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Abstract  Let   be a commutative ring with identity and   a positive integer. A generalization of 

prime ideals is introduced in (Anderson and Badawi, 2021). A proper ideal   of   is said to be an 

 -semiprimary ideal if whenever        with        , then       or      . Let 

               be an expansion function of ideals of   where       is the set of all ideals of 

   The aim of this paper is to introduce the class of     semiprimary ideals generalizing the 

notion of   semiprimary ideals. We call a proper ideal   of   an     semiprimary ideal if 

whenever         for         then         or          Several properties and 

characterizations regarding this class of ideals with many supporting examples are presented. 

Additionally, we call a proper ideal   of   a strongly     semiprimary ideal of   if whenever 

        for proper ideals   and   of  , then         or        . We investigate the 

relationship between these two concepts. Moreover, the behaviour of     semiprimary ideals 

under homomorphisms, in localization rings, in division rings, in cartesian product of rings and in 

idealization rings is investigated. 

 

1. Introduction and Preliminaries 

Throughout this article, all rings are assumed to be commutative with identity. By       and          we denote 

the set of all ideals and particularly, the set of all proper ideals of a ring  , respectively. Recall from Zhao (2001) 

that a function                providing       , and whenever     implies           for all 

         is called an expansion of ideals (in briefly e.f.i). For example, the identity function   , where 

        for all         , is a trivial e.f.i of  . Also, the function  √     √   for each ideal   of   is an e.f.i 

of  . Generalizing the concept of prime ideals, in 2001, Zhao introduced the concept of  -primary ideals. 

According to Zhao (2001), given an e.f.i   of ideals of  ,           is called a  -primary ideal in   if        

with      , then     or        . After that, Badawi et al. (Badawi et al., 2018) defined the class of  -

semiprimary ideals.            is said to be  -semiprimary in   if        with       implies         or 

       . As a different generalization of prime ideals, Anderson and Badawi defined  -semiprimary ideals in 

their recent research (Anderson and Badawi, 2021). Let    . Then,          is called an  -semiprimary 

ideal of   if whenever         for       , then       or      . Clearly,  -semiprimary ideal is a just 

prime ideal. For the other extentions of prime and primary ideals, the reader may consult for example (Anderson 

and Badawi, 2011), (Badawi and Fahid, 2018), (Badawi et al., 2018), (Yetkin Celikel, 2021), (Hamoda, 2023) 

and (Ulucak et al., 2018). 

The motivation of writing this article lies to create new concepts that can be used in many branches in 

commutative algebra and its applications and to develop related results. In section 2, we present the main results 

concerning     semiprimary ideals with supporting examples and counterexamples. Among many results in 

this paper, the behavior of this class of ideals under homomorphisms, localizations, cartesian products and 

idealizations are investigated. We proved that if          and          for a positive integer   where   be a 

prime ideal of   including  , then   is     semiprimary in   for any integer     . 
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2. Properties of     semiprimary ideals 

Our starting point is the following definition. Unless otherwise stated, throughout   is assumed to be an 

expansion function of ideals (e.f.i) of a ring   and      

Definition 1 Let    be an e.f.i of   and           Then,   is said to be     semiprimary in   if whenever 

        for         then         or        .  

It is clear to see that a     semiprimary ideal coincides with   semiprimary ideal. Any   semiprimary 

ideal and  -semiprimary ideal is     semiprimary. However, the converses of these relationships do not hold 

in general. The following two examples are presented to justify that there are     semiprimary ideals of a 

ring   that are not an   semiprimary ideal. 

Example 1 Consider     and        Then √     and clearly   is     √  semiprimary in  . 

However,   is not a   semiprimary in   as        and     .  

Example 2 Consider             
   and the ideal       

     
   of  . Then   is     √  semiprimary in 

  where  √     √          
    On the other hand, K is not an   semiprimary ideal for each     as 

   
    

     
    , but    

   .  

Next, we introduce an     semiprimary ideal of a ring   which is not   primary ideal.  

Example 3 Let             with indeterminates    and   . Take      
         and      

    
   

    

and let      . Then, √                 . One can check easily that   is     √  semiprimary in   for 

any    . However,      is not a  √  primary in  , since           ,       √        √     and 

         .  

