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Elliptic Quaternion and Elliptic linear Interpolation

Highlights

linear elliptic interpolation (Elerp)

spline elliptic quaternion interpolation (Esquad)

cubic interpolation out of three linear interpolations

consistently and continually differentiable Esquad

interpolation between a series of position and direction interpolations on the ellipsoid.

R/
0.0

X3

o

X3

8

R/
0.0

X3

o

Graphical Abstract
Elliptic quaternion interpolation between the four key frames on ellepsoid.
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Figure. An illustration of the study

Aim

Aim of this work is to seamlessly interpolate between a series of position and direction
interpolations on the ellipsoid.

Design & Methodology

Idea is to make a choice between s, and s, elliptic quaternions in order to allow control of
endpoint derivatives in spline segments. Thus, we showed that ESquad is consistently and
continuously differentiable across all segments.

Originality

In this paper, we have been done elliptic quaternion linear interpolation on ellipsoid using
elliptic quaternions.

Findings

We showed that ESquad is consistently and continuously differentiable across all segments.We
seamlessly interpolated between a series of position and direction interpolations on the ellipsoid.
Conclusion

We presented the spline elliptic quaternion interpolation on the ellipsoid in this paper.
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ABSTRACT
Spherical spline quaternion interpolation has been done on sphere in Euclidean space using quaternions. In this paper, we have

been done elliptic quaternion linear interpolation on ellipsoid using elliptic quaternions. This interpolation curve is called Elerp
elliptic linear interpolation. In addition, ESquad (spline elliptic quaternion interpolation) is defined by using the group structure

feature of elliptic quaternion on ellipsoid.

Keywords: Quaternions, elliptic quaternions, interpolation, euclidean space, elerp, spline, esquad.

1. INTRODUCTION

Quaternions were described by William Rowan Hamilton
in 1843. Quaternions with non-commutative real algebra
structure have a similar structure to complex numbers
since they carry most of the properties of complex
numbers. Nowadays, quaternions are used especially in
optimization problems involving physics, kinematics,
computer graphics, animation and rigid body
transformations. Shoemak [10] defined the geodesic
curve between two points on the sphere with the help of
quaternions, and this is called the spherical linear
interpolation Slerp on the sphere. In terms of differential
geometry, great arcs are segments of geodesic curves on
the sphere. Slerp not only creates great arcs on the unit
sphere, but also creates the shortest arcs. Thus, Slerp
gives the interpolation path using the shortest arc
between two quaternions on the unit sphere. Robot
kinematics and computer games are covered extensively
in Slerp notation. Especially in recent years, spherical
interpolation and interpolations in Minkowski space and
ellipsoid space have an important place in animation and
modeling of robot movements in 3-dimensional
computer games [12]. Also, interpolation between two
rotations (slerp) is optimal. But when interpolating
between a number of rotations, the following issue
appears:

At the control points, the curve is not smooth. Smooth
interpolation is used in computer animation to model
motion solids, cameras, and lights [7,12]. The work done
so far using quaternions has been interpolated on the
Euclidean sphere, Lorentz and Hyperbolic spheres [4,
11]. In this study, interpolations is made on the ellipsoid
using the elliptic quaternions. Also, the aim of this work
is to seamlessly interpolate between a series of position
and direction interpolations on the ellipsoid.

*Sorumlu Yazar (Corresponding Author)
e-posta : melisarahebi@topkapi.edu.tr

2. MATERIAL AND METHOD

In the proposed method, the curve is not smooth at the
control points in a series of rotations. This smoothness
issue is not easy to solve. Similarly, interpolation is easy
with a straight line in the plane between two points. But
even in simple Euclidean space it is complicated to
properly interpolate a set of points. Typically, in the
plane of cubic curves different types of interpolations
between a set of control points are used. For a number of
elliptic quaternion {g,}¥z% , the algorithmic expression
for Esquad produces an interpolation curve. Under the
conditions that the spline pass through the control points
and that the derivatives are continuous, we introduced a
spline structure that interpolated those elliptic
quaternions. Idea is to make a choice between s, and
sn+1 elliptic quaternions in order to allow control of
endpoint derivatives in spline segments. Thus, we
showed that ESquad is consistently and continuously
differentiable across all segments. In other words, we
seamlessly interpolated between a series of position and
direction interpolations on the ellipsoid.

