvature Kga" of the 0, —Smarandache curve is as follows:

43 +/6

KGA_

’ 10

Proof: From (1) and (32), the tangent vector Ta4 of 0, —Smarandache curve is as follows:

(~V3-V2+1)T +(v3-22-1)N +(v3++2-1)B
T, = .
‘ 24643

So, by the cross product of the vectors 0, and T04 in (32) and (33),

0, AT, =

(33)

(12+J€—4J§+J§)T +(3+\E)(—\/§—ﬁ+1)|\1 +2(—\E+1)(\@—2\E—1)B

6v12-3V3
is gotten. If the derivative of the vector T, is taken,
~(V3-2v2-1)T+(-23-2V2 +2)N +(V3-242-1)B
T, =
' 24/3/4-/3

is obtained. From (3) and (4), the proof is completed.
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0y (md), %, (blue), 05 (green) and 0, (magenta) " Smarandache Curves on the Unit

Figure 3.
Sphere

NB - Indicatrix Curve

Theorem 28. The Frenet vectors T3, Nz, B,z and curvatures x,;,7,; of the NB —indicatrix curve
f are as follows:

_T-N+B | _5T-4N+B . _T+2N+3B _ _2J21
NB \/5 ’ NB \/E ' NB \/ﬂ 4 NB 9

Proof: If the first, second and third derivatives of the curve £ are taken and the necessary

T

operations are performed,
m__

, -T-N+B _, T-2N+B T+N-B , ., 1
:—’ :—1 _—l /\ i
p 2 22 d 2 pnp 42

181= % 18 ~B"| = 4 det(8, 4", ") =0,

(T +2N +3B),

are obtained. From (1) and (2), the proof is completed.

Let {8, Tyg:Dys =B ATys} be the Sabban frame of the NB - indicatrix curve S . So, these vectors
and their derivatives are obtained as follows:

N+B -T-N+B 2T-N+B
6:—, T =, D = (34)
N2 " J3 " J6

-T-N+B T-2N-B T+N-B
’:—, T, =, D' =
ﬂ 2 NB /6 NB 2\/§

Definition 29. Let {3, T,;,D,s} be the Sabban frame of the spherical curve that are drawn by the
NB — indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
7 zﬁ(ﬂ—FTNB)

is called the 7, —Smarandache curve, (Figure 4). From (34),
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_\/ET +(\/§—\/§)N +(\/§+\/§)B
= 203

(35)

is gotten.
Theorem 30. The geodesic curvature K ™ of the 7, —Smarandache curve is as follows:
. 3+26
K" =—7"
6
Proof: From (1) and (35), the tangent vector T”1 of 7z, —Smarandache curve is as follows:
(2—\/6)T —(\/6+4)N —(2—\@)5
T, = .
' 42

So, by the cross product of the vectors 7, and Tﬂ1 in (35) and (36),

(12ﬁ+2\@)T +(J§—2J§)N +(\/§—6\/§)B
677

is gotten. If the derivative of the vector T_ is taken,
. (4+6)T +(4-26)N—(4+6)B

T, =
1 2J21

is obtained. From (3) and (4), the proof is completed.

(36)

m /\Tﬁ1 =

Definition 31. Let {ﬂ,TNB,DNB} be the Sabban frame of the spherical curve that are drawn by the

NB — indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
7,=—=(B+D
2 \/E( NB)
is called the 7, — Smarandache curve, (Figure 4). From (34),

2T +(J§—1)N +(J§+1)B
T, = 2\/5

(37)

is gotten.

2

Theorem 32. The geodesic curvature Kg of the =, —Smarandache curve is as follows:

Kg”z :%.
12

Proof: From (1) and (37), the tangent vector T”2 of 7, —Smarandache curve is as follows:

T-N+B

T
Ty \/5

So, by the cross product of the vectors 7, and T,[2 in (37) and (38),

(38)
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2T +(J§+3)N —(\/§+1)B
6

T, A T”2 =

is gotten. If the derivative of the vector T_ is taken,

I T_B
g ——
Ty 2\/5

is obtained. From (3) and (4), the proof is completed.