Proposition 1 For           we have the following statements. 

1. If   is     semiprimary in  , then   is      semiprimary in   for all    .  

2.   is      semiprimary in   if and only if   is   semiprimary in  .  

3. Let   and   be two e.f.i of   such that          . If   is     semiprimary in  , then   is   

  semiprimary in  .  

4. If             , then      is     semiprimary in   if and only if      is   semiprimary in  .  

Proof Straightforward. 

Proposition 2 Let         . Then,   is     semiprimary in   if and only if  either      is a prime or      is 

    semiprimary in   providing             .  

Proof Assume that      is an     semiprimary in   and let         for        and        . Since 

       and      is an     semiprimary in   , we have                , as required. The converse 

part is clear. 

Theorem 1  Let          and          for some     where   is prime in of   including  . Then, for all 

    ,   is an     semiprimary in  .  

Proof Let            for        and     . Then,      or     . Hence,              or 

            , and therefore   is     semiprimary in  .  

As direct consequences of Theorem 1, we verify the following corollary 

Corollary 1 Let R be a Noetherian ring and J         such that √  is prime. Then, there is an     provided 

that   is     semiprimary in   for any     . 

Proof Put   √ . Then there is an     satisfying             as   is Noetherian. Therefore, from  by 

Theorem 1,    is     semiprimary for any        
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Corollary 2 For prime ideals           of   and positive integers        ,     
      

   is   

  semiprimary where           .  

Proof Since √     is prime and   
     

      
    , where          , Theorem 1 yields that   is 

    semiprimary where             .  

The following example is given to illustrate that the converse of Theorem 1 need not be true. 

Example 4  Let            where     be a prime integer and let          . Then √       .  √    

  since         . On the other hand, let      √        for       . Then,         or        . 

Thus,            or            and hence,   is     semiprimary in  .  

Let            We say that   is     primary in   if there exists     if whenever       for        

implies either        or        . Next, we show that     primary ideals are subclass of the class of 

    semiprimary ideals. 

Proposition 3 Any     primary ideal is an     semiprimary ideal. 

Proof Let   be     primary in  . Assume that         for        and        . Let   be the minimum 

positive integer satisfying          . Then,                    . Since             and   is 

    primary in  , we have        ; so we are done. 

Now, we give an example for an     semiprimary ideal of a ring   which is not     primary ideal for all 

 .  

Example 5 Let             with indeterminates    and   . For all    , consider           
    Then, 

  √       is prime in    and     . Define               by          for each ideal   of  , 

where         is the unique maximal ideal. Thus,   is an e.f.i of  . By Theorem 1,   is an     semiprimary 

in  . However,                and   
       for any      Hence,   is not     primary in   for 

all       

Recall from Zhao (2001) that an e.f.i   of a ring   is said to be intersection preserving if     ⋂   ⋂       

     ⋂   ⋂        for any ideals         of  .  

Proposition 4 Suppose that   is intersection preserving and         are     semiprimary ideals of   

satisfying             for all                . Then, ⋂   
      is     semiprimary in  .  

Proof Assume that      ⋂   
      for        and      ⋂   

      . Since   ⋂   
       ⋂   

              , 

we have         . Since          for all             and    is     semiprimary, we have          

  ⋂   
       for all            , so we are done. 

Proposition 5  Let                  with the order             . If    is an     semiprimary ideal of   

such that             , then    is an     semiprimary ideal of  .  

Proof Let          for        and         . From our assumptions, we have                    . 

From the inclusion         , we have         . Since    is an     semiprimary ideal of   and         , 

we conclude                 . Thus,    is an     semiprimary ideal of  .  

Recall from (Ulucak et al., 2018) that if        is a homomorphism or rings,   and   are e.f.i of   and  , 

respectively, then it is said that   is a    ring homomorphism if                     for all        . In 

this case, we have                 for all          

Proposition 6 Let   and   be e.f.i of   and   , respectively, and         be a    ring homomorphism.  

