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ABSTRACT. We study the injectivity of normed ideals of weighted holomorphic mappings. To be more precise,
the concept of injective hull of normed weighted holomorphic ideals is introduced and characterized in terms of a
domination property. The injective hulls of those ideals — generated by the procedures of composition and dual — are
described and these descriptions are applied to some examples of such ideals. A characterization of the closed injective
hull of an operator ideal in terms of an Ehrling-type inequality — due to Jarchow and Pelczynski- is established for
weighted holomorphic mappings.
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1. INTRODUCTION

Influenced by the concept of operator ideals (see the book [23] by Pietsch), the notion of
ideals of weighted holomorphic mappings was introduced in [10], although also the ideals of
bounded holomorphic mappings were analysed in [11]. In [10], the composition procedure to
generate weighted holomorphic ideals was studied and some examples of such ideals were
presented.

Our aim in this paper is to address the injective procedure in the context of weighted holo-
morphic mappings. In the linear setting, the concept of injective hull of an operator ideal
was dealt by Pietsch [23], although some ingredients already appeared in the paper [24] by
Stephani.

Given an open subset U of a complex Banach space F, a weight v on U is a (strictly) positive
continuous function. For any complex Banach space F, let H (U, F') be the space of all holomor-
phic mappings from U into F. The space of weighted holomorphic mappings, H° (U, F), is the
Banach space of all mappings f € H(U, F') so that

1£1l, = sup {v(@) [ f(2)]| - © € U} < oo,

under the weighted supremum norm ||-||,. We will write #°(U) instead of H3° (U, C). About
the theory of weighted holomorphic mappings, the interested reader can consult the papers [3]
by Bierstedt and Summers, [5, 6] by Bonet, Domanski and Lindstrom, and [16] by Gupta and
Baweja. See also the recent survey [4] by Bonet on these function spaces, and the references
therein.

By definition, the injective hull of a normed weighted holomorphic ideal [Z%7 ]| - || 72z ]
is the smallest injective normed weighted holomorphic ideal containing Z*=". In Subsection
2.1, we establish the existence of this injective hull. As an immediate consequence, a normed
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weighted holomorphic ideal is injective if and only if it coincides with its injective hull. In
Subsection 2.2, a characterization of the injective hull of a normed weighted holomorphic ideal
is stated by means of a domination property, and it is applied to describe the injectivity of
a normed weighted holomorphic ideal in a form similar to those obtained in the linear and
polynomial versions [8, 9].

Using the linearization of weighted holomorphic mappings, we describe in Subsection 2.3
the injective hull of composition ideals of weighted holomorphic mappings and apply this
description to establish the injectivity of the normed weighted holomorphic ideals generated
by composition with some distinguished classes of bounded linear operators such as finite-
rank, compact, weakly compact, separable, Rosenthal and Asplund operators.

In Subsection 2.4, the concept of dual weighted holomorphic ideal of an operator ideal 7 is
introduced and showed that it coincides with the weighted holomorphic ideal generated by
composition with the dual operator ideal Z4"#!. Moreover, we study the injectivity of such dual
weighted holomorphic ideals as well as the dual weighted holomorphic ideals of the ideals
of p-compact and Cohen strongly p-summing operators for any p € (1,00). Subsection 2.5
presents a weighted holomorphic variant of a characterization —due to Jarchow and Pelczyriski
[17]- of the closed injective hull of an operator ideal by means of an Ehrling-type inequality
[13].

It should be noted that different authors have studied these questions for ideals of func-
tions in both linear settings (for classical p-compact operators [14], (p, ¢)-compact operators
[18], weakly p-nuclear operators [19] and multilinear mappings [20]) as well as in non-linear
contexts (for holomorphic mappings [15], polynomials [9] and Lipschitz operators [1, 2, 25, 26],
among others.

2. RESULTS

We will present the results of this paper in various subsections. From now on, unless other-
wise stated, F will denote a complex Banach space, U an open subset of E, v a weight on U,
and F' a complex Banach space. Our notation is standard. £(E, F') denotes the Banach space
of all bounded linear operators from F into I, equipped with the operator canonical norm. £*
and Bp represent the dual space and the closed unit ball of E, respectively. Givenaset A C E,
lin(A) and aco(A) stand for the norm closed linear hull and the norm closed absolutely convex
hull of Ain F.

