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ABSTRACT. This paper presents the idea of a Brouwerian almost distributive lattice, a generalization of
an almost distributive lattice, and a Brouwerian algebra. We also derive some properties on Brouwerian
almost distributive lattices. A set of equivalent conditions is provided for a Brouwerian almost distribu-
tive lattice to transform into a Brouwerian algebra.
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1. INTRODUCTION

Lattice |1,/2] and [4] is a mathematical structure constructed on a set of elements associated with
two binary operations M, (greatest lower bound) and L, (least upper bound). These operations satisfy
specific properties, such as associativity, commutativity, and idempotence. A distributive lattice is a type
of lattice where meet and join operations distribute over each other. The inclusion of another unary
operation on a distributive lattice paved the way to study a new concept known as Boolean algebra [9].
Heyting algebras [3| generalize the idea of Boolean algebras, with the implication operation —, playing
a central role. Brouwerian algebras, also known as Kripke or topological algebras, are a specific subclass
of Heyting algebras that incorporate topological structures. In addition to the algebraic operations of a
Heyting algebra, Brouwerian algebras [10] include topological constraints, often represented by topological
spaces or partial orders with additional topological properties.

Swamy and Rao studied almost distributive lattice [11] to understand the behavior of lattices when
distributivity is nearly satisfied. In an almost distributive lattice, the distributive law holds almost every-
where, but a few exceptions may exist. The connection between lattices and almost distributive lattices
lies in their relationship to distributivity. While distributive lattices strictly adhere to the distributive
law for all elements, almost distributive lattices relax this requirement by allowing a few exceptions. This
relaxation allows for a broader class of structures to be studied while retaining some distributive lattices’
properties.

Almost distributive lattices were first studied under two binary operations, M, and L,. The inclusion of
another binary operation —, laid the foundation for studying many more algebras on almost distributive
lattices [5}/6] and [7]. Till now, the study of all these algebras on an almost distributive lattice where with
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the inclusion of both the least element 0 and maximal element v1. In this paper, we initiated to define an
algebra named a Brouwerian almost distributive lattice, which is a generalization of a Brouwerian algebra
and an almost distributive lattice, with the exclusion of the least element 0. In this context, we will go
through the fundamental definition of a Brouwerian almost distributive lattice and provide some examples
demonstrating the independence of the axioms stated in the definition and some properties related to the
structure. Finally, we present a collection of equivalence conditions that enable the Brouwerian almost
distributive lattice to transform into a Brouwerian algebra.

2. PRELIMINARIES

Let us recall some beneficial, necessary results on an almost distributive lattice, semi-Brouwerian
algebra, and semi-Brouwerian almost distributive lattice, which are frequently used in the paper.

Definition 1. [11] An algebra (B,U,, M) of type (2,2) is called an almost distributive lattice (ADL), if
it assures the subsequent axioms;

Lo (X1 Ui X2) Tl X3 = (X1 T X3) Ui (X2 M X3)
2. X1 M (X2 Us x3) = (xa Mx X2) Us (xa M X3)
3. (X1 Ux X2) M X2 = X2
4. (X1 Ui x2) T xa = X1
5. X1 Uk (X1 Me X2) = X1

fO?” all X1s X2y X3 € B.

Example 1. [11] If B is a non-empty set, for any x1, x2 € B, define x1 My X2 = Xa2s X1 Ux Xa = X1, then
(B, Uy, M) is an discrete ADL.

Unless otherwise stated, BB represents an almost distributive lattice (B, L, M) in this section. For any
X1s X2 € B, X1 <« X3 if X1 = X1 Mk X2 Or equivalently x; L X9 = X9, and it is noticed that <, is a partial
order on B .

Theorem 1. [11] For any vy € S, the following are equivalent,

172. vq is a maximal element.
173. vy Uy x4 = v, for all x1 € B.
174. vi My x1 = X3, for all x, € B.

Theorem 2. [11] For any X1, X2, X3 € B,

172 xa e Xo = X1 <= X1 T X2 =Xa-

I73. X1 Ue xa = X2 <= X1 X2 = Xa1-

174, x1 My Xo = Xo Tx X1 = X1 whenever X1 <« Xs-

175. A, s associative.

176. x1 Mhe X2 M X3 = X2 Me X1 M X3-

177, (X1 U X2) M Xa = (X2 Ux X1) As Xa-

178. X1 M X2 <« X2 and X1 <+ X1 Vs X2-

179. X1 Me x1 = X1 and X1 Us X4 = X1-

180. If x1 <« x3 and X <« X3, then xq A X2 = X2 M X1 and xq Uk X2 = X2 Us X1
Theorem 3. [11] Let (B,U,,Ms,v1) be an ADL. Then the following are equivalent;

172. B is a distributive lattice.

173. (B, <) is directed above.