Definition 33. Let {3, T,;,D,z} be the Sabban frame of the spherical curve that are drawn by the
NB — indicatrix curve £ on the unit sphere. The regular curve drawn that are by the vector

1
7Ty ZE(TNB + DNB)

is called the 7, — Smarandache curve, (Figure 4). From (34),

(2-v2)T - (1+42)N +(1++2)B

3 2\/5

is gotten.
Theorem 34. The geodesic curvature Kg”3 of the 7, —Smarandache curve is as follows:

. 19-132
K =——F7

60+/3
Proof: From (1) and (39), the tangent vector T”3 of 7, —Smarandache curve is as follows:
(1+42)T +(1-2V2)N - (1++2)B

T = . (40)

3 \/E

So, by the cross product of the vectors 7, and Tﬂa in (39) and (40),

2(3+J§)T—ﬁN +3(3—ﬁ)5
65

is gotten. If the derivative of the vector T_ is taken,

o (2v2-1)T +2(1+V2)N +(1-2V2)B
g 215

is obtained. From (3) and (4), the proof is completed.

Ty A T”3 =

Definition 35. Let {ﬂ,TNB,DNB} be the Sabban frame of the spherical curve that are drawn by the
NB — indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector
7Ty :i(ﬂ+TNB + DNB)

3

is called the 7, —Smarandache curve, (Figure 4). From (34),
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(2—\/§)T +(\/§—\/§—1)N +(\/§+x/§+1)B

T, = (412)
‘ 32
is gotten.
Theorem 36. The geodesic curvature Kg”“ of the &, —Smarandache curve is as follows:
K m _19+3V3+2V2
©o18(4-\3)
Proof: From (1) and (41), the tangent vector T, of 7, —Smarandache curve is as follows:
(1-VB+v2)T +(1-2v2-\B)N +(\3-+2-1)B @)
= . 42

T,
24—-6+/3
So, by the cross product of the vectors 7, and Tm in (41) and (42),
(12+6 - 23 2T + (V6 - 243+ 3V2)N +(12 -6 - 443 -3V2)B
6v12-343
is gotten. If the derivative of the vector T_ is taken,
(2v2+3-1)T +2(1-3+2)N +(1-2V2-+3)B
212-33

Ty AT, =

T '=

74

is obtained. From (3) and (4), the proof is completed.

7, (red) 7, (blue) 7, (green)

7, (magenta)

Figure 4. and " Smarandache Curves on the Unit

Sphere

TNB - Indicatrix Curve

Theorem 37. The Frenet vectors Tz, Ny, Bre and curvatures ipyg, 7 Of the TNB —indicatrix
curve S are as follows:
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-T+B 2N T+B
T =—, N =——, =—F, K :\/5, T :O
TNB \/§ TNB \/6 BTNB \/E TNB TNB
Proof: If the first, second and third derivatives of the curve [ are taken and the necessary
operations are performed,

-T+B -N T-B 1
r_ ' "_ ’ m_ ’ ' "_ T B ’
||ﬂr||:%, ||ﬂ,/\ﬂ"||:%| det(ﬂr’ﬂlr’ﬁ!n)zo

are obtained. From (1) and (2), the proof is completed.
Let {f,Trxg:Dyg =B AT} be the Sabban frame of the TNB - indicatrix curve f. So, these
vectors and their derivatives are obtained as follows:
T+N+B -T+B T-2N+B
ﬂ:—’ T :—, D = —-—————_—_—_—_—_—’
\/é TNB \/E NB \/g
, —-T+B , , —-T+B
p=——— Toe=-N, D= .

7 R

Definition 38. Let {3, T; .5, Dr\s} be the Sabban frame of the spherical curve that are drawn by the

(43)

TNB —indicatrix curve £ on the unit sphere. The regular curve that are drawn by the vector

1
= E(ﬂ +TTNB)

is called the y, —Smarandache curve, (Figure 5). From (43),

_(\/5—\/§)T ++2N +(«/§+\/§)B
X1= 2\/5

(44)

is gotten.