1. If    is     semiprimary in   , then         is     semiprimary in  .  

2. Suppose that   is onto and          containing       . Then   is     semiprimary in   if and only if 

     is     semiprimary in   .  
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Proof 1. Let    be an     semiprimary in    and               for       . Then,         

               which yields that either             or            . Hence,                or    

            and we are done as                      .  

2. Let         and           . Say,          and          for some       . Then, clearly 

                         and           imply that        . Since   is an     semiprimary in  , 

we have either        or        . Thus,             or            . The claim follows from         

       .  

Recall from Ulucak et al. (2018) that if for an e.f.i    of   and         ,  the function             defined 

by                for         with      is also an e.f.i of    . Hence, we conclude the next result for 

quotient rings.  

Corollary 3  Let            with the order       Then,   is      emiprimary in   if and only if     is 

     semiprimary in    .  

Example 6 Consider the polynomial ring      and its e.f.i.  . Let                       defined by 

                   for all ideals        of     . Then,    is an e.f.i of              For any 

           of  , since               from Corollary 3,       is     semiprimary in      if and only if   

is      semiprimary in  .  

Let   be a multiplicatively closed subset (in briefly, m.c.s)  of a ring   and   be an e.f.i of  . Then, a function    

defined by                is an e.f.i of   .  

Proposition 7 Let   be a m.c.s of   and           Then we have the following statements. 

1. Suppose that   is     semiprimary in   with       . Then,    is      semiprimary in   .  

2. Suppose that    is an      semiprimary ideal of    satisfying         ⋂      . Then   is   

  semiprimary in  .  

Proof 1. Let         and        . Then,   
  

  
 and   

  

  
 for some          and         . Hence, 

   
   

     for some      and so      
   

     yields either      
        or   

       .Thus, we conclude 

either    
    

 

    
        or    

  
 

  
        and we are done as             .  

2. Let        and        . Then we have   
 

 
   

 

 
      which implies either  

 

 
         or  

 

 
         . 

Since               , there are some         satisfying           or           . Now, 

        ⋂       implies that we have either          or         , as required.  

Now, we give the following definition.  

Definition 2 Let   be an e.f.i of a ring             and       is said to be strongly     semiprimary in 

  if whenever         for some            , then         or        .  

Observe that a strongly     semiprimary ideal is just a   semiprimary ideal. Any strongly   

  semiprimary ideal is an     semiprimary ideal. In the following example, we show that those are distinct 

concepts. 

Example 7 Let    be an e.f.i  of the ring          and let          . By Example 4,   is      semiprimary 

in           with prime ideal          . It is clear that             but              Thus,   is 

not strongly      semiprimary in         .  

We recall from Anderson et al. (1994) that for a         , the ideal generated by   th powers of elements of   

is denoted by            . Note that         and the equality holds when    . Moreover, it is 

verified that if    is unit in R, then       . Next, we give a characterization for strongly     semiprimary 

ideals of  .  
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Theorem 2 Let   be an e.f.i of a ring            and     such that    is unit. Then we have the following 

equivalent three conditions. 

1.   is strongly     semiprimary in  .  

2. For each element     , any         with         and        , we have        .  

3.   is     semiprimary in  .  

Proof         Let     ,         with         and        . Put      . Then      and this 

implies that        , as needed. 

        Suppose that         for   ,           and        . Since    is a unit, we have      , and 

hence         for some     . Thus,         by (ii).  

        Let       and       . Taking       in (iii), we are done.  

Let           be commutative rings with identity and           . Recall from Badawi and Fahid (2018)  

that an ideal of            has the form          for some ideals    of    for each          . Then, 

   be an e.f.i of   which is defined by                                  for each ideal    of    where    is 

an e.f.i of    for each               Next, we characterize      semiprimary ideals of cartesian product of 

rings.  

Theorem 3 Let    and    be e.f.i of rings    and   , respectively. For                   
   the following 

are equivalent. 

1.       is an      semiprimary in       .  

2.    is      semiprimary in    and           or    is      semiprimary in    and          .  

Proof Note that if        , then the claim is clear. 

        Assume that both of        and        are proper. Since                      but neither 

             nor             , we get a contradiction. Hence, we may assume that        is proper and 

         . Suppose that         and          for some       . Then                and        

      which implies             . Thus,       and    is      semiprimary in   . In the case of 

          and           is similar.  