3. ELLIPTIC QUATERNIONS

With the help of a little generalization in real quaternions,
it is possible to examine the rotation and interpolation on
the elliptic instead of the sphere. For this purpose, the dot
product and the vector product must be defined in
accordance with the metric that accepts the elliptic
sphere. For each elliptic, a corresponding quaternion can
be defined. We will call this quaternion the elliptic
quaternion. Elliptic quaternions are a 2-dimensional
vector space on the set of elliptic numbers and a 4-
dimensional vector space on the set of real numbers [13].

In the R3 space, a;,a,,a; € RY
E:x* + ay* + a3z2 =1
Consider the ellipsoid and denote it with

Hgayapas = {1 + @20 + q3j + quk: q; ER,i* =
_alﬁjz = _a2!k2 = _a3, l]k = _A} (1)

a,a,a; = A
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The set that is not commutative, but associative, defined
in its form, is called the set of elliptic quaternions
corresponding to the ellipsoid ” E”.

4. ELLIPTIC DOT PRODUCT AND VECTOR
PRODUCT OF AN ELLIPSOID

The dot product of an E:a;x?+ a,y® +azz? =1
ellipsoid v =vi +v,j+ vk and w =wyi+wyj+
wsk in the form of

B, w) = a;vywy + a,v,w, + azvzws ()
the elliptic vector product is also defined as [13]

—i/ j/ ky
a a a
Iwxw) =47 ' vzz v33 ®)
Wy W2 W3

Definition 1. For the elliptic set of quaternions H
and p,q € Hy, 4,4, Elliptic quaternion product of
P = (P1,P2P3Ps) and q = (41,9293, qs) elliptic
quaternions [13] is defined as,

Pq = p1a1 — B(vp, vg) + Prvg + q1vp + 9(v, X 1) (4)
Definition 2. For the elliptic set of quaternions H

a,ap,as

aq,az,a3
and q € Hg, q,4,and q =S, +V,, S, =0, then g is
called a purely elliptic quaternion. The product of two
purely elliptic quaternions [13] is expressed as,

pq = =B (v vg) +9(v, X v,)

= _(‘_11292‘12 + a;p3qs + azpaqa) +

i/a, j/a; k/as
D2 D3 Da
q: 43 q4
Definition 3. q € Hy, 0,4, 9 = (1,92, q3,94) = Sq +

V, being an elliptic quaternion, quaternion conjugate and

norm and inverse, are respectively defined as,

A (%)

q=S—VY (6)
q=q1=q2— 93— 4a O
Ng = liqll

=aq =Jaa =ai + a4} + a4} +asa;  (®)
g = Ny # 0 ©)

In addition, if N, = 1, then g units are called elliptic
quaternions [13][14].

Definition 4. Elleptic quaternions can be expressed in
polar form as well as complex numbers and quaternions.

2 2 2
a1 ajqs;+azqsz+asq;

cos @ = Tal ve singp = T (10)
can be written in the form of,

q = llqll(cos ¢ + msing) (11)
Here

m= (92,93,94) (12)

/alq%+azq§+a3q£

Vector m is a unit vector in the space R3 with dot product
B. In addition, this vector is m? = —1 according to the
product of the elliptic quaternion [13].

Theorem 1. Each

q€Hy a,0,0=0q1+qi+
qsj, qsk = (cos @ + msing) Elliptic unit quaternion
corresponds to a rotational motion on the ellipsoid

ax?+ay?+azz>=1. (13)

The dot product of this ellipsoid is 8, 4, q,-
For a point b on this ellipsoid, the linear transformation
Rq(b) = qbq™* (14)

indicates an elliptic rotation by angle 2¢ on the plane
perpendicular to the m-axis with respect to the dot
product of B, 4, q, [13].

5. RESULTS AND DISCUSSION

Elerp (Elliptic Linear Interpolation)

In this section, interpolation is calculated on the ellipsoid.
This interpolation is done using elliptic quaternions.
These interpolation curves are defined as linear elliptic
interpolation (Elerp) and spline elliptic quaternion
interpolation (Esquad).

