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1. Introduction

The study of curve theory has long been a central topic in differential geometry research [1-4]. One
intriguing aspect of this field is exploring specific curve types, such as adjoint curves, defined as the
integral of the binormal vector of a curve «(s), parameterized by s, as mentioned in [5]. Adjoint
curves have found applications in various fields, including number theory, coding theory, and algebraic

geometry [6-9].

A regular curve is characterized by its curvature x and torsion 7, which uniquely determine the curve at
every point, as stated by the fundamental theorem of regular curves. However, the curvature function
may vanish at certain points for analytical curves, introducing discontinuities in the principal normal
and binormal vectors. This discontinuity makes the curvature function non-differentiable at those

points, leading to ambiguities in the Frenet frame due to the vanishing curvature.

To address these challenges, Hord [10] and Sasai [11] introduced an alternative orthogonal frame to
handle such points effectively. Sasai [12] further developed a modified orthogonal frame (MOF) for
unit-speed analytic curves, offering a simple and practical solution. In this approach, the Frenet
vectors are scaled by the curvature function k, resulting in a new formulation that extends the Frenet
derivative equations. This MOF has facilitated research on various frames and ruled surfaces in different
spaces [13-19].
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In this paper, we focus on specific ruled surfaces whose base curves are adjoint curves of a considered
curve . The director curves of these surfaces are defined by the tangent, normal, and binormal vectors
associated with the MOF in E3, following the approach in [7]. We also provide several theorems and
proofs related to these surfaces. Finally, we exemplify some of these special ruled surfaces to visualize.

2. Preliminaries

This section presents some basic notions to be needed in the following section. Throughout this paper,
let 1(s,v) be a surface in Euclidean 3-space. The unit normal vector field U (s, v) of the surface ¥(s,v)

is obtained by
Vs X Py
U=_15"7v
|15 X by ||

where 1, = %—’f and ¥, = g—’f are the partial derivatives of the surface 1 (s,v) with respect to the
parameter s and v, respectively. The first fundamental form I of the surface (s, v) is as follows:

I = glldSQ + 2912d8dU + 922dU2

where g11 = (U5, ¥s), g12 = (Vs, V), and gaa = (y, ¥, ). Moreover, the second fundamental form of

the surface (s, v) is defined as follows:
II = h11d82 + 2~ adsdv + h22d112

where hi; = (Yss,U), hi2 = (Ysv, U), and hag = (¢, U). The Gaussian curvature K and the mean

curvature H of the surface ¢ (s, v) are as follows:

hi1hag — h3, and  H — hi1g22 — 2g12h12 + g11h22

K =
g11922 — 93y 2 (g11922 — g%)

(2.1)

Theorem 2.1. [20] On a surface, asymptotic curves are defined as curves along which the normal
curvature is zero. This is equivalent to the condition that the second fundamental form vanishes:

IT = hy1ds® + 2hyadsdv + hoadv® = 0
where hi1, h12, and hog are the coefficients of the second fundamental form.
Theorem 2.2. [20] For a curve to be geodesic, its geodesic curvature
kg =V =0
where V47 is the covariant derivative of the tangent vector % along itself.

Definition 2.3. [5] Let a be a unit speed curve in E% with 7 # 0. Then, the adjoint curve of « is
defined by

S
B(s) = / Bu(s)ds
50
where B, is the binormal vector of the curve .
We express the relations between the MOF {7, N, B} and the classical Frenet frame {t,n,b} by
T =t, N=#kn, and B = kb (2.2)
where k # 0 is the curvature of the curve. The MOF {T, N, B} satisfies the following equalities:
<T,T>=1, <N,N>=<B B>=#k% and <T,N>=<T,B>=<N,B>=0

Here, the notation <, > represents the inner product. Using the definitions of 7', N, and B and (2.2),
the following equalities hold:
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T'(s) 0 ) /-1’ 0 T(s)
N'(s) | =| —F " T/ N(s) (2.3)
B'(s) 0 —r & B(s)
and
o T(S) _ det(a,, O/l, O[/”)

2
K
is the torsion of . Moreover, k? and 7 are analytic. In [1], the differentiation formula for the MOF is
denoted by (2.3).

