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Abstract

In this study, the mathematical model that examined the relationships between the variables of
the population that continued to live in the disaster area, the population that migrated to another
region, the number of newly built independent sections in the disaster area the post-disaster, and the
socio-economic development index (SEDI) of the disaster area is expressed through fractional-order
differential equations (FODEs) and qualitative analysis of the model is carried out. Furthermore,
the relationship between migrated and non-migrated populations is presented in the model with
four different functional responses. In real-world applications of the model, some earthquakes in
Tiirkiye, which are similar to each other in many ways, are taken into account. Therefore, data after
the Golctik earthquake in 1999 are used, and parameters, derivative order, and functional response are
determined by considering the minimum root mean squared error (RMSE). Then, the performance of
the proposed model with these values is shown in the Elbistan earthquake in 2023. Finally, the 5-year
and 10-year estimates of the non-migratory population, the migrated population, the number of newly
built independent sections, and the SEDI index values are presented for Elbistan.

Keywords: Fractional-order differential equation; functional response; earthquakes; socio-economic
development index; root mean squared error
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1 Introduction

It is known that disasters have occurred in every period of history. Disasters can be defined as
ecological events that suddenly change the normal life order of the society, result in loss of life
and property, and create a need for external assistance depending on their size and speed of
occurrence. They, which cannot be determined exactly where, when and how they will occur, have
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similar following effects in terms of their consequences: economic losses and social psychological
destruction, especially physical losses [1]. Disaster types, whether natural or not, are given in
Table 1. There has been an increasing trend in disaster events globally from 1900 to 2022. In this
context, the number of disasters averaged 56 events per year in the 1960s (reached 81 in 1966),
while the average number of disasters in the last decade (2012-2022) reached 363 events per year.
In addition, a total of 30748 deaths were recorded, an estimated 186 million people were negatively
affected, and according to available data, these disasters caused damage worth USD 223.84 billion
due to 388 disasters recorded worldwide in 2022 which are extreme heat, flood, storm, drought,
forest fire, landslide, earthquake, extreme temperature and volcanic activities [2].

Table 1. Types of disasters [3]

Natural disasters Human-Made Disasters
Slow-developing natural disasters | Sudden Natural Disasters
-Severe cold -Earthquake -Nuclear, biological, chemical accidents
-Drought -Floods -Terrorism
-Famine etc. -Landslides, rock falls -Transportation accidents
-Avalache -Industrial accidents
-Storms, tornadoes -Accidents caused by overcrowding
-Volcanoes -Migrants and displaced persons etc.
-Fires etc.

Today, disaster management has become an important issue due to the loss of life and large
tinancial burden. In fact, our societies, regardless of their level of development, are still not
adequately prepared for a natural or human disaster and its possible domino effects [4]. Therefore,
the necessary precautions to be taken disaster-before in order to minimize the loss of life and
property, as well as the necessary measures to be taken for the society to return to its normal life
disaster-after, are of vital importance.

Disasters such as earthquakes and nuclear explosions or acts of terrorism in another area also occur
suddenly and surprisingly. In such events, due to the effect of surprise and fear, reactions are more
instinctive and individuals often tend to leave the area they are in. Migration is often considered
one of the primary responses to natural disasters. Existing literature broadly recognizes the fact
that disaster victims migrate from affected areas [5]. In this context, the return of individuals,
who survived and migrated the post-disaster to the same region, is possible by meaning of
socio-economic development of the disaster area and by building enough settlements to meet the
needs. Socio-economic development involves parameters such as demography, technology, health,
education, economic development, financial capacity, competitive structure and quality of life,
and the data on these parameters can provide information at the regional level about what social
needs are and to what extent they are met [6].

Although an earthquake is a natural event, it is inevitable that it will turn into a disaster, especially
considering its duration and magnitude and the precautions taken in advance. When disasters
are mentioned in Tiirkiye, the first thing that comes to mind is earthquakes due to its location in
an earthquake zone. In this region, major earthquakes have occurred in almost every period of
history, resulting in many deaths and a wave of migration. In the last 100 years, 16 earthquakes
of magnitude 7 Mw and above have occurred in Tiirkiye, as seen Figure 1. 124558 people lost
their lives in these earthquakes, and the number of buildings with moderate and more damage
is about 1037108 [7]. Reverse migration after a disaster is possible with the development of the
disaster area in many areas. SEDI focusing on 12 basic indicators of economic development and 12
basic indicators of social development in terms of evaluation is one of the measurable parameters
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in terms of the development level of a region. Socio-Economic Development Ranking Studies
are analysis studies that objectively measure and compare the socio-economic development of
regions, provinces and districts in Tiirkiye in order to provide input to policies, strategies and
public practices [8]. District SEDI studies conducted to date have been published seven times
between 1966-2022. In this study, changes in the populations of individuals who survived the
disaster and some of whom migrated to other regions were mathematically modeled through
FODE:s according to the SEDI and the independent section numbers.
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Figure 1. Earthquakes of magnitude 7 Mw and above in the last 100 years in Tiirkiye [7]

In a scientific investigation, we explore and therefore understand our real world by observing,
collecting data, finding rules within or among them, then we discover the truth behind this phe-
nomenon and want to apply it to predict the future. This process is mostly through mathematical
modeling. Such modeling is differential equations, which are well known for describing relation-
ships between variables and their derivatives, and so usually used for planning, prevention and
control scenarios.