Definition 5. Let's take q = [cos¢@,msing]€
Hg,apa,2nd m € R3. In this case, the logarithm m
function is defined as,

log q = [0, pm] (15)
Lema 1. Let's take = [cos ¢, msin¢@] € H, 4,q,and
n € R . In this case

=q" = q"log(q) (16)
Lema 2. Let's take q € C*(R, Hy,q,0,), T € C*(R, R).
In this case q(t) = [cos ¢ (t), m(t) sing (t)]. So
L) ® =
4O =
sin(r(De(®) (r'©Oe®) + r(©)9'®)), cos(r®)p(t))

(r@e® + r®e'®) m®) + sin(r@®e(®)) m'(©)
17
Description 6. The product of p~1q eleptic quaternions
can be greatly simplified by using the elliptic unit
quaternions w = [cos@, m sin @] and wt =
[cos te,msin te].
Definition 7. The elliptic quaternion used for a rotation
denoted by p and ending inqis p,q € Hy,q,q,
,q= p('Q)". So Elerp (p,q,n)is
Elerp (p,q,n) =p(p~'q)", n €[0,1] (18)
Lema 3. Let p,q€Hgq,a,- In this case,
Elerp(p,q,n),n € [0,1] forms a great arc with the
shortest length on the ellipsoid between p and q unit
elliptic quaternions.

expressed
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Lema 4. When p and g are two-unit elliptical quaternions
on various elliptic surfaces, p € Hy 4,4, and q €
Hp, b, 5, then the product of elliptic quaternions cannot
describe the structure of the associated rotation. Each
elliptic quaternion has a unique scalar product space,
which causes variations in the elliptic quaternion product.

The unit elliptic quaternions create the shortest great arc
on the ellipse, according to the interpolation curve for
elliptic linear interpolation. Elerp, which also has a scalar
parameter n that indicates how far to interpolate between
two elliptic quaternion turns, p and g, is typically thought
to be the best interpolation curve between them. (Where
n is a real number, n=0 gives us p, n=1 gives us g, and
intermediate values of n give us the elliptic quaternions
on the path between p and q). It should be noted that Elerp
only permits interpolation between two rotations. It is
required to take into account several, difficult
interpolations when taking into account more than two
rotations.

Definition 8. Definition of Elerp for the elliptic
quaternion p,q € Hg, 4, 4., Used for a rotation denoted
by the initial p and ending with g can be given as,
Elerp(p,q,n) = psin((1-n))+q sin(nep)

sin(gp)
P.q € Hyaya, M E[01]
Here,p - q = cos ¢.
Remark 2. Elerp for unit eleptic quaternions is written

as

(19)

Elerp(p,q,n) = p(p~*q)" (20)
Proof:
q=plp " (21)

Which is p~',q € Hy, 4, q,.» then p™'q € Hy 4, 4,. IN
this case
p~lq = cosp +msing (22)
The angle between p and q is shown here as ¢. So that
the adjustment of p changes evenly along the great arc
between p and ¢, parameter n can be introduced into the
angle.
In that case,
q(n) = p[cos(ng) + msin(ng)] = p[cos ¢ +
msin]" =p(p~'q)"
psin((1-n)g) _ p(sin ¢ cos(ng)—cos ¢ sin(ng))
sing - sin¢ ()
p cos @ sin(ne
= pcos(ny) — T sme
According to equation (22)

qsin(ng) _ p(cos p+msin @) sin(np)
sin¢g -

(23)

(24)

sing
__pcos@sin(ng)
- sing sing
Adding the equations' sides (24) and (25)
psin((1-n)e )+q sin(nep) =p COS(TL(p) __pcos gsin(ng)

sin(p) sing
p cos @ sin(ng) pmsin ¢ sin(ng)
sing
In this case
p sinh((1-n)$)+q sinh(ng) _
sinh(¢) -

p(p~ "

pmsin @ sin(ng)

(25)

+

sing

plcos  + msin @)™ =
(26)

Equation (23) is a simple application of Elerp's derivative
(16),

Elerp'(p,q,n) = p(p~'q)" log(p~"q). (27)

0.5

-0.5 4

0.5

-1 T T T
-0.5 0 0.5

Figure 1. MATLAB Programming Language simulates the
interpolation shapes.