Theorem 2.4. [7] If « is a unit speed curve and 3 is the adjoint curve of « such that {T,,, No, Bo}
and {73, Ng, Bg} are the Frenet vectors and {k., 7} and {kg, 73} are curvature and torsion of o and
B, respectively, then

TIB = BOH Nﬂ = _NOH Bﬂ = TO“ ,{/8 = Ta, and TB = Fa

Theorem 2.5. [7] If « is a unit speed regular in E? and j is the adjoint curve of a according to the
MOF with curvature such that {T,, No, B} and {T3, Ng, Bz} are the MOF and {kq, 7} and {kg, 75}
are the curvature and torsion of o and 3, respectively, then

1 T, T, T
Ts = <K) Ba, Ng=-— (/:2“) N., Bs= </:> To, kg=—, and 753=1

o @ o Ra

3. Some Special Ruled Surfaces According to the MOF

This section investigates ruled surfaces according to the MOF in E3. It generates new special ruled
surfaces to change the base curve with « and its adjoint curve 8. Additionally, this section changes the
director vectors of these surfaces concerning the MOF vectors T', N, and B.

3.1. Tangent Ruled Surface with the Base Curve «
Concerning the MOF, the parameterization of the tangent ruled surface is as follows:
P1(s,v) = a(s) + vT,(s) (3.1)

where « is the base curve. If we take the derivatives with respect to the parameter s and v of the
tangent ruled surface v (s, v), respectively, then

¢1s:Ta+UNaa ’lzz)lq;:TCU
!/

K
VY1 = K2TH + (1 + vﬁa) Ng +07aBa, 14 = Noy, and  ah1,, =0
o

(3.2)

2 7& 0 where gi1, 912, and

Therefore, g11 =1+ 1)2/-6?!, gi2 = 1, and go2 = 1 and thus gi11920 — g%Q = U2I{,a

g22 are the coefficients of the first fundamental form of the tangent ruled surface (s, v). The unit
normal vector field Uy of the tangent ruled surface 11 (s,v) is provided by

1
Uy =——B8, (3.3)
Ra
Moreover, the coefficients of the second fundamental form as follows: hi1 = —vTakq, h12 = 0, and

haa = 0. Using (2.1), the Gaussian and mean curvatures of the tangent ruled surface 11 (s,v) are
obtained as
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(3.4)

Theorem 3.1. Let 1(s,v) be a tangent ruled surface with the MOF in E3. Then, the tangent ruled
surface 11 (s, v) is developable.

The proof can be readily observed from (3.4).

Theorem 3.2. Let 9;(s,v) be a tangent ruled surface with the MOF in E3. Then, t1(s,v) cannot be
minimal.

The proof can be readily observed from (3.4) by 7, # 0.

Theorem 3.3. Let ¢1(s,v) be a tangent ruled surface according to the MOF in E3. Then, the
following hold:

i. s-parameter curves of the tangent ruled surface (s, v) cannot be asymptotic.
i1. v-parameter curves of the tangent ruled surface 11 (s, v) are asymptotic.
PROOF. By the definition of asymptotic curves, (¢4, U) = 0 and (¢1,,,,U) = 0.

1. The proof is obvious since hi; # 0.

i1. Since hgg = 0, v-parameter curves of the (s, v) are asymptotic.

O

Theorem 3.4. Let v1(s,v) be a tangent ruled surface with the MOF in E3. Then,
i. s-parameter curves of (s, v) cannot be geodesic.

ii. v-parameter curves of 11 (s,v) are geodesic.

ProOOF. From the definition of geodesic curves, it must be 1;,, x U = 0 and 91, x Uy = 0 for the s

and v parameter curves.

i. According to (3.2) and (3.3),

!/
P1gs X U = —Kq (1 + URO‘) Ty — vEa Ny
Ky
Since T, and N, are linearly independent, ¥;,, x U = 0 if and only if k., = 0. However, as k, # 0,

¥1(s,v) cannot be a geodesic curve.
it. From (3.2) and (3.3), ¥1,, X U1 = 0. Thus, v-parameter curves are geodesic curves.