Fractional calculus has been an old but increasingly important subject of mathematics since the
17th century. Fractional integral and differential operators can be thought of as generalized
forms of integer order integral and derivative operators. The concept of memory is important
for fractional calculation. In a memory system, the input must remember its previous values
in order to indicate the current value of the output. When considering the modeling of various
memory events, it is often stated that a memory process consists of two stages; It is a short-
term state that can be presented through fractional derivation with permanent retention [9, 10].
Recently, an increasing number of studies and applications of fractional order systems have
been presented in many fields of science and engineering [11-17]. Many various descriptions
of fractional derivatives are encountered in the literature, such as Riemann-Liouville, Caputo,
Caputo-Fabrizio and Atangana-Baleanu [18]. Caputo’s fractional operator is possibly the most
significant in fractional analysis since its derivative is the most appropriate fractional operator
to use in modeling a real-world problem. Talking about real problems, the Caputo derivative
is considerable practical because it allows conventional initial and boundary conditions to be
involved in the derivation and the derivative of a constant is zero, which is not the circumstance
with the Riemann-Liouville fractional derivative [19]. In the manuscript, Caputo’s fractional
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definition is considered.

In the mathematical and computer literature, scholars have mainly focused on modeling crowd
dynamics and collective panic in the event of a catastrophic event [20, 21] or simulating movements
to model pedestrian evacuation inside buildings [22]. Let’s consider a sudden disaster that causes
loss of life and property, such as an earthquake, nuclear explosion, or flood. There are few
mathematical modeling studies in the literature that examine the return of individuals living in a
region to their normal lives in the disaster area according to their behavior and housing needs. In
addition, when looking at the studies on this subject in the literature, the number of mathematical
models with ordinary differential equations (ODEs)is very low, and no mathematical model with
FODESs was found.

Kumar et al. [23] examined the population in a region after a flood disaster through the ODE
model, based on the classical SIR model, in which individuals are divided into susceptible,
affected, survivor, or deceased compartments. They only presented a qualitative analysis of this
model, which is widely used in different fields, without developing it.

Verdiere et al. [24] modeled by ODE the temporal dynamics of human behavior during a catas-
trophic event. They proposed so-called PCR mathematical models that simulate sequences of
individual behaviors called as Panic, Controlled, and Reflex according to the type of threat,
domino effects, and the local environment. In their model, the population that continues its
normal daily life is denoted by Q, individuals with uncontrolled behavior are denoted by r and p,
and individuals with controlled behavior are denoted by c. At the beginning, the total population
N is in Qq, subpopulation of Q. A post-disaster occurs, all individuals move to compartment r at a
certain rate, individuals in 7, those showing panic behavior at certain rates, move to compartment
p, and those showing controlled behavior move to compartment c. Finally, at a certain rate,
there is a transition from c to the Q> compartment in which individuals continue their daily life.
Furthermore, the authors assumed reciprocal transition between r, ¢, and p compartments. They
numerically illustrated their model for the earthquake in Haiti and Japan in 2010.

In our proposed model, the interaction between the population that migrated and those that
did not migrate post-disaster was expressed with different functional responses, and then the
functional response closest to the real data was determined. Therefore, the reason for using four
responses, which are frequently mentioned in the literature, is to increase the performance of the
model by determining the response that gives the minimum RMSE value. In fact, four different
mathematical models are presented as a single model in the manuscript.

Earthquakes, landslides, floods, volcanic eruptions, hurricanes, and tornadoes, which have been
repeated countless times since the world was formed 4.6 billion years ago, are actually ordinary
events that give our planet its current appearance. Therefore, disasters are intertwined with
humanity and are inevitable. Many researchers around the world have carried out many studies
on the effects of disasters. However, there are very few studies in the literature on post-disaster
migration mobility and changes in population projection, which aim to determine in advance
the size of the workforce that will be needed in the future and to prepare the infrastructure and
opportunities accordingly.

In this study, the scenario immediately after a disaster, such as an earthquake or flood, that causes
a sudden loss of life and property is discussed. All individuals living in the region naturally
exhibit reflexive behavior. Some of them migrate to another region due to a lack of shelter or panic
behavior, and their population size is shown as M in the model. The rest of them continue to
live in the disaster area by exhibiting controlled behavior, and their population size in the model
is denoted by S. The number of new buildings built to replace independent sections that were
demolished or decided to be demolished after the disaster is also indicated by R. Moreover, the
SEDI of the region is presented with I. In this sense, the relationship among the dimensions of the
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variables S, M, R, and I has been modeled mathematically through FODEs in the Caputo meaning.
In this way, due to the definition of fractional derivative, the natural delay in the relevant disaster
scenario was also taken into account.

Therefore, the differences in the presented study from the literature can be listed as follows:

¢ FODEs are used in the model.

* The different functional responses are used in the model.

* According to the real values, the parameter values and the derivative-order with minimum
RMSE have been obtained.

¢ Predictions are made for future population projection, SEDI, and independent section numbers.

The remainder of the study is organized as follows.

* Some basic definitions and theorems used in the definition and analysis of the model are given
in Section 2.

¢ The proposed mathematical model is formulated in Section 3. It was also presented respectively
in:

— The positivity, boundedness, and non-negative of solutions of the model,
— Different possible equilibrium points of the model and,
— Stability analysis of the equilibrium points.

¢ The estimation of the parameters of the proposed model is given in Section 4. Therefore, the
data set was created, parameters with minimum RMSE were obtained, the fractional order
was determined to obtain lower RMSE, and numerically simulated results for Elbistan of our
proposed model have been presented.

¢ Finally, in Section 5, we have presented some of the main outcomes of the present work.

2 Preliminaries and definitions

In this section, we have discussed some functional answers for the Lotka-Volterra system. Later,
we present some useful definitions and properties of fractional derivatives. In addition, some
properties regarding the existence and signs of the roots of the polynomials used in the study are
given.

Definition 1 The Lotka-Volterra predator-prey model consists of two differential equations, the first
equation for the prey and the second equation for the predator, and is as follows:

d—x—ax— xy and d—y——c +ex
dt T ar — YT

where a,y,c,e > 0. The terms yxy = F(x,y) and exy = G(x,y) in this system are called functional and
numerical responses, respectively [25].

Some functional responses are Holling Type I for F(x,y) = yxy,vy > 0, Holling Type II for F(x,y) =
L% v, b > 0, Holling Type Ill for F(x,y) = sz—i% v,b > 0and Ivlev for F(x,y) = 7y <1 —ebx> v,b >0
[26, 27].