50 interpolated frames make up the interpolation curve between
two elleptic quaternions on the ellepsoid

Over a Series of Rotations, Interpolation

The best interpolation is between two rotations (Elerp).
But when a series of rotations are interpolated, the curve
is not smooth at the control points.

Continuity throughout the entire interpolation can easily
be achieved with a reparametrization. Since the
interpolation parameter is actually transformed into a
sequence of discrete frames in between each pair of key
frames, reparametrization actually refers to figuring out
how many frames should be included in each interval
based on the interval's size. The size of an interval can be
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measured by the angle cos ¢ = q; - q;., between two
pairs of key frames q; and q; .. (see figure 2).

1~
0.8
0.6 -

0.4 -

0.2

(b)
Figure 2. There are 50 interpolated frames in an elliptic
quaternion interpolation between four key frames;

This smoothness issue is not easy to solve. Similarly, the
interpolation it is easy with a straight line in the plane
between the points. However, it is challenging to
correctly interpolate a set of points even in simple
Euclidean space. Different types are typically used in
interpolations between a set of control points in the plane
of cubic curves. In quaternion space three linear
interpolations should be wused to create a cubic
interpolation. A quantity determined by the logistic
equation 2n(1 —n) is interpolated between the initial
data point and two additional (well chosen) points,
followed by the remaining points. If auxiliary points are
selected properly their continuity can be achieved. A
cubic elliptic interpolation (unit elieptic quaternion)
between data points of the esquad function is determined

by the points g, and ¢, and the quantity n € [0,1] as
follows.

Esquad(q;, qi+1, Si Siv1, M) =
Elerp(Elerp(qi, qi+1, 1), Elerp(s, si+1,m),2n(1 — n)) (28)
The s; and s;,, inner quadrangle points are called inner
guadrangle points and thus these points must be chosen
carefully to ensure the continuity in the segments.

Spline Interpolation of Elliptic Quaternion
Considering the algorithmic expression for the esquad is
a set of {g,}N=¢ eleptic unit quaternions, we want to
construct a spline curve by interpolating the eleptic
quaternion with conditions whose derivatives are
continuous and pass through control points. Idea is to
make a choice between s; and s;,., elliptic quaternions to
allow control of endpoint derivatives in spline segments.
Easily with squad definition
R;(n) = Esquad(q;, Qi1 S, Siv1, M) =
Elerp(Elerp (i, qis1,1), Elerp (s, siv1,n),2n(1 —
n)) (29)
R;_1(1) = Esquad(q;—1, 9, Ri—-1, R, 1) =
Elerp(Elerp(qi-1,9: 1), Elerp(R;—1, R;,1),0) = q;
R;(0) = Esquad(q;, qi+1, Riy Riy1,0)
= Elerp(Elerp(q,-, Qi+1) 0): Elerp(Rir Ri+1r O)r 0) =4q;
Ri_1(1) = q; = R;(0)

is displayed. Thus Esquad is continuous and has an
accurate value at checkpoints. To match derivatives of
two successive spline segments, endpoints to obtain
continuous derivatives
Ri_1(1) = Ri(0) (30)
We will now show that the Esquad is not consistently
differentiable at controlpoints.
Elerp(Elerp(q:, Gi+1, 1), Elerp(s;, Siv1,n),20n(1 — n))
Elerp(q;, qis1, 1) (EleTP(Qi'CIi+1,n)_1)2n(1 "

P4 Gi+1, Elerp(si,siﬂ,n)
9i(m) = Elerp(qi, 4is1, ) 'Elerp(s;, sip,n)  (31)
Here g;(n) is the unit elliptic quaternion, so g;(n) can be
written as,
gi(n) = [COS((pgi(n)): Sin((pgi(n))mgi(n)] (32)
We will now demonstrate that Esquad is continuously
differentiable at controlpoints.
R;(n) = Esquad(q;, qi+1, Si» Six1, M)
Ri(n) = Esquad(qy, i+1, Si, Siv1)

(33)

d
= 7, Elerp(Elerp(qi, Giv1, ), Elerp(s;, si41,m),2n(1

d
—n) = (ELerp(qi, qier, W) g: ()" ™)
= (ﬁ (Elerp(qi,qm,n))) 9?7 +

Elerp(qi, Gis1, M) (% g (n)Zn(l—n))
Using equation (32)