174. U, s commutative.

175. T, s commutative.

176. U, s right distributive over M.

177. The relation 8 = {(x1,X2) EBXB | Xo T X1 = X1} on B is antisymmetric.

Definition 2. [10] An algebra (B, Uy, My, =+, 1) of type (2,2,2,0) is said to be a Brouwerian algebra, if
it assures the subsequent axioms;

172. The system (B,U,, M, 1) is a lattice with a greatest element 1.
173. For all X1, X2, X3 € B, X1 Mk X3 < Xo #f and only if x5 < X1 =« Xa-
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Definition 3. [§] B with a mazimal element vy is said to be a semi-Brouwerian almost distributive
lattice (SBADL), if there is a binary operation —, on B with the subsequent axioms;

(V1) (X1 =% x1) e v =11

(N2) X1 M (X1 =% X2) = X1 M X2 T 1

(NV3) x1 M (X2 =+ X3) = X1 M [(x1 T Xa2) =+ (X1 T X3)]
(Na) (X1 =% x2) T v = [(X1 T v1) =+ (X2 M v1)]

for all X1, x2, X3 € B.

3. BROUWERIAN ALMOST DISTRIBUTIVE LATTICES

In this section, we introduce Brouwerian almost distributive lattices and provide several counterex-
amples. We compare Brouwerian almost distributive lattices with semi-Brouwerian almost distributive
lattices. We obtain several algebraic properties on Brouwerian almost distributive lattices. We derive
some necessary and sufficient conditions for a Brouwerian almost distributive lattice to become a Brouw-
erian algebra.

Definition 4. An almost distributive lattice (B, Ny, Uy ) with a mazimal element vy is said to be a Brouw-
erian almost distributive lattice (abbreviated as BrADL), if there is a binary operation —, on B, satisfying
the following axioms;

Bi. (X1 =% x1) e v1 =11

Ba. X1 Me (X1 =+ X2) = X1 Mx X2 My v1

B3, Xa e (X1 =7+ X2) = X2 s V1

Bio X1 =% (X2 T x3) = (X1 =% X2) Mx (X1 =% X3)

for all X1, x2, X3 € B.

In examples 2, 3, 4 and 5 we exhibit the independence of the axioms Bi,Bs,Bs and B, of Definition 4.

Example 2. Let B={1,2,3,4,5} be a five-element chain with binary operation —, as illustrated in the
following table;

—. 1112|3415
1 [1]5]5]5](|5
2 |[1|5|5|5]|5
3 112|555
4 |1(2[(3|5]|5
5 (112|345

Clearly, (B,U,,M) is an ADL with 5 as its mazimal element and the binary operation —, satisfies the
azioms Be,Bs and By of Definition 4 but By fails for the pair (1,1).
15, 1) 5=5 = 1M5=>5
= 1#5.

Example 3. Let B={1,2,3,4,5} be a five-element chain with binary operation —, as illustrated in the
following table;

—. 111213415
1 |5(5|5|5]|5
2 |5|5|5[5|5
3 11]2|5]5|5
4 |1|12]3]|5|5
5 1112345

Clearly, (B,Us,My) is an ADL with 5 as its mazimal element and the binary operation —, satisfies the
azioms By,Bs and By of Definition 4 but By fails for the pair (2,1).
2My 2=, 1)=2M, 1M, 5 = 21, 5=1M,5

= 2#1L

Example 4. Let B=1{1,2,3,4,5} be a set whose Hasse-diagram is
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5
4
2 3
1
with the binary operation —, as illustrated in the following table;
=% 112|345
1 [5|5]|5|5]5
2 |1]5|1|5|5
3 11]1|5|5]|5
4 [1(12(3|5]|5
5 (112|345

Clearly, (B,Us,My) is an ADL with 5 as its mazimal element and the binary operation —, satisfies the
azioms By,Bs and By of Definition 4 but Bs fails for the pares (2,3) and (3,2). For the pair (2,3)
3M, (2—=,3)=3M,5 = 3M1=3M5

= 1#3.