O]

3.2. Tangent Ruled Surface with the Base Curve

Concerning the MOF, the parameterization of the tangent ruled surface with the adjoint curve g is as
follows:

Pa(s,v) = B(s) + vTs(s) (3.5)

If we take the derivatives with respect to parameter s and v of the tangent ruled surface 1s(s,v),
respectively, then
Tey 1 Tl KL, T2
1;[}25 = —v— N4 + B,, 7;[}21; = —B,, ¢235 = VTakada + | —Ta —v—= | Ny + | — — V— B,
Ko Ko a Ka K2

(3.6)
- T P i N K Lgé B — —&N d -
77[}233 = VTaKala + Ta UH ot Uli2 ) 1112% L [T an ¢2vv =0

B
o Ra o
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Hence,

gi1 = Iii + 1127'3, gi2 = ko, and goo =1, and thus g¢11920 — g%z = vzmi #0 (3.7)

The unit normal vector field Us of the tangent ruled surface 2 (s, v) is provided by Us = —T,. The

coefficients of the second fundamental form are as follows: h11 = —v7Takq, h12 = 0, and hog = 0. Using
(2.1), the Gaussian and mean curvatures of the tangent ruled surface 12(s,v) are obtained as follows:
K=0and H= -2

20T,

Theorem 3.5. Let 92(s,v) be a tangent ruled surface with the MOF in Euclidean 3-space. Then,

o (s,v) is a flat surface.

Theorem 3.6. Let ¢2(s,v) be a tangent ruled surface with the MOF in Euclidean 3-space. Then,

12(s,v) cannot be minimal.

PROOF. Since ko # 0, the tangent ruled surface (s, v) cannot be minimal. [
Theorem 3.7. Let 15(s,v) be a tangent ruled surface with the MOF in E3. Then,
i. s-parameter curves of the tangent ruled surface 9 (s,v) cannot be asymtotic.

i1. v-parameter curves of the tangent ruled surface 15(s, v) are asymptotic curves.
PROOF. From the definition of asymptotic curves, (¢, U) = 0 and (¢2,,,U) = 0.
1. The proof is obvious since hi; # 0

it. Since hgg = 0, v-parameter curves of the (s, v) are asymptotic.

O

Theorem 3.8. Let (s, v) be a tangent ruled surface with the MOF in E3. Then,
i. s-parameter curves of (s, v) cannot be geodesic.

i1. v-parameter curves of 1y(s,v) are geodesic.

PROOF. From the definition of geodesic curves 1., x Us = 0 and v3,, X Uz = 0 must be provided for
the s and v parameter curves.

i. According to (3.6) and (3.7),

/ 2 /
111253 X Uy = — (’:a - ’U:;;) Ny + <_U7—a - Ta> B,
Iy

o Ra

Since N, and B, are linearly independent, ¢, x Uz = 0 if and only if s, is a constant and 7, = 0.
However, because 7, # 0, ¥2(s,v) cannot be a geodesic curve.

ii. From (3.6) and (3.7), 19,, X U2 = 0. Hence, v-parameter curves are geodesic curves.

O

3.3. Normal Ruled Surface with the Base Curve «
Concerning the MOF, the parameterization of the normal ruled surface is as follows:
P3(s,v) = a(s) + vNy(s) (3.8)

where « is the base curve. If we take the derivatives with respect to parameter s and v of the normal

ruled surface 93(s,v), respectively, then
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!/

K
1[)35 = (1 — ’L)Hi) To +v—=Ny + Vo Ba, 1/]31) = Na,

Ko

" !
3es = (—30KL ko) To + <1 -0 (/-:3 + TC%) + U:a> N, +v <Té + QTa%> B,, (3.9)