(34)

d
— g.(n)2n-n)
dn 9i ()
sin(Zn(l - n)(pgi(n)) ((2 — 4n)(pgi(n) +2n(1 - n)(pglg(n)),
=lcos(2n(1 - n)gog[(n)) ((2 —4n)@g,my + 2n(1 - n)gaglg(n)) Mg,
+sin(2n(1 — W) eg,m)) Mgl
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:_ngi_l(n)z"“‘")ln =1
sin(2 - 1(1 = Doy, 1) ((2 4 Degam+2-10 - 1)"’9£-1(1>)'
= [cos(2- 101 = Dy, ) (@ = 4 Doy, + 2710 = Dy ) m”"(")}
[+sin(2- 100 = Doy, ) my;_ 1)
%gm(n)z"“‘")ln =1=[0.-2¢,, Mgy, , (D]
:_ngi(n)““‘")ln =0
sin(2 - 0(1 — 0)gg,0)) ((2 = 4094, +2-001 - 0)%{(0))'
= [cos(2 001 = 0)95,0)) (@ = 4 00y + 2+ 001 = )1 m‘”i(J
[+sin(2- 01 = 0)9y,@) Mg (0)
:_ngi(n)zn(l_")m =0 = [0,204,(0)my,(0)]

using equation (34), we get:

d
EEsquad(qi—lﬁ qi)Si-1, Si» 1) =

Elerp(qi-1,q:, 1) log (g{_ﬁ, a:)

+ Elerp(qi-1, 90 1) (%gi(n)z"“‘")ln = 1) =

q: log(qiy, 4) + a:[0, —2¢;;(Dmy,_ (1] =
a: (log(ay a) -
2log ( [cos ((pgi_l(l)) ,Sin ((pgi_1 (1)) mg,_, (1)] )) =
q:(log(ai2y, q) — 21log(g:i-1 (1)) =
% (log(qi”y, q0) — 21og(q;*si) (35)
EESquad(qi' qi+1, Si» Si+1» 0) =
Elerp(q;, qi+1,0) lc;g(qi‘ L) +
Elerp(qi, 4ir, 0) (5 9:()?"0-Pn = 0) =
qilog(qi* qiv1) + q; [0.2§0i(0)mgi(0)] =
6 (log (a7, qisn) +
2log ( [cos ((pgi(O)) ,sin ((pgi(O)) mgi(O)] )) =
q:(log (@i, qivr) +210g(g:(0))) =
qi(log (@i, qisr) + 21og(q;'s)) 36)
using equation (35) and (36) s; must satisfy
q:log ((qi"1, q.) — 2log(q;*s;)

= qilog((qi",qiv1) +21og(qi's)
log(qi*qi-1) + log(qi ' qis1)

Si=qiexp\— 4
s; is obtained.
As a result, using the above definition of s;, Esquad is
continuously differentiable at control points. In reality,
we've demonstrated that it differs throughout every

Esquad section consistently and continually.
(see figure 3).
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Figure 3. (a) elliptic quaternion interpolation between the four
key frames on ellipsoid; (b) Inner quadrangle
interpolation between the four key frames on
ellipsoid; (c) Combination of elliptic quaternion and
inner quadrangle on the ellipsoid; (d) other view
Combination of elliptic quaternion and inner
quadrangle on ellipsoid; (e) Smoothing elliptic
quaternion with using inner quadrangle; (f)
interpolation curve for ESquad; (g) other view
interpolation curve for ESquad

6. CONCLUSION

We presented the spline elliptic quaternion interpolation
on the ellipsoid in this paper. On the ellipsoid, elliptic
quaternions have a group structure. The ESquad (spline
elliptic quaternion interpolation) is defined on the
ellipsoid using these features. The suggested technique
consists of building a cubic interpolation out of three
linear interpolations. For a collection of elliptic
quaternions {q,}Nz&, the algorithmic expression for
ESquad vyields an interpolation curve. We have
demonstrated how consistently and continually
differentiable ESquad is across all segment. In other
words, we seamlessly interpolated between a series of
position and direction interpolations on the ellipsoid.
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