Example 5. Let B={1,2,3,4,5} be a five-element chain with binary operation —, as illustrated in the
following table;

—.11]12]|3[4]5
1 {512(3[4|5
2 |1|/5|3|14]5
3 [112|5|5]|5
4 |1(2(3|5]|5
5 (112|345

Clearly, (B,U,My) is an ADL with 5 as its mazimal element and the binary operation —, satisfies the
azioms By,Bs and Bs of Definition 4 but By fails for the triplets (1,1,2),(1,1,3),(1,1,4), (1,2,1),(1,3,1),
(1,4,1),(2,2,3),(2,2,4),(2,3,2) and (2,4,2).
For the triplet (1,1,2)
1=, (1M2)=1—=1)MN(1—=,2) = 1—>,1=5MN,2
= b#2

In examples 6 and 7 we define a binary operation —, on an ADL in such a way that it forms a
Brouwerian almost distributive lattice.

Example 6. Let B ={1,2,3,4,5} be a set whose Hasse-diagram is
5

1

with the binary operation — as illustrated in the following table;
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=« 1]12]|3[4]5
1 [5]5[5]5](|5
2 13|5|3]5|5
3 2123|155
4 |1(2(3|5]|5
5 112|345

Clearly, (B, U4, M) is an ADL with 5 as its mazimal element and the binary operation —, satisfies all the
azioms Bi1,B2,Bs and By of Definition 4. Therefore (B, Uy, My, —«, 5) is a Brouwerian almost distributive
lattice.

Example 7. Let B={1,2,3,4,5} be a five-element chain with binary operation —, as illustrated in the
following table;

N DO O O DO
| oYy O oY W
U O Ot O
v Ot O O Ot

Cﬂﬂkwl\D}—‘J/
e i e R

213|145

Clearly, (B,U,,M) is an ADL with 5 as its maximal element, and the binary operation —, satisfies
all the axioms By,Bo,Bs and By of Definition 4. Therefore (B,Uy, My, —+,5) s a Brouwerian almost
distributive lattice.

In example 8 we demonstrate that the every binary operation —, defined on an ADL need not be a
BrADL.

Example 8. Let B = {1,2,3,4,5} be a five-element chain with binary operation U,,M, and —, as
tllustrated in the following tables;

Uy |1]12]3[4|5 Me | 1123145
1 (11111 1 (112|345
21112525 212|12(313]|2
3 14(13[3|4|4 312121332
4 141414144 4 1112(3]4|5
5 [5|5[5|5]|5 5 [12(3|4]5

.1 1]12|13[4]5

1 |1(2]|5]|2]|5

2 |5|5|5|5]|5

3 152|525

4 |5|1(2|5]|5

5 (1123|145

Clearly, (B,U.,My) is an ADL with 5 as its maximal element, and the binary operation —, does not
satisfy the axioms By, Bo ,Bs and By of Definition /.

B for the pair (1,2).

By for the pares (1,3),(1,4),(4,1),(4,2), (4,3).
Bs for the pares (1,4),(3,4).
By for the trzplets (3, ,3),(3,2,4),(3,3,1),(3,3,2), (3,3
(3,4,3), (4,2,1), (4,2,4), (4,2,5), (4,3.1), (4,3,2), (4,3,5
Therefore (B Ly, I_I*,—>*,5) is not a BrADL

74)7 (37 3? 5)7 (37 47 1)’
).
Every Brouwerian algebra is a Brouwerian almost distributive lattice. Vice versa is not possible. For,

see Example 9.

Example 9. Let B = {1,2,3,4,5} be a five-element chain with binary operation U,,M, and —, as
tllustrated in the following tables;
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Uy | 1123145 Me|1(2]3[41]5
1 (11111 1 (1123|415
2 121212122 21112131415
3 (1313[3[3]|3 3 (1|12(3|4|5
4 141414144 4 11123415
5 (5|5[5|5]|5 5 (112345

—. 111213415

1 |5|5|5]5|5

2 1|5 (3]4|5

3 |5]2|5|5]5

4 11|1213]|5]|5b

5 [112(3|4]5

Clearly, (B,Uy,My) is a discrete ADL also (B, Uy, My, —+,5) is a BrADL but not a BA (since it is not a

lattice).