« «

!
K
P34y = 7I€iTa + —KO‘ No + 70Bo, and 3, =0
(e}

Thereby, g11 = 1 —2vk2 +v?K2 (k2 + 72) —i—’u2f<a;2, g12 = VKL Kq, and gog = k2, and thus g11ge2 — ¢35 =
K2 ((1 - ’Ulﬁ%)z + (UnaTa)2) # 0. The unit normal vector field Us of the normal ruled surface v3(s,v)

is provided by

1 1 — k2
T o) 1 (omar)? <_MQT“T‘” " (ﬁ)B) )
and the coefficients of the second fundamental form are obtained as:
"o \/(1 — VK2 )Z + (VkaTa)? (Uﬁi ot = ta) - (rart T&RQ))
o
Iy — TaKa

\/(1 —vK2)? + (VEaTa)?
and hga = 0. From (2.1), the Gaussian and mean curvatures are as follows, respectively:
2

I 2 /
P zTa - and f = U (KaVUTakl, — VELTh + TC;) (3.11)
((1 —vK2)" + (VEaTa) ) 2 ((1 —vK2)® + (UHaTa)2) °

Theorem 3.9. Let ¢3(s,v) be a ruled surface in Euclidean 3-space. Then, ¥3(s,v) is not a flat surface.
PROOF. Since 7, # 0, 13(s,v) cannot be flat. [

Theorem 3.10. Let 93(s,v) be a normal ruled surface with the MOF in Euclidean 3-space. If the
curve « is a cylindirical helix, then 3(s,v) is minimal.

The proof is directly obtained from (3.11).
Theorem 3.11. Let 13(s,v) be a normal ruled surface with the MOF in E3. Then,

i. s-parameter curves of 13(s,v) are asymptotic curves if and only if the curvatures k, and 7, of the
curve « are constant.

i1. v-parameter curves of the ¥s(s,v) are asymptotic curves.
PROOF. From the definition of asymptotic curves, (¢3,,, Us) = 0 and (¢3,,, Us) = 0.
i. From (3.9) and (3.10),

hi = Y (vmi (Takly, — KaTh) + (2657 + T;/ia)) =0

V1= 0k2)? + (vka7a)?

Thus,

Uﬁi (Takh — KaTh) + (26T + Thka) =0

since the curvatures k., and 7, of the curve « are constant.
i1. Since hgg = 0, v-parameter curves of the 13(s, v) are asymptotic.
O

Theorem 3.12. Let 13(s,v) be a ruled surface with the MOF in E3. Then,
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i. s-parameter curves of ¥3(s,v) cannot be geodesic.
i1. v-parameter curves of 13(s,v) are geodesic.

PRrROOF. From the definition of geodesic curves, 13, x U3 = 0 and 3, x U3 = 0 for the s and v

parameter.
i. According to (3.9) and (3.10),
V3gs X Us = (Ko — 063 + (1 — vk2) (vEl — vkg (K2 4+ 72))) T
+ (3KLv — 3K2 KLV — 202K, T2 — V2T ThKa) Na
+ (vTaka — V*Taka (K2 + 72) + v2670) Ba

Since Ty, Nq, and B, are linearly independent, ¢3,, x U = 0 if and only if k,, is a constant and 7, = 0.

However, as 7, # 0, 13(s,v) cannot be a geodesic curve.
ii. From (3.9) and (3.10), 3,, x U = 0. Therefore, v-parameter curves are geodesic.

O

3.4. Normal Surfaces with the Adjoint Curve [
Concerning the MOF, the parameterization of the normal ruled surface is as follows:
a(s,v) = B(s) + vNs(s) (3.12)

where 3 is the base curve. If we take the derivatives with respect to the parameter s and v of the