In this study, the above-mentioned functional responses were used for the relationship between
post-disaster migratory and non-migratory populations. The functional responses used in the
manuscript can be briefly explained as follows. Let us consider two species that have certain sizes
at reference time t and, moreover, interact with each other. Functions describing their varying
population sizes are modeled in a continuous framework. Changes depending on the relationship
between these functions can be explained by functional response. Functional response [28] is one
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of the oldest and most common mathematical constructs used to describe and make prospective
predictions about the nutritional interaction between a consumer and a resource. This response
describes the feeding rate of a consumer based on its density in its environment. The most common
of these are Holling type I-III responses [27] and Ivlev response [29].

Type I functional response supposes a linear increase in intake rate with food density, either for
all food densities or only for maximum food densities, beyond which the intake rate is constant.
Linear increase reckons for the following: the time a consumer needs to process a food item is
neglectable or that consuming food does not prevent foraging.

Type II functional response is qualified by a slowing rate of intake, following from the presumption
that the consumer is restricted by his or her food processing capacity. Also, the functional response
is commonly modeled through a rectangular hyperbola.

Type III functional response is alike to type II in that at high levels of prey density, saturation
occurs. At low prey density levels, the graphical connection of the number of prey consumed and
the density of the prey population is a super linearly increasing function of prey consumed by
predators.

In Ivlev’s functional response, the maximal rate of predation and decline in hunting drive are
represented by the positive constant y and b, respectively [30].

Definition 2 (Caputo Fractional Derivative) [31] 0 < ¢ < 1 for the function u: C"[0, co] — R is defined
as

DY (u(t)) = gy Jo e (), o

where C"[0, oo] is a n times continuously differentiable function and Gamma function is defined by T'()
suchthatn —1 < ¢ <n.

Lemma 1 [32] Let 0 < ¢ < 1. Suppose that u(t) € Cla,b] and %Di’bu(t) € Cla, b].

. Ifg)D‘tpu(t) > 0,Vt € (a,b), then u(t) is a non-decreasing function.
. Ifg)D;Pu(t) > 0,Vt € (a,b), then u(t) is a non-increasing function.

Theorem 1 [33, 34] Consider the following fractional-order system:

CD?(n;(t)) = f(t,u(t)), )

u(to) = uo
where CD?’ is Caputo’s derivative of the order 0 < ¢ < land f(t,u(t)) : RT x R" — R" is a vector
field. The equilibrium points of this system are locally asymptotically stable (LAS) if all eigenvalues A; of
the Jacobian matrix % evaluated at the equilibrium points satisfy the following condition:
largA;| > 4’7” 3)

Let’s consider system (2) for u = (uy uz)T. In this case, the characteristic equation is

p(A) = A2+ @A +ay =0. 4)
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The conditions for LAS of the equilibrium point are either Routh—Hurwitz conditions given as

a1,a3>0, ©)
or:
Aan— 2
a1 <0, 4ay > (al)z, tan—1 (MT(M))‘ > X, (6)
[35].
Theorem 2 (Descartes’s Rule of Signs) [36] "Let
— b b1 ... by
p(x) = apx” 4+ a;x”t + - - - 4 a,x’n, 7)

denote a polynomial with nonzero real coefficient a;, where b; are integers satisfying 0 < by < by < by <
-+« < by. Then the number of positive real zeros of p(x) (counted with multiplicities) is either equal to the
number of variations in sign in the sequence ag,ay, . . ., a, of the coefficients or less than that by an even
whole number. The number of negative zeros of p(x) (counted with multiplicities) is either equal to the
number of variations in sign in the sequence of the coefficients of p(—x) or less than that by an even whole
number.”

3 Methodology

Fractional-order model

Let t denote the time parameter and the independent variable. The dependent variables whose
changes are being examined post-disaster in the proposed model consisting of FODEs in the
Caputo meaning are given in Table 2. In addition, the parameters used in the model and whose

Table 2. State variables in the proposed mathematical model

Variable | Definition Explanation
S(t) The population number at time t who con- | These are people who, the post-disaster, continue
tinues to live the post-disaster in the region | to live in their pre-disaster residence or a tempo-
where they lived before the disaster rary place in the same area
M(t) The population number at time ¢ migrating | These are people settled another region by leaving
to another region the post-disaster the area they were in before the disaster, temporar-
ily or permanently, the post-disaster
R(t) The number at time ¢ of newly built indepen- | These are the number of newly built independent
dent sections sections to replace buildings that were demolished
or decided to be demolished post-disaster
I(t) The SEDI at time ¢ Socio-Economic Performance Index, which is a
measurable indicator of the development of the
disaster area

approximate values will be estimated later in numerical studies by using the actual values of the
variables are given in Table 3.
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Table 3. Parameters used in the mathematical model and their meanings

Parameter

Definition

0s

Constant increase rate of the population living in the region where they lived before the
disaster,

The return rate to the disaster area with respect to SEDI with controlled behavior of individuals
who migrated with panic behavior,

The return rate of individuals to the region where they were before the disaster, thanks to the
newly built independent sections,

Functions for i = 1,2, 3,4, which represent the functional and numerical responses, are Holling
Type 1-3 and Ivlev functions, respectively,

As a result of the contact between migrated and non-migrated populations, the rate of return
of the migrated population to the region where they were before the disaster,

Migration rate to the region the post-disaster according to the SEDI,

Us

Natural mortality rate of the population living in the destruction zone the post-disaster,

Constant increase rate of the migrated population,

Natural mortality rate of the migrated population the post-disaster,

The increase rate of newly built independent sections,

Carrying capacity of the newly built independent section,

The rate of independent sections built in proportion to SEDI,

Decrease rate of newly built independent sections,

Constant rate of SEDI,

™™ N Q| D
& RE g S

Decrease rate of SEDI.