Example 10 shows that there is a binary operation —, on a five element chain which forms a BrADI
but not a SBADL.

Example 10. Let B = {1,2,3,4,5} be a five-element chain with binary operation —, as illustrated in
the following table;

—. 111213415
1 |5(5|5|5]|5
2 |1|5|5]5|5
3 112|555
4 |1|12]5]5]|5
5 1112345

Clearly, (B,U4,My) is an ADL with 5 as its mazimal element, and all the axioms B1,B2,Bs and By of
Definition 4 are satisfied by the binary operation —, . As a result (B, Uy, My, —+,5) is a BrADL.
Furthermore, the triplet (4,5,3) does not satisfy the axiom N3 of Definition 3 when using the binary
operation —,. Therefore (B,Us,My, —+,5) not a SBADL. Hence (B, U, My, —4,5) is a BrADL but not
a SBADL.

Example 11 shows that there is a binary operation —, on a five element chain which forms a SBADL
but not a BrADI

Example 11. Let B = {1,2,3,4,5} be a five-element chain with binary operation —, as illustrated in
the following table;

=== o =
NN O N N
L O W W W
O O | |

Y U Ot Ot O Ot

o] ol vo| =] 4

112314

Clearly, (B,U,,My) is an ADL with 5 as its mazimal element and that all the azioms N1,No,N3 and Ny
of Definition 3 are satisfied by the binary operation —,. Therefore (B,Uy, My, —+,5) is a SBADL.

Here for the triplets (1,1,2),(1,1,2),(1,1,3),(1,1,4),(1,2,1),(1,3,1),(1,4,1),
(2,2,3),(2,2,4),(2,3,2),(2,4,2), the binary operation — fails to satisfy the axiom B4 of Definition
4. Therefore (B, Uy, My, —,5) is not a BrADL. Hence (B,Uy, My, —,5) is not a BrADL but rather a
SBADL.

Here, we derive the primary characteristics on BrADL that are crucial for advancing the theory’s
development. Unless otherwise stated, B denotes a Brouwerian almost distributive lattice (B, U, My, —>«
, V1), with v; as its maximal element.

The properties that we derive in Theorem 4 and Theorem 5 plays a crucial role in developing the
theory further.



BROUWERIAN ALMOST DISTRIBUTIVE LATTICES

Theorem 4. For any xy,Xs € B, the following hold;

172. Vi 7% X1 = X1 Me v
173. xy =~ v1 =11
174, X1 =% (X1 T X3) = X1 —% X3-

Proof. Let x;,xy € B. Consider,

172 v1 = x; = 1M (V1 =4 xy)
Vil x1 Me 1

173. X1 =« V1 = V1T (X1 =% V1)
vy M vy

174, x1 =% (X1 T xs) = (1 = X1) T« (xg = X3) (by By of Definition 4.)
= (X1 = X1) e 21 T (Xa =+ X3)
=v1 My (X1 =+ x3) (by Bi of Definition 4.)

= X1 7% X3-

Theorem 5. If x; < x5 in B and x, Xa, X3 € B, then the following holds;

1720 X3 =% X1 < X3~ Xo
173, (X1 =« X2) Tk V1 =11

Proof. Let x1, X2, X3 € B. Consider,

172. (x5 =% X1) Me (X3 =« X2) = X3 =« (X1 M« X2) (by By of Definition 4.)
= X3 —» X1 (since x; < Xa).

Therefore x5 =« X1 < X3 —« Xo-
I73. X1 S X2 = X1 =% X1 S X1 =+ X2

= (X1 =% X1) M v < (Xg =+ X2) e
(by Bj of Definition 4.)

=11 < (X1~ X2) Tk 1
=1 < (X1 —% X2) Mevy < vy
= (X1 =« Xo2) T v =11

Corollary 3.15, is the consequence of By and Bj of Definition 4.

Corollary 1. For any x1, xs € B, the following holds;

172, X3 M X2 Mo 1 < (X1 =% Xa) M 1
173. Xo T v < (X1 =+ X2) M V1.

(by 174 of Theorem 1.)
(by Bs of Definition 4.
X1 e V1 (by 176 of Theorem 2.
(by 174 of Theorem 1.
(by Bs of Definition 4

41

Theorem 6. For any X1, X2, X3 € B, X1 M X3 M1 < Xoev1 if and only if x3Mev1 < (X7 =« X2) M V1.