normal ruled surface ¥4(s, v), then

! / 2
R,Ta T T,
1/)43:7—04Ta+v( a3 _3>Na+ 1_7)702[ B,
T
Ya, = ——2N,
’%a
/ / ’ 2 /
Fn? KR KR,T, TaT,
w4sszv<27' — VT2 )Ta—l— e 4%—50420‘ B,
Ka Ka Faa K‘a (313)
" " / / ! 3
KT, T, KT K, T K,T, T
+ v | Tat+ aga_%‘i‘ a3o¢_2 a4a+ aga % —Ta | No
/ / 2
K, T T, T,
o't e} [e]
¢4SU - TO(Ta + ( 3 - 2 ) NOé 2 Ba
/{Oé o (0%
1/}41)1) 0
12 2 / / 12 4 /
K, T, R, TaT, T, T, VT, K, T
Hence, g1 = v? |72 + 0‘40‘—20‘;0‘—#%—1——3‘ + K2 — 2uT? 912:;<T,;— aa),and
Ky Ky K2 K2 K2 Ka

2 2
T T
goo = —3‘ and thus g11go2 — g3 = —2‘ ((ni — v7'2)2 + (UTalia)2) # 0. Moreover, the unit normal vector
K kE

field U4ais provided by

1
e V(52 — v72) + (v7aka)? (58 = 072) Ta = v Ba) (3.14)

and the coefficients of the second fundamental form are obtained as:

2.1 .3
1 VoK, To, 9 9

<5 — T°T%7) + Kkl Tov (1 —v) + 21}/&37’&)
Vs =072 + (rara)® \

hi1 =
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2
a

VK2 = 072)? + (vTaka)?

and haoa = 0. By (2.1), the Gaussian and mean curvatures are provided as follows:

Tak

hi2 =

8
K=- fa 5
(2 = v72)” + (v7akia)’)
and Ko (V272 (BrLTS — ThaTl) + KhTavk? (1 — 0?2 + 272) + 207l k3 (1 — 72))
H=15 aTaVf a) ¥ ok 1~ T (3.15)
Ta ((Ii?x — vrg)g + (UTQEQ)Q) ?

Theorem 3.13. Let 14(s,v) be a normal ruled surface with the MOF in Euclidean 3-space. Then,
4(s,v) is not a flat surface.

PROOF. Since kq # 0, ¥4(s,v) cannot be flat. [

Theorem 3.14. Let 14(s,v) be a normal ruled surface in Euclidean 3-space. If the curve « is a
cylindrical helix, then 14(s,v) is minimal.

PROOF. Let the curve a be a cylindrical helix. Then, k, and 7, are constant. By (3.15),
22(5/&7—7/-;0[7)%—%7&1}/-@ (l—v —|—27')—|—2v (1—7)—0

Since k,, = 0 and 75, = 0, H = 0. Therefore, ¢4(s,v) is minimal. [J

Theorem 3.15. Let 14(s,v) be a normal ruled surface with the MOF in E3. Then,

i. s-parameter curves of 14(s,v) are asymptotic curves if and only if the curvatures kq, 7 of the curve

Ko 5v Ko TV
a are constant, — = ,0r — = —.
To 1—w Ta 2

ii. v-parameter curves of the ¥4(s,v) are asymptotic curves.
PROOF. From the definition of asymptotic curves, (¢4, U) = 0 and (¢4,,,U) = 0.

i. From (3.13) and (3.14), hy; = 0. Thus,

2,13
<5v FoTo _ T0*T27! + Kokl Tav(1 — v) + 21}537’&) =0

Ra
since the curvatures k, and 7, of the curve « are constant.
it. Since hgg = 0, v-parameter curves of the 14(s,v) are asymptotic.
O
Theorem 3.16. Let 94(s,v) be a normal ruled surface with the MOF in E3. Then,
i. s-parameter curves of ¥4(s,v) cannot be geodesic.
i1. v-parameter curves of 14(s,v) are geodesic.

The proof is similar to the previous theorem about the normal ruled surface v3(s, v).