Thus, the proposed fractional-order model in the Caputo meaning is

EODZSZGS +MI + uMR + 7S f;(M) + eI — vgS,

ngszeM —MI —uMR —Sf;(M) — vy M,

- D/R=rgR(1—&) + ocRI - BR, ®)
cD'1 =0, —wl,

S=S(t), M= M(t), R=R(t), I=1(t),

S<t0) = SO/ R(tO) = ROI M(to) = MO/I(t()) = IU such that SO/ RO/ MO/ IO >0,

wheret >ty >0, ¢ € (.0,1]. and %D‘f denotes the Caputo operator. The parameters in system (8)

satisfy

Os,1m,1,7,€ Vs, Opm, M, TR, CR,0,B,0,w > 0. 9)

Additionally, mathematical expressions of the functions f;(M) fori = 1, 2,3, 4 are shown in Table 4.

Table 4. Functional responses used in Egs. (8) for b>0

Response Type | Function (f;(M))
Holling Type-1 | 1(M) =M
Holling Type-2 | fo(M) =

() = 7%
Holling Type-3 | f3(M) = MAZ/I—M
Ivlev Type fa(M) =1—¢ "M

Theorem 3 There is one solution of the equation in (8) with non-negative initial conditions.
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Proof Existence and uniqueness of system (8) will be displayed in the map Q) x (0; T] where
Q= {(S, M,R,I) € R% : max(|S|,IM], IR, lIl) < ¢}. (10)

Reference [37] is taken into account for the proof. We express X = (S, M, R,[)and X = (S, M, R, I).
Consider a mapping

G(X) = (G1(X), G2(X), G3(X), Ga(X)), (11)
and
G1(X) = 05 + pMI + uMR + ySf:(M) + el — vsS,
Ga(X) = 9M—77M1—HMR—75fz(M)—UMM 1
G3(X) = reR(1— &) + oRI - BR, (12)
G4(X) =0—wl.

First, consider the functions in (12). For any X, X, one can find the followings by:

IG(X) = G(X)|| = I(6s +yMI + pMR + ySfi(M) + el — vsS) — (0s + yMI + pMR + 75 £;(M) +
el —vgS)| + |(0p —yMI — uMR — S f;(M) — vy M) — (0p — nMI — uMR — S f;(M) — vy M)| +
(rRR(1 = &) + 0RI = BR) — (rRR(1 — &) + oRI — BR)| + (6 — wI) — (6 — wI),
IG(X) — G(X)|| = lyMI — 1y (MI — MI) —yMI 4+ uMR — y (MR — MR) —uMR + vSf;(M) —
— :_ — — — /__io%_ N
v (Sfi(M)—Sfi(M)) —ySfi(M) + eI —el —vgS + vsS|+ | —yMI —y (MI — MI) +yMI — uMR —
’__fo? P — :0_ R J— —
u (RM — RM) +uMR =S fi(M) = (Sfi(M) = Sf;(M)) +7Sfi(M) —vmM + vpM| +[rgR —rrR —
=0
AR+ ¢ R +0RI—0 (RI—RI)—0RI—BR + BR| + | —w(I—-1)|,
IG(X) = G(X)|| = |+ nM(I—1I) +nI(M—~ M) + pM(R — )+14R( M) +7f;(M)(S—S) +
YS(fi(M) — fi(M)) +e(I = 1) —vs(S = S)| + | =y M(I — 1) = yI(M ) VM(R R) uR(M—
M) = 1fi(M)(S = S) — ¥S(fi(M) — fi(M)) — om(M — M)I+IrR(R R) = &(R=R)(R+R) +
oR(I—T1)—0cI(R—R) — B(R—R)|+ |l 1],
and
IG(X) = G(X)|| < (vs +27f;(M))IS — S| + (2uR + 2571 + vp) M — M|
+@2uM+rr+p+ ol + & (R+R))R-R 13)

+(2yM + e + oR + w)|I = T| + 295 |f;(M) — f;(M)].
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If the expression marked * in Ineq. (13) is taken into account throughout Table 4, then we have

IM— M| fori=1,

b M—M| \Mfﬁ\ .
M+ (MAD) = fori =2,
b(M+M)|M M 2§|M M fori =3,
(M2+b)(M +b)

_ by Taylor Expansion
(M) — £()| = RO T ,
b(M=M)+ —~—"— "/ .42V 7
b )+ 5 + o oriza,
n 1 n
<IM— Ml(b-l— +§2, +- +%n 1”))
and so,
fi(M) — fi(M)] < {mIM — M, (14)
where
B 1 g gbZ €2b3 Cn—lbn
CM_maX{ AR TH e TR e RN &

In this case, Ineq. (14) is obtained as follows:

|IG(X) —G(X)|| < ¢1!S — S|+ @2lM — M| + @3|R — R| + @4|I — 1|,

where
¢1 = (vs +27f;(0)Gs),
92 = (2ul + 210+ vp +2v(0)Cm), (15)
93 = (2ug + 1R + B+ 0T +2{80),
¢y = (270 +e+ 0l + w).

Consequently, it is acquired ||G(X) — G(X)|| < L||X — X|| where L = max(¢1, 2, 3, ¢4), and so,
G(X) met the Lipschitz condition. In summary, the existence and uniqueness of solutions of (8) is
demonstrated.

Theorem 4 The FOS’s solutions in (8), starting in R4 are uniformly bounded.