Proof. Let x1, X2, X3 € B. Then, x; My x5 M v1 < Xo My 1

= X1 7w (X1 M Xa e v1) < xa =4 (2 M 1)
(by 172 of Theorem 5.)

= (X1 =% X1) T (1 =% X3) T (X =% 1) < (X1 =% Xa) The (Xa =% V1)

(by By of Definition 4.)

= (X1 =% X1) The V1 M (X1 =« X3) The v < (X1 =% X2) Tk 1

(by 173 of Theorem 4.)

= V1T (X1 =% X3) M 1 < (X1 = X2) M
(by Bj of Definition 4.)

= (X1 = X3) T 1 < (X1 =% X2) M1

= X3 Mkv1 < (X1 = X3) Me v < (X1 = Xo) M 1

(by 173 of Corollary 1.)
= X3 M v1 < (X3 =+ X2) M V1.
On the other hand,
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X3 M1 < (Xl 7k XQ) Mevr = X1 Mo xs Mev: < xq Mk (X1 7% Xz) My vy
= X1 e X3 M v < xg M X My v
(by Bz of Definition 4.)
= X1 e X3 M v1 < X My vy

Theorem 7. For any x1,Xs € B the following hold,
Xa M1 < (X1 =% X2) =% Xo] M V1.

Proof. Let x4, Xy € B. Then, by By of Definition 4.
X1 T (Xa =% X2) = X1 M X2 M 1
= X1 Mo (X1 =% X2) T 1 = X1 M Xo The v1 < Xo T 1
= (X1 =% X2) My X1 Me 1 < Xo My 1 (by 176 of Theorem 2.)
= x1 M 1 < [(X7 =5 X2) =% Xo] Me 1 (by Theorem 6.).

Theorem 8. For any Xy, X, X3 € B, the following holds;
172, x1 Mev1 < X9 M vy if and only if (X1 =« X2) Me V1 = V1.
173. x1 T v1 < (Xg =% X3) The v1 4f and only if xo My v1 < (X1 =« X3) M V1
174, X1 T X2 T V1 = X1 T X3 T V1 8f and only if (X1 =% X2) T V1 = (X1 = X3) Mk V1

Proof. Let x4, Xs,v1 € B. Consider,
172, x M vy < xo My vy
= X1~ (X1 T 1) < x1 = (X2 M v1)
(by 172 of Theorem 5.)
= (1 = xa) Te (= 1) < (g = X2) The (g = 1)
(by By of Definition 4.)
= (X1 =% X1) e v1 < (X1 =% X2) T 1
(by 173 of Theorem 4.)
= v < (X1 % X2) My < g
(by Bj of Definition 4.)
= (X1 2 X2) M1 =11
On the other hand,
(X1 e X2) v =v1 = X1 Mo (X1 =% Xo) Mo v = xq M 1
= X1 xo T v1Tlevr = x1 T 1
(by Bz of Definition 4.)
= X1 ThviThexo M v = x1 T 1
(by 176 of Theorem 2.)
Therefore x; My v1 < x5 My V1.
173. x1 T 1 < (X3 = X3) My V1
= X2 M X1 M V1 < xo M (X2 % X3)H*V1
= Xo [ X1 Me 71 < X T X3 M 1
(by Bsg of Definition 4.)
= X1 e Xo M V1 S X T X3 The v < X3 The vy
(by 176 of Theorem 2.)
= X1 e Xo M1 < X3 Mk 1
= X2 M 1 < (X1 =% X3) Tk 1
(by Theorem 6.)
On the other hand,
Xo T v1 < (X1 =% X3) The V1
= X1 M X2 T 71 < X3 M (Xg =+ X3) The 1
= X1 M Xo The vt < xq T X3 T V1
(by Bs of Definition 4.)
= X e X1 M1 <X M xa M vt < xg Me v
(by 176 of Theorem 2.)
= X1 M v1 < (X2 =+ X3) M 1
(by Theorem 6.)
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174, % M Xo M v1 = X1 T X3 My 1
= X1 = (X Mo X2 Thev1) = X1 =% (X2 The X3 T 1)
(by 172 of Theorem 5.)
= (X1 =% X1) T (X1 =% X2) T (Xa =% V1)
= (X1 =% X1) T (X1 =% X3) T (Xa =% V1)
(by By of Definition 4.)
= (X1 =% X1) The (1 =% X2) T vt = (X =% X1) Mo (X1 =% X3) Me 1
(by 173 of Theorem 4.)
= (X1 =% X2) T (X1 =% X1) T 1 = (X1 =% X3) M (Xa =25 X1) M 1
(by 176 of Theorem 2.)
= (X1 =% Xo) T 1 = (X1 =% X3) Mk 1
(by B; of Definition 4.)
On the other hand, (x; =« X2) Mx V1 = (X1 =« X3) Me V1
= X1 M (X1 =% X2) e V1 = X1 T (X =« X3) Tk 1
= X1 e Xo Me 1 = xq My X3 My 11 (by By of Definition 4.)