3.5. Binormal Ruled Surface with the Curve «
Concerning the MOF, the parameterization of the binormal ruled surface is as follows:

¥5(s,v) = a(s) + vBy(s) (3.16)
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where the base curve «. If we take the derivatives with respect to parameter s and v of the binormal ruled

! !
surface ¥5(s,v), then 5, = Ta—vTaNa—ka—aBa, U5y = Ba, U545 = mivTOmL (1 —vTh — 22;7'04%) N+
K

ey Ra
/

K K
v <7‘§ + KO‘) Ba, Y54, = —TaNa + —*B,, and v5,,, = 0. Hence, g1 = 1+ v2 (5;2 + Tgﬁa), gio =

o (e}
VKL Ka, and gog = /% and thus g11g92 — 9%2 = /13 (1 + (’U/{aTa)Q) = (0. Moreover, the unit normal vector

field is provided by
Us = ; (—’UFLaTaTa — 1Na>
14 (VkaTa)? Fa
and the coefficients of the second fundamental form are obtained as:
hi1 = —)2 (U (HQT& + 2Tal-€/a — niwa) — Ka)
TaKa

1+ (UHaTa)2

and hga = 0. From (2.1), the Gaussian and mean curvatures are as follows, respectively:

2 I 3 —
K=—— Ta 5 and H= v (Ko Ta — FaVTo) ;a (3.17)
(1+ (vkaTa)) 9 (1 " (UﬁaTa)2) P

Theorem 3.17. Let 15(s,v) be a binormal ruled surface with the MOF in Euclidean 3-space. Then,
Y5(s,v) is not a flat surface.

PROOF. Since 7, # 0, 15(s,v) cannot be flat. [

Theorem 3.18. Let ¢5(s,v) be a ruled surface in Euclidean 3-space. If the curve « is a cylindrical

helix, then ¥5(s,v) is minimal
The result is directly obtained from (3.17).
Theorem 3.19. Let 95(s,v) be a ruled surface in E? with the MOF. Then,

i. s-parameter curves of 15(s, v) are asymptotic curves if and only if the curvatures k, and 7, of the
curve «v are constant and 7, = ——-.
v2KZ,

ii. v-parameter curves of 15(s,v) are asymptotic curves.

The proof is similar to Theorem 3.11.

Theorem 3.20. Let 95(s,v) be a ruled surface with the MOF in E3. Then,
i. s-parameter curves of 15(s,v) cannot be geodesic.

it. v-parameter curves of ¥5(s,v) are geodesic.

The proof is similar to Theorem 3.12.

3.6. Binormal Ruled Surface with the Adjoint Curve

Concerning the MOF, the parameterization of the binormal ruled surface is as follows:

Ye(s,v) = B(s) +vBg(s) (3.18)

where the base curve is the adjoint curve 8. If we take the derivatives with respect to the parameter

7_/

/
s and v of the binormal ruled surface v4(s,v), then 1g, = v (O‘ - KQ;“) T, + UT—aNa + B, and
Ka K2 Ka
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-
Ve, = —2T,, and thus
Ra

/
T, KR,T, K, T K, T
6] [eNe} o't (6% (63
wﬁss = ( -2 - + 2 ,‘Q3 - KJaTa> Ta
(63

2 2
Ko K2, K2,
/ / / 2
T, K, T K T,
+(—z1+v<” g“)>Ah+- <+ v By
K K2, Ka Ka
/ / 2
KR,T T, T,
¢6 =710 + a2 Ne aBoe
sv 3 12 2
« (6% 6%

12 / 2
T, VTo [T, T,
and 1g,, = 0 Hence, g11 = k2 + v? <T§+ </{a) ), g2 = — (a> , and goo = —5 and thus
(o3

‘ Q\]m

(k2 +v%72) # 0. Moreover, the unit normal vector field Us is provided by

1 a
U = ———= (Na — TvBa>

2 2.2
VRS vt a

and the coefficients of the second fundamental form are obtained as:

G11922 — Gy =

o

K

(~7a (82 +0°72) + 20 (maTh — Kyra))

TaRa
2 2.2
VRS HveTs

and hga = 0. By (2.1), the Gaussian and mean curvatures are as follows:

hia =

1{4

K=-— & _ 40d H=-__"°

(k2 + 0273)2 VK +v3T2

Theorem 3.21. Let 1)5(s,v) be a binormal ruled surface according to the MOF in Euclidean 3-space.