Proof The approach used in [38] was considered.

i. Consider the fourth equation in (8). Therefore, we have %D(PI + wl = 01. Considering the
standard comparison theorem for fractional-order, it is obtained as follows:

1) = (1(0) — ) Egy (i) + 1,
and so,
limg o0 [(£) =2, (16)
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where E, is the Mittag—Leffler function.
ii. From the third equation in (8), we have the followings:

2 2 2

cn¢ R (rr +0l) TR (rr +0lI) rr ,(rr +0I)
D 'R R="L (2 "7y 2 (R—(=2_ "7 RAIRTYL)
fot +'B CR( 22_1; ) CR( ( 2&_]]{{ )) _CR< 2(1':_1; )/
1rr , (rr+0I).” 1rg , (rr+0l) .
R(t) < (R(0) — =R (RTIDN VE (—ptd) + R (AIRTIT)y
() = (RO) = 5 Z () Ve (=) + 5L ()
and
2
- (retoh)
lime o R() :ﬁ( s ) . (17)

iii. Now let’s consider the first and second equations of the system (8) for N(t) = S(t) + M(t).
In this case, we have the following:

¢ ¢ ¢
LD/ S(t) + 5D, M(t) = { D, N(t) = 65 + 0y + e — vsS — vy M,

E)D;PNU) +vsS + oMM = (05 + Oy +€l),
and
CDYN(t) + unN < (65 + 6 +el),

where min{vg, vy} = vn. Therefore, it is found that

Oc+0p + ¢l Oc + Oy + el
N(t) < (N(0) — ¢)E¢,l(_th¢) + A,
UN UN
and
0
lims_,o0 N() = Os+Omteqs (18)

UN

As a result, the solutions starting in R% of system (8) are uniformly bounded to the region Q,
]

6 2
inwhich Q== {(S,M,R,I) e R} : S+ M < 500 4 e (1) < %g_f;(mjg;w)) ey I(t) <
R

% + €3, €1,6€,€3 >0}
Theorem 5 The FOS'’s solutions in (8) starting in lRi are non-negative.

Proof For proof, the approach used in [38] was taken into account. From the first and second
equations of Egs. (8), it has been assumed that N(t) = S(f) + M(t) where N(t) — 0 means

S(t) — 0 and M(t) — 0. Therefore, the followings ngI(t)II:O =60; > O,%DfN(t)IN:O =
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Os + 0y +el >0 CD"’R( Dl

'ty = 0 are found. In this sense, the solutions are non-negative.

R=0

Equilibrium points of proposed model

S TR T voi - - 9 ¢ 0
E(S, M, R, I) points found by solving the equation system%Dt S(t) = O,%Dt M(t) = O,E)Dt R(t) =
tC ;P (t) = 0 obtained from the system (8) are the equilibrium points. In this case,
05 + M1+ uMR +75£i(M) + eI — 055 =0, (a)
Om —nMI—uMR —Sfi(M) —oyM =0,  (b) 19)
rRF(le%) +0oRI—-BR =0, (c)
01 —wl =0, (d)
is obtained. From Egs. (19), it is found as
S — (GS—I—GM—:I vmM) when T > UMM—(SBS—O—BM), (a)
Ri=00rR; = VR+§*/3 when I > ﬁ;rR, (b) (20)
R
=14 (c)

In addition, the equations for M from Eq. (19) -(b) according to each function in Table 4 are as
follows:

M = 5o R fori=1, (a)
ﬁ.} + b+ (ﬂm R‘TJM)]M— o +Z%M+UM) =0, fori=2, (b) o
M +%M +OM— o — 0, fori=3, (c)
(1—e7™) (;77+;7FS+UM) - ((;77+5ARA+UM) -M), fori=4, (d)

where S, R and I are shown in Egs. (20). Let us consider Inegs. in (20). If at least one value M can
be obtained from the Egs. (21), when

vmM— (895 +oum) I, (22)

for Ry, and when

max{ﬁ iy oM~ (65+9M)}<T, (23)

for Ry. Therefore, the existence of an equilibrium point can be said. In this case, let us show the
existence of the component M of the equilibrium point from the Egs. (21).

i. Consider the Eq. (21)-(a). It is clear that M > 0 due to Inegs. (9), (22) and (23). Thus, the
equilibrium points Egl) (S,M,Ry,1) or E&l) (S, M, Ry, 1) are obtained.
ii. Now let us consider equation (21)-(b). In this case, the equation for M is

M+ &M+ & =0, (24)
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where

— _(rS—0m) _ S [ VI
61 = (b + (177+14F+vm)> rand & = — R 25)
From the Inegs. (9), (22) and (23), it can be seen that {; < 0. This shows that Eq. (24)
has one positive M value. In this case, there is the equilibrium points Eél)(g, M, Ry,1) or
ESY (5,3, Ry, 1),
iii. Considering (21)-(c), the equation for M is the following:

M+ ;M + 0,M+ 03 =0, (26)
S—0 .-
where ¢ = %ﬁ, U =b,03 = —%. Due to the Inegs. (9), (22) and (23), it is

obvious that %, > 0, 93 < 0. According to Descartes’ rule of signs in Theorem 2, one can reach
the following conclusions for the M roots of Eq. (26):

L4 If19120,

UMM+9TMU5—(95+9M) (27)
Fel 7

1>

then Eq. (26) has one positive root, denoted by Egl) (S,M,Rq,1) or Eél) (S,M,R,,1).
e Ifd; <O,

MMy
T < v M+ 5 USS (95+9M)I (28)

then Eq. (26) has one or three positive roots denoted by Eéi) (S,M,Ry,1) or Eéi) (S,M,R,1)
fori =1,2,3. Consequently, when the discriminant of Eq. (26) denoted by

Af3 = 18810,03 — 271932 + 19121922 — 41923 — 41913193,

is taken into consideration, Eq. (26) has one positive root if

As, <0, (29)

and three positive roots if
Ag, > 0. (30)
iv. When M is evaluated for equation (21)-(d), the equation ¥1(M) = ¥»(M) is reached such
that¥ = Y1 (M) = (1 —e*bM)m and ¥ = ¥,(M) = ((777+;f—%4+vM) — M). In this case,

the existence of a positive M value can be proven using the graphical method in the M-Y
coordinate plane. The graph showing the positive M value is shown in Figure 2. Therefore,

there is a positive equilibrium point E il) (S,M,Ry,I) or Ef) (S,M,Ry, ).
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Om y
(nl+uR+vp) Positive M value

vS | N/
(nI+uR+vyy)
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— M
v Ot
: (nI+uR+vy)