Theorem 39. The geodesic curvature Kg"1 of the y, —Smarandache curve is as follows:

)
’ 3

Proof: From (1) and (44), the tangent vector TZ1 of y, —Smarandache curve is as follows:

T _ 2T -23N ++/2B

4l 4

(45)

So, by the cross product of the vectors y, and TZ1 in (44) and (45),

(V6 +4)T-2N (V6 -4)B
LT, = Nz

is gotten. If the derivative of the vector TZ1 is taken,
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6T —2N /6B

4l 4
is obtained. From (3) and (4), the proof is completed.

Definition 40. Let {,T; .5, Dy} be the Sabban frame of the spherical curve that are drawn by the
TNB —indicatrix curve £ on the unit sphere. The regular curve that are drawn by the vector

X2 Z%(ﬂ'F DTNB)

is called the y, —Smarandache curve, (Figure 5). From (43),

(V2T (V22N +(V2+1)B

X2 = (46)
2 2\/§
is gotten.
Theorem 41. The geodesic curvature Kg”2 of the y, —Smarandache curve is as follows:
(o ¥252
BN
Proof: From (1) and (46), the tangent vector TZ2 of y, —Smarandache curve is as follows:
-T+B
= (47)

T .
X2 \/E
So, by the cross product of the vectors y, and TZ2 in (46) and (47),
(V2-2)1-2(v2+1)N+(v2-2)8B
/1/2 /\T){z =
2\/6

is gotten. If the derivative of the vector T)(2 is taken,

T

22 :_N
is obtained. From (3) and (4), the proof is completed.

Definition 42. Let {4, T, .5, Dy} be the Sabban frame of the spherical curve that are drawn by the
TNB —indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1

X3 :E(

is called the y, —Smarandache curve, (Figure 5). From (43),
(1-B3)T -2N +(1+43)B

X3 = 2\/5

is gotten.

TTNB + DTNB)

(48)

Theorem 43. The geodesic curvature Kg;‘3 of the y, —Smarandache curve is as follows:

171



Ordu Universitesi Bilim ve Teknoloji Dergisi | Ordu University Journal of Science and Technology 2024, 14(1), 154-175

K * =—5\/6.
0 24
Proof: From (1) and (48), the tangent vector ng of y, —Smarandache curve is as follows:

_T-3N-B

X3 2 (49)

So, by the cross product of the vectors y, and TZ3 in (48) and (49),
(5+3)T+2N +(5-+3)B
AT =
Z?: 23 4\/§

is gotten. If the derivative of the vector TIS is taken,

. J3T +2N /3B
T, =
3 2\/5

is obtained. From (3) and (4), the proof is completed.

Definition 44. Let {,T;\;,D;\s} be the Sabban frame of the spherical curve that are drawn by the
TNB —indicatrix curve £ on unit sphere. The regular curve that are drawn by the vector

1
Xa :ﬁ(ﬂ—i_TTNB + DTNB)

is called the y, —Smarandache curve, (Figure 5). From (43),

(1+ﬁ—ﬁ)T +(ﬁ—2)N +(1+\/§+\/§)B
& 32

is gotten.

(50)

Theorem 45. The geodesic curvature Kgl4 of the y, —Smarandache curve is as follows:

(1++2)

K7(4=

’ 3

Proof: From (1) and (50), the tangent vector TZ4 of y, —Smarandache curve is as follows:

(V2-1)T-VBN +(1-+2)B
T = .
“ 12442
So, by the cross product of the vectors y, and TZ4 in (49) and (50),
(-4+6+2v3+62)T +2N +(-4 -6 -2/3+612)B
3V24-82

Z“ /\TZA =

is gotten. If the derivative of the vector TZ4 is taken,

. JeT +2(\/§—1)N -/6B
"o 24-82
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is obtained. From (3) and (4), the proof is completed.

Figure 5. Zi (red), X2 (blue)’ %5 (green) and 4+ (magenta) ~ Smarandache Curves on the Unit
Sphere
Conclusion and Suggestions

In this study, the Frenet elements of the curves that are drawn on the unit sphere by the unit vectors
obtained from the linear combination of the Frenet vectors of the helix curve were calculated and
Smarandache curves were defined by creating Sabban frames of these curves. Similar studies can be
done on different curves in various spaces by considering other well-known frames.
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