(3.19)

Then, 16(s, v) is not a flat surface.

PROOF. Since kq # 0, ¥6(s,v) cannot be flat. [

Theorem 3.22. Let 15(s,v) be a ruled surface in Euclidean 3-space. Then, (s, v) cannot be minimal.
The result is obtained directly from 3.19.

Theorem 3.23. Let 14(s,v) be a ruled surface with the MOF in E3. Then,
i. s-parameter curves of ¥g(s,v) cannot be asymptotic curves.

it. v-parameter curves of 9s(s,v) are asymptotic curves.

The proof is similar to Theorem 3.11.

Theorem 3.24. Let 15(s,v) be a ruled surface in £3 with the MOF. Then,
i. s-parameter curves of 1g(s,v) cannot be geodesic.

i1. v-parameter curves of 1g(s,v) are geodesic.

The proof is similar to Theorem 3.12.

Example 3.25. Consider the curve a and and the adjoint curve g are provided by the following
parametric equations, respectively:

_ VTs\ (VTS Bs\ e (U 3VT V7 3T (VT T
a(s) = | cos sl ) ) an B(s) = BT U T Wral Rirvat

According to the curves o and 3, the graphs of some ruled surfaces are as in Figures 1-6.
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(a) Tangent ruled surface 91 (s,v) (b) v—parameter curves of 1 (s,v)
Figure 1. Graph of the tangent ruled surface 9;(s,v) in (3.1) whose director curve is o with the MOF

(a) Tangent ruled surface (s, v) (b) v—parameter curves of (s, v)
Figure 2. Graph of the tangent ruled surface 12(s,v) in (3.5) whose director curve is 5 with the MOF

Surface with v-Parametric Asymptotic Curves
X

(a) Normal ruled surface ¥3(s,v) (b) v—parameter curves of ¥5(s,v)
Figure 3. Graph of the normal ruled surface ¥3(s,v) in (3.8) whose the director curve is a with the
MOF
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(a) Normal ruled surface 14(s,v) (b) v—parameter curves of ¥4(s,v)
Figure 4. Graph of the tangent ruled surface 14(s,v) in (3.12) whose director curve is 5 with the
MOF

(a) Binormal ruled surface 95(s, v) (b) v—parameter curves of 5(s,v)
Figure 5. Graph of the binormal ruled surface 15(s,v) in (3.16) whose the director curve is o with
the MOF

(a) binormal ruled surface (s, v) (b) v—parameter curves of ¢s(s,v)
Figure 6. Graph of the binormal ruled surface 14(s,v) in (3.18) whose director curve is 8 with the
MOF

4. Results

We calculated the Gaussian curvature K and the mean curvature H of some special ruled surfaces
generated by the curve a and its adjoint curve B according to the MOF in E3. While the tangent
ruled surfaces are flat, the normal and binormal ruled surfaces are not flat. Even if the frame of the
tangent ruled surface changes, its state of being minimal does not change, so it cannot be minimal.
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We found a minimal condition for the normal and binormal ruled surfaces. Additionally, we searched
s-parameter and v-parameter curves of some special ruled surfaces. Hence, we got some conditions for
the s-parameter curves of some special ruled surfaces to be asymptotic and the v-parameter curves of
some special ruled surfaces to be geodesic.

5. Conclusion

This study utilized the MOF to investigate the curvature characteristics and minimality of certain
ruled surfaces based on a base curve and its adjoint in Euclidean 3-space. It was determined that
tangent-ruled surfaces are flat, while normal and binormal surfaces are not. Additionally, only specific
conditions allow for minimality in normal and binormal ruled surfaces. Future studies could explore
applying these findings to different classes of ruled surfaces or extending the approach to non-Euclidean
spaces. Further research may also analyze the potential applications of these geometric properties
in advanced modeling, which could provide insights into mathematical physics and computer-aided
geometric design.
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