Figure 2. Graphical representation of the existence of a positive M value for Eq. (21)-(d)

Local stability analysis

In this section, the LAS equilibrium points of the system (8) for each function shown in Table 4
have been examined. For this, the Jacobian matrix is calculated as

vfi(M) — s (111+#R+'25df’( afM) uM :

fo | A (el = R =SS — o) —uM —M
0 (rr—2RE& +0I—p)) oR

0 0 0 W

The equation of the eigenvalues for any the equilibrium point (S, M, R, I) from this matrix is

(A2 + (—7£i(M) — vs + var + T + pR + S LT oA
+us(n] + R+ 7S L) ot oy — 2y (M) (A — (rg—2RE + 0T — ) (A+w) = 0.
(31)
From the second and third factor of Eq. (31), it is clear that A3 = —Ké—i € R by (19)-(c) and
Ay = —w € R™ due to Ineq. (9). In this case, the eigenvalues A3 and A4 satisfies Ineq. (5).

Lastly, when the first factor of Eq. (31), in which the eigenvalues A1 and A, are obtained, is taken
into consideration, the characteristic equation is

A2+ A+ 50 =0, (32)
where
= (7fi(M) —vs + omt 49T+ iR + VU ) | iy
df.(M orn M= ori—1,2,3,4. (33)
%z—vs(nl—i—yR—I—’YS |M M+UM—@’Yfi(M))

Thus, if the coefficients of Eq. (32) satisfy Inegs. (5) and (6), the eigenvalues A1 and A, satisfy the
stability conditions for equilibrium point. Therefore, we have

n1,02 >0/ (34)
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or:
1 <0, 4oy > %12, |t111’l_1(4%+1_%12)| > 4’2_” (35)

As a result, Table 5 regarding the equilibrium points can be accessed.

Table 5. Stability of equilibrium points obtained according to each functional response (fori = 1, 2, 3)

Response Type Point Existence Condition LAS Condition
Holling Type 1 E%l) (S,M,Rq,1) w <I IfI< ﬁj% and *
Holling Type 1 Egl) (S,M,Ry,I) max{ B —R, UMM*(;)S +0um )} <1 If*
Holling Type 2 Egl) (S,M,Rq,1) M 1 1< b —R and *
Holling Type 2 Egl) (S,M,Ry,I) max{ B —R, UMM*EEGS +9"’1)} <1 If*
Holling Type 3 E\(3,M,R;, ) 2M-(stm) ] 7y Gl @0 g
5;”1% and *
Holling Type 3 Eél) (S,M,R,,T) max{ —R, UMM*(EGS o)y T I+
Holling Type 3 Eéi) (S,M,Rq,1) w <I I< UMMJFGTMUSSi(GS%M)
and Ay, > 01If I < ﬁ;rR and *
Holling Type 3 Eéi) (S,M,R,,T) max{& —R, UMM_(SGS TN A (.
Ivlev Type Egl) (S,M,Rq,1) w <I IfI< ﬂj% and *
Ivlev Type Eil) (S,M,Ry,I) max{ B —R, vMM*(:)S +9M)} <1 If*

" Inegs. (34) or (35) are satisfied

4 Estimation of derivative-order and parameters of the proposed model

The situation after the two major earthquakes with magnitudes (Kandilli Observatory) of Mw=7.7
in Kahramanmaras, Pazarcik and Mw=7.6 in Kahramanmaras, Elbistan, that occurred on 06.02.2023
was discussed in numerical studies. Therefore, the model in (8) was applied according to the pa-
rameters and derivative order determined for the Elbistan district. For this purpose, the following
were done in order.

* In parameter estimations, time-dependent values of variables used in the system in (8) are
needed. For this reason, in parameter estimation, data from the 1999 Golciik earthquake in
Tirkiye were used in terms of its historical proximity, intensity, affected area, and results. The
data set was determined accordingly.

* The model proposed in (8) was expressed through the ODE, and the parameters for each
functional response were estimated with respect to real values by using the Isqcurvefit function
of the Matlab R2024b software. In this way, the model parameters were found by determining
the functional response that gave the minimum RMSE.

¢ Then, the derivative-order of the model with determined parameters was reduced by a preci-
sion of 0.01 and the most appropriate derivative-order was determined. The model with the
parameters and derivative order that gave the minimum RMSE was determined as the best
model.

¢ Finally, the results of the scenario with the relevant initial conditions for Elbistan after the
Kahramanmaras Elbistan earthquakes were presented.
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Dataset

Tiirkiye is located in an earthquake zone and has witnessed many devastating earthquakes in
history. In this sense, the largest earthquakes that have occurred here since the Republic period
(1923-) are shown in Table 6. The Kocaeli/Golciik and Kahramanmaras/Elbistan earthquakes

Table 6. Three major earthquakes experienced in Tiirkiye [39]

Date Location Magnitude Deaths Damaged Building
26.12.1939  Erzincan 7.9 32962 116720
17.08.1999  Kocaeli (Golciik) 74 17479 43953

06.02.2023 Kahramanmarag(Pazarcik-Elbistan) 7.7 and 7.6 50783 227027

are similar to each other in terms of the intensity of the earthquake, the number of deaths, the
size of the affected area, and the closeness of their dates. In addition, the Golciik earthquake was
accepted as a reference for the Elbistan earthquake in terms of the accessibility of the variables
(S, M, R and I in (8)) used in this study.

For parameter estimation, data following a 7.4 magnitude earthquake that hit the Kocaeli province
of Tiirkiye on August 17, 1999, and whose epicenter was Golciik, were used. Approximately 17479
people died in this earthquake and caused an estimated US$6.5 billion in damage. The values
used for parameter estimation are given in Table 7.