Theorem 9. For any Xy, X2, X3 € B, the following holds;

172, [x1 =% (Xa =+ X3)] T 1 = [(X1 T X2) =+ X3] T 1
173 [(x1 M Xa) =+ Xa) T 1 = [(X2 M X1) =+ X3] M 71
174, [x1 =% (X2 =% X3)] T 1 = [X2 =% (X1 =% X3)] T 1

Proof. Let x1, X, X3 € B.
172, (X1 T X2) The [(X1 M X2) =% X3) Me 1
= X1 M X2 My X3 My 1 (by Bs of Definition 4.)
= Xo =7 X1 Mo Xa T [(X1 T X2) = X3] T 1]
= X9 =« (X1 Mx Xa T X3 My v1) (by 172 of Theorem 5.)
= X2« [X2 M [X1 T (X1 T Xa) =24 X3) M 11]]
= X2 =« (X2 Me X1 T X3 My v1) (by 176 of Theorem 2.)
= Xo 7w X1 Me (X1 Me X2) =% X3) M v1]
= Xo = (X1 Me X3 T 1) —— — —=(I)
(by 174 of Theorem 4.)
Consider,
[X1 M (X1 M Xa2) =% Xa) M va] T [Xg = (X3 M X M v1)] T 1

= [X1 M (X1 M X2) =% X3) M 71] The X2 = [xa Mhe (X1 M X2) =+ X3) T va]] T 1

(by I)
= [x1 Me (X1 M X2) =% X3) My 1] My 1. (by Bs of Definition 4.)
Therefore x; M (X1 Mx X2) =% X3) T 1 < [Xa =% (1 M X3 My v1)] My v1.
Hence by By of Definition 4,
X1 Me (X1 T X2) =% X3) The V1 < (X2 =+ X3) Ms V1
Thus from Theorem 6,
(X1 Me X2) =% X3) T 1 < [xg = (X2 =% X3)] T V1.
On the other hand,
X1 Me Xa M [X1 =+ (X2 =% X3)] Te V1
=Xz M X1 M [X1 =% (X2 =« X3)] M 1
(by 176 of Theorem 2.)
= X2 M X1 Me (X2 =% X3) Mk V1
(by Bz of Definition 4.)
= X1 M Xa Mx (X2 =+ X3) Mk V1
(by 176 of Theorem 2.)
= X1 Xo T X3 Tl V1
(by By of Definition 4.).
Therefore x; My X2 Me [X1 =% (X2 =74 X3)] e V1 = X1 M X M X3 M V1
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Now, (X1 M X2) T [X1 =+ (X2 =% X3)] T 71 = X1 M X2 The X3 e V1
= (X1 M X2) =% [0 M X2) M [X7 =% (X2 = X3)] T 1]
= (X1 M X2) =% X1 T X2 M X3 M 1]
= (X1 Me Xa) =7« [(X1 T X2) T [X1 =% (X2 =% X3)] T V1]
= (X1 Mx X2) =+ (X3 M« V1)
(by 174 of Theorem 4.)
= [0 T x2) = O T x2)] T [( T x2) =% (X = (X2 =% x3))] T [ M X2) = 1]
= [(X1 M X2) =% x3] M [(X1 T X2) = v1]
(by By of Definition 4.)
= [(x1 M X2) =% (X1 T X2)] Tl [(X1 Tl X2) =% (X1 =« (X2 =% X3))] T 1
= [(x1 Me X2) =% X3] Mk 1
(by 174 of Theorem 4.)
= [0 M X2) =% (X1 =+ (X2 =4 X3))] T 1
= [(X1 M X2) = x3] M 1
(by Bj of Definition 4.)
= [(x1 =+ (2 =% x3)] T v < [(xq Ms X2) =+ X3) Ma v1
(by 173 of Corollary 1.)
Therefore [x; —« (X2 =+ X3)] Mx 1 = [(X1 Mk X2) =+ X3] Mk V1
173 (X1 M Xa) T [(xa M X2) =% X3l Me v1 = X3 M Xa M X3 M V1
(by By of Definition 4.)
= (X2 M X1) M [(X1 M Xa) =% X3] Me vt < X3 Ma v
(by 176 of Theorem 2.)
=[x T x2) = Xa) T v < (X2 M X1) = X3 M 1
(by Theorem 6.).
By symmetry, [(x1 M Xa2) =% X3] Mx 1 = [(X2 Mx X1) =% X3] M« V1
174. Follows from 172 and 173. O