        We may suppose that    is      semiprimary in    and          . Let        
        

  

          such that        
       . Then   

   
     and   

         imlply that   
        . Hence 

       
        , so we are done.  

In general, we conclude the following result.  

Theorem 4 Let           , where         are rings for      . Let    be an e.f.i of    for each 

         . Let                    for some ideals         of        , respectively. Then, we have 

the following equivalent statements.   

1.    is      semiprimary in  .  

2. Either   ∏   
      such that for some          ,    is an      semiprimary in   , and       for every 

          for every               or   ∏   
      such that for some            .  

Proof We use the mathematical induction method. Suppose that    . Then the claim holds by Theorem 3. 

Hence, let       . Assume that the claim is true when             . We verify the claim when 

       . Since clearly                                     from Theorem 3,   is   

   semiprimary in   if and only if either         for some      semiprimary ideal   of   or     

    for some      semiprimary ideal    of   . It must be clear that for a          is   

   semiprimary in   if and only if   ∏     
      such that for some            ,    is   

   semiprimary in   , and       for every                , we are done.  

Let   be an e.f.i of a ring    For          , we define 
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                                                and                . 

If        , we define        . 

Theorem 5 Let   be an e.f.i of a commutative Noetherian integral domain    If  for any         with       

  implies      for some maximal ideal   of    then   is a Dedekind domain.  

Proof Assume that   is an ideal of   with          for a maximal ideal   of  . Then,   is   

  semiprimary in   by Theorem 1. Also,   is not prime (maximal). Thus,        . Thus,      by 

assumption. Thus, we have no ideal of   satisfying           for every maximal ideal   of   and from 

Theorem 6.20 in Larson and McCarthy (1971),   is a Dedekind domain. 

Recall that an integral domain   is said to be a valuation domain if either     or            for all        . 

We conclude the following result in valuation domains.  

Theorem 6 Let   be e.f.i of a valuation domain   with √       √   and           with   √ . If   is 

non-idempotent, then   is     semiprimary in   for some    .  

Proof  If   √  is not idempotent, then       for some    , see Theorem 17.1 (5) in Gilmer (1972). Thus, 

  is     semiprimary in   by Theorem 1.  

Recall from Anderson and Winders (2009) that the idealization ring of an   module   over a ring   defined 

by            with the following binary operations given by                       and 

                     , respectively, and the identity id      . Also, since clearly               ,  

                   . 

We define a function                           such that                      for every ideal 

        and every submodule   of  . Then,      is an e.f.i of      .  

Theorem 7  Let   be an e.f.i of a ring     be an   module,   be a submodule of  ,           ideal of   and 

     Then, we have the following equivalent conditions. 

1.       is         semiprimary in       . 

2.   is     semiprimary in  .  

Proof (1)      Let       be        semiprimary in      , and let         for       . Then, 

                            . It implies that         or         since       is    

     semiprimary in      . Therefore,   is     semiprimary in  .  

(2)      Assume that   is     semiprimary in  , and let                              where 

               and                   . Hence,       . Since   is     semiprimary in  , we 

have         or        . Since                     , we conclude either                    or 

                  . Therefore,       is        semiprimary in      .  

3. Conclusion 

In this study, a generalization of both of   semiprimary and   semiprimary ideals which is called   

  semiprimary ideals is presented. By this way, we found answers to the following questions. What is the location 

of the algebraic structure of this class of ideals in the literature? Which properties of it is similar to those of 

  semiprimary and   semiprimary ideals? Is this property stable under localizations, homomorphisms, cartesian 

products and idealizations? (see: Proposition 6 and 7, Corollary 3, Theorems 2, 3 and 7).  Consequently, there are 

many open questions arising from this study. What if one defines weakly     semiprimary ideals with the 

following definition, what will be the differences between these two? For example, a proper ideal   of   a weakly 

    semiprimary ideal if whenever            for         then         or        . On the other 

hand, extending this algebraic structure in rings to submodules,     semiprimary submodule of an  -module   

can be described.  
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