The explanation of the variables in Table 7 is as follows:

¢ P; : Total population for Kocaeli/Tiirkiye,

¢ P, : Migration population due to disaster for Kocaeli/Tiirkiye,

* Ratio: Population ratio (Golciik Population/Kocaeli Population),

e S(t) : Total population for Golciik district,

e M(t) : Migration population due to disaster according to population ratio for Golciik district,

* R(t) : Number of flats according to building occupancy permit (for Residence Purposes) for
Golctik district,

e I(t) : SEDI for Golciik district,

. IITXH forx =t,5, M, R, I: Vector normalization Values for Golctik district.

Consider Table 7. Itis clear that ||¢|| = 9854.35559, ||S(t)|| = 710389.87055, || M(t)|| = 8349.39620,
|R(t)|| = 118274.57312 and ||I(t)|| = 5.93951. Data colored green are accepted as hypotheses.
Data colored blue are data added according to the trend of the column data. Data colored in
red were obtained according to population ratio (Golciik/Kocaeli). In addition, the data colored
yellow are the data augmented with ARIMA. Time data provides information for forecasting
models. For this reason, the evaluation of these values in the model is useful for prediction. For
forecasting using time data, along with classic ARIMA models, Prophet or LSTM models can be
used with powerful recurrent neural network models [40, 41]. In this study, the ARIMA model
was used to estimate the missing data.

ARIMA has a structure that uses a linear regression model to make forecasts on time series data in
order to examine time-varying situations in patterns. The model automatically has regressive and
moving average components, and its basic equation is as shown below.

Yi= 01V 1+ 0Yi o+ -+ Ve pt+11—0171—712— 0270 2— =Yg — 037t  (36)

dp, the parameter of the AR model, -4, error term coefficient, 6, the parameter value of the MA
model and Y;, shows the degree to which the data differs from the original data. In order to
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make forecasting, the time-varying series must be stationary, and the simplest method for this
is to observe the change based on the difference. The ARIMA equation (p, d, q) is obtained by
performing a difference operation of degree d on the nonstationary ARMA model (p, ). p is the
degree of the AR model, d is the number of differences to make the data stationary, and g is the
degree of the MA model.

Parameter estimation with minimum RMSE

The ODE form of (8) is

45U — 95 + M + uMR + 9Sfi(M) + eI — vgS,

dt
M) — Gpg — yMI — MR — 7Sfi(M) — vpM,
dlegf)) = rgR(1-&) + oRI - BR, (37)
dl(t

—— =0 —wl
dat I 7
S(to) =Sy, M(to) = My, R(to) = Ry, I(to) = [y such that Sy, My, Ry, Iy > 0.

By using the data in the last five columns of Table 7, the parameter values obtained for each
functional response of the (37) system are shown in Table 8. In addition, RMSE was used to

Table 8. Parameter values for each functional response of the Eqs. (37) and their RMSEs with respect to real
values

Parameter Holling Type-1 Holling Type-2 Holling Type-3 Ivlev Type

0s 41.75284 36.01879 31.54418 38.10101

n 112.49679 84.30196 170.74247 114.54013

" 2.154 1.02587 0.1561 0.1561

v 54.46518 1.9227 0.01217 0.01217

3 0.0125891 15.27381 18.08166 0.0125891
Us 30.7521 0.9157 1.02787 0.9157

Om 68.34056 1.2135 38.8599 44.87356
UM 544.44999 240.7555 400.28472 441.69912
R 0.05191 2626.72693 2615.04485 0.05191

Cr 0.8752 0.32068 0.32034 0.08752

o 29323.25997 642.82021 661.18863 22649.37148
B 4334.17795 3.5924 0.2324 2989.99665
01 95.71375 0.2183 0.9715 17.13876

w 733.45629 260.88913 266.48972 368.17729

b Not available 36.13035 0.9965 0.24649
RMSE 0.100637153 0.121708496 0.120707238 0.116430262

compare the performances of functional responses with respect to real values. Accordingly, the
function that gives the minimum RMSE compared to the others is the Holling Type-1 and the
relevant graph can be seen in Figure 3.

Determining of the derivative-order to get lower RMSE

Here, the most appropriate derivative parameter has been investigated to take into account the
delay in the model. The model giving the minimum RMSE was determined as fori = 1 (Holling
Type-1). Now, the fractional model with first column parameters in Eq. (8) as regards Holling
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Figure 3. Graphical representation of the performance of system in (37) for Holling Type-1 functional response
Type-1is as follows:

CDYS=f5 -+ MI + uMR + YSM + el — vs8,
¢ DY M= — MI — MR — ySM — vy M,
CDYR=rgR(1-& )+ oRI - BR,

DI =0, wl,

(38)

where S(tg) = Sg, R(tg) = Ry, M(ty) = My, I(ty) = Iy such that Sy, Ry, My, Iy > 0. In addition,
the equilibrium points and their stabilities are calculated as follows. The equilibrium points
are found as E\" (1.72787,0.10462,0,0.1305) and E\? (1.72787,0.67744,0,0.1305). Additionally,
the coefficients of Eq. (32) are s = 616.7893, 5, = 16986.19 for E\) and s = 33.23197, s, =
—16986.2 for Egz) . Since these coefficients only for Egl) satisfy the equality in (34), the equilib-
rium point Egl) is LAS. The denormalized point corresponding to the LAS equilibrium point is
EWM(17027,74319,0,0.775087).

By solving the system (38) with the Matlab R2023b software, the RMSE values corresponding to
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different derivative orders are found as follows:

0.143743817 for ¢ = 1.004,
0.124240729 for ¢ = 1.003,
0.110412390 for ¢ = 1.002,
0.103947676 for ¢ = 1.001,
0.105643008 for ¢ = 1.000, (39)
0.114644800 for ¢ = 0.999,
0.129015936 for ¢ = 0.998,
0.146836443 for ¢ = 0.997,
0.166705461 for ¢ = 0.996.