Theorem 10. For any X1, X2, X3 € B, (X1 = X2) M« X3 =
[(1 T xa3) = (2 T X3)] M X3

Proof. Let xq, X3, X3 € B. Then
(1 T X3) = (X2 M X3)] T X3
= [((x1 Me X3) =% X2) M (X1 T X3) =25 X3)] The X3 T X3
(by By of Deﬁnition 4.
= [((x1 M x3) =« X2) M X3 M (X1 Mhe X3) =24 X3)] M X3
(by 176 of Theorem 2)
= [((x1 Me X3) =% X2) M V1 M X3
(by Bs of Definition 4.)
= [((x3 Me X1) =+ X2) T 1 Tl X3
(by 173 of Theorem 9.)

= [xs =+ (1 =4 X2l T 1 M Xp
(by 172 of Theorem 9.)

= X3 M [X3 =% (X1 =% X2)] T v1 M X3
(by 176 of Theorem 2.)

= X3 Mx (X1 =% X2) Me V1 Ms X3
(by Bs of Definition 4.)

= (X1 =% X2) M X3
(by 174 of Theorem 1 and 176 of Theorem 2.)

Corollary 2. For any x1, X2, X3 € B, if X1 M« X3 = X2 M« X3, then
172, (X1 =+ x3) T X3 = (X2 =+ X3) M X3
173 (X3 = X1) T Xz = (X3 =+ X2) M X3-

Theorem 11. If (B, U, My, —4, V1) is a BrADL, then for any mazimal element vo in B, (B, Uy, My, =0,
,V2) is a BrADL where x1 =, Xo = (X1 =+ X2) Tk V2 for x1, X2 € B.
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Proof. Let (B,U,, My, —+,v1) be a BrADL and —,, is a maximal element in B. For xq, x, € B, define

X1 —ws X2 = (X1 = X2) A V2.
Then, for any x4, xs € B,

172, (X1 —we X1) T2 = (X1 =« X1) Mk V2 T V2
=Vl Ve

= V3.
173, X1 M (X1 w2 X2) = X1 M (X1 =% Xa) i v2

= X1 e Xo T V1 My va

= X1 s X2 M vo.
174, X9 Ma (X1 =2 X2) = Xo M (X1 = X2) Mk V2

= Xo My V1M Vg

= Xo Ik V2.
175. X1 —=us (X2 T x3) = X1 =« (X2 Ms x3)] My v2

=[(x1 =% x2) M (X1 =+ X3)] M V2
= [(X1 =« X2) Me v2] My [(x1 =+ X3)] Mx v2]

= (Xl v X2) Mi (Xl vy X3)
Therefore (B, Uy, My, —1,,V2) is a BrADL. O

We give several equivalent conditions for a BrADL to become a Brouwerian algebra as we wrap up the
paper.
Theorem 12. [11] Let (B, U, My, v1) be an ADL. Then the subsequent statements are comparable;

172. B is a Brouwerian algebra.

173. (B, <) is directed above.

174, (B,Us, M) is a distributive lattice.

175. U, s commutative.

176. M, is commutative.

177. Uy is right distributive over IM,.

178. The relation 0 = {(x1,X2) € BX B | o X1 = X1} 18 antisymmetric.

4. CONCLUSION

The concept of a Brouwerian almost distributive lattice is presented in this paper with several examples
and counter-examples, and some of its primary and necessary properties are studied. We derive a few iden-
tities and inequalities in a Brouwerian almost distributive lattice. Also, we provided a set of equivalence
conditions required for transforming the Brouwerian almost distributive lattice into a Brouwerian algebra.
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