As can be clearly seen here, the derivative-order showing the best performance is determined as
¢ = 1.001.

Numerical simulations of the model for Elbistan district after the earthquakes on 06.02.2023

The most recent earthquakes that caused major destruction in Tiirkiye are the following: Mw
7.7 (focal depth = 8.6 km) and Mw 7.6 (focal depth = 7km) with the epicenter in Pazarcik and
Elbistan districts of Kahramanmaras at 04:17 and 13:24 Tiirkiye time on February 6, 2023. These
earthquakes are unprecedented disasters in recent history in terms of intensity and area covered.
On the 51st day of the earthquakes, the death toll was announced as 50096. According to the
report of the Ministry of Environment, Urbanization and Climate Change, it was determined
that 224923 independent units in 50576 buildings, for which the damage assessment study was
completed, were heavily damaged and collapsed, requiring urgent demolition. Especially severe
consequences occurred in the Elbistan district of Kahramanmaras, which was one of the epicenters
of the earthquake. According to this report, 4943 houses were destroyed in Elbistan and the number
of houses seriously damaged was 7238 [47]. In addition, the death toll from the earthquake was
announced as 924.

For Elbistan, Figure 4 shows the time-dependent changes of the examined variables for three
different derivative orders. The derivative order with minimum RMSE for model (38) has already
been shown in (39). Here, graphs of the variables for Elbistan district are presented for three
different values of ¢: 0.901, 1.001 and 1.101. For ¢ = 1.001, The model’s 5-year forecast indicates:
S(t) ~ 150810, M(t) ~ 9473, R(t) ~ 620 and I(t) ~ 0.35. Similarly, the model prediction for 10
years is the following: S(t) ~ 173196, M(t) ~ 7131, R(t) ~ 166 and I(t) ~ 0.5. According to the
proposed model, it is estimated that Elbistan district will reach its pre-earthquake population size
(141307) at the beginning of 2026.

According to Turkish Statistical Institute (TSI), the population data for Elbistan district decreased
from 141307 for 2022 to 127755 (So(t)) for 2023 (after the earthquake) [46]. Therefore, it can be
concluded that the number of population migrating after the earthquake in Elbistan district is
approximately 12628 (My(t)). According to the statement of Elbistan Municipality, it was stated
that most of the construction works of 4 thousand 12 houses (R (t)) created in the first stage have
been completed. Considering the SEDI value of the Golciik district between 1996 and 2000, there
was an annual downward trend of 2.04%. SEDI-2022 for Elbistan was announced as 0.13 [42].
When the same trend is applied for Elbistan, the SEDI value will be 0.127348 for 2023 and 0.12475
for 2024.
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Figure 4. Time-dependent changes of S, M, R and I variables for Elbistan district

5 Conclusions

In the event of a disaster, different situations such as evacuation, leakage, containment, shelter, aid
search, looting, theft, etc. may occur. Human nature tends to return to normal life after a disaster.
For the surviving population post-disaster, there is a certain interaction between individuals who
showed short-term panic behavior against such situations and migrated to a different region and
individuals who continue to live in the disaster area within the means with controlled behavior.
Thanks to this interaction, it is inevitable for the migrated population to exhibit controlled behavior
and to have a tendency to return to the region when suitable conditions occur in the disaster area.
In the model we proposed, we aimed to investigate the relationship between these two populations
using different functional responses. Thus, it was aimed to find the functional response that gives
the minimum RMSE by comparing the results of the proposed model with real data. Of course,
the most important factors affecting the population after the disaster are whether the region
has enough independent sections for settlement and socio-economic development of the region.
Therefore, the effect of these variables on the population was also examined. The relationship
between these variables is mathematically modeled using fractional order differential equations.
In the model, there are four different functional responses. In numerical studies, parameter values
were estimated using data from the 1999 Golciik earthquake. Then, by changing the derivative
order, the RMSE value was further reduced, and thus, the performance of the proposed model was
increased. Lastly, the prediction results for Elbistan of FOS in (8) with Holling Type-1 functional
response and derivative orders ¢ = 1.001, is given in Table 9.
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Table 9. The prediction results for Elbistan

Time (Year) S(t) M@) R@®) I®) Time (Year) S(t) M(@t) R@) I(t)

2023 127755 12628 4012 0.12475 2034 177919 6712 131 0.520727
2024 132890 11877 2521 0.181987 2035 182580 6321 106 0.543116
2025 136879 11294 1782 0.224046 2036 186263 6027 90 0.559603
2026 141860 10606 1190 0.272454 2037 190807 5682 74 0.578579
2027 146836 9960 819 0.316618 2038 194395 5423 64 0.592552
2028 150808 9473 620  0.349146 2039 198820 5118 53 0.608633
2029 155749 8900 448  0.386588 2040 203178 4834 45 0.623302
2030 160656 8365 331  0.420747 2041 206618 4621 40 0.634103
2031 164551 7961 264  0.445904 2042 210859 4370 34 0.646533
2032 169376 7488 203  0.474859 2043 215037 4137 30 0.657871
2033 173196 7131 166  0.496184 2044 218334 3962 27 0.666219

The purpose of population forecasts is to determine the size of workforce that will be needed in
the future and to prepare the infrastructure and facilities accordingly. Population projections help
identify future risks and opportunities, make plans, and take precautions. Thus, it is important to
estimate the future population in a region after a disaster in the light of certain parameters, and
mathematical methods are used for this. Public institutions and organizations aim to achieve their
social and economic target plans within the stipulated time in order for a region to reach its pre-
disaster population structure. Thanks to the results of the model we propose, predictions are made
about whether they will achieve these goals in the specified time period. It adds innovation to the
literature in terms of the structure of the mathematical model used, its analysis, and adaptation of
the results to the real world example.

The model and analysis proposed in this study are extremely useful in terms of their applicability
to natural disasters such as tsunamis and landslides occurring in different parts of the world.
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