2.1. The injective hull of ideals of weighted holomorphic mappings. In light of Definition
2.41in [10], a normed (Banach) ideal of weighted holomorphic mappings — or, in short, a normed
(Banach) weighted holomorphic ideal - is an assignment [Z*+", ||-|| 25 ] which associates every
pair (U, F'), - where E is a complex Banach space, U is an open subset of E and F is a complex
Banach space - to both a set 77" (U, F) C H3°(U, F) and a function || - || puge : 270 (U, F) — R
satisfying

(P1) (2% (U, F), ||-|| ;73 ) is anormed (Banach) space and || |, < || f|l;=s if f € 27 (U, F),

(P2) Given h € HX(U)andy € F,themap h-y: 2 € U + h(z)y € Fisin I (U, F) with

12 Yl zwee = (2]l lly]],
(P3) The ideal property: if V' is an open subset of E such that V' C U, h € H(V,U) with

= su 7’0(1‘) 0
colh) = SUp Ty < °

f eI (U F)and T € L(F,G), where G is a complex Banach space, then T o f o h €
T (V,G) with [T o f o hl| e < [IT|[| ]|z co ().

v —
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According to Sections 4.6 and 8.4 in [23], an operator ideal 7 is said to be injective if for each
Banach space G and each isometric linear embedding ¢: F' — G, an operator I’ € L(E, F') be-
longs to Z(E, F') whenever .o T' € Z(E, G). A normed operator ideal [Z, ||-|| ] is called injective
if, in addition, ||T'|; = ||t o T||;. The adaptation of this notion to the weighted holomorphic
setting is as follows.

A normed weighted holomorphic ideal [Z%+", ||-|| #3¢ ] is called:

(I) injective if for any map f € H°(U, F), any complex Banach space G and any into
linear isometry ¢: F' — G, one has f € Z%" (U, F) with || f||y = ||t © f||3y~ whenever
Lo f €I (U,G).

Given normed weighted holomorphic ideals [Z%7, ||-|| ;nz | and [T, ||-|] s, the relation
27 -l ] < (TP 1l e

means that for any complex Banach space I, any open set U C E and any complex Banach
space F, one has I">" (U, F) C J™ (U, F) with || f|| e < || fllprse for f € T (U, F).

Motivated by the linear and polynomial versions (see [17, Proposition 19.2.2] and [9, Propo-
sition 2.3]), we next address the existence of the injective hull of a normed weighted holomor-
phicideal. Recall that the unique smallest injective operator ideal 7"/ that contains an operator
ideal 7 is called the injective hull of 7 and described as the set

T™(BE,F)={T € LE,F): 1poT € Z(E,ls(By-)},
where tp: F — (o (Bp~) is the canonical isometric linear embedding defined by
(wr),y")=y"(y) (Y  €Br-, yeF).

Taking || T gin; = |ltp o T, for T € TMi(E, F), [T, ]]-
ideal whenever [Z, ||-|| /] is so.
We now present the closely related concept in the setting of weighted holomorphic maps.

7inj] 15 @ normed (Banach) operator

Proposition 2.1. Let [Z%7 ||| - || ynz | be a normed (Banach) weighted holomorphic ideal. Then there
exists a unique smallest normed (Banach) injective weighted holomorphic ideal [(Z%+ )™, ||-|| (T )mj]
such that

27 s ] < L@P)™ | e yims )

In fact, for any complex Banach space F', we have
() (U, F) = { f € HX(U,F): vp o f € TN (U, oo (Br-) },
where Lp: F — Lo (B~ ) is the canonical isometric linear embedding, and
1l zrzeyins = e o fllipnee  (f € (@)™ (U,F)).
The normed (Banach) ideal [(Z")  ||-|| s yins)) is called the injective hull of [T+, || - || zoze ).

Proof. Defining the set (Z*+")(U, F) and the function [|-[| zwuzeyim; : (Z*7)™ (U, F) — Ry
as above, we first show that [(Z*")™7, ||-|| z#sin;] is an injective normed (Banach) weighted
holomorphic ideal.

(P1) Given f € (T )" (U, F), for all = € U, we have
v(@) (@) = v(@) [er(F@)I < ller o fll, < ller o Fllzue = 1fllzwseyin »
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and thus || f[|, < [[fl[(z#s)in;. Hence f = 0 whenever || f[| z#g)im; = 0. It is readily to prove
that (Z%")™J (U, F) is a linear subspace of H°(U, F) on which |||, is absolutely homoge-
neous and satisfies the triangle inequality.

(P2) Given h € H°(U) and y € F,wehave tpo (h-y) = h-1p(y) € I (U, {s(Bp-)) and
therefore h - y € (272 )™I (U, F) with

17 - yll gz yins = ller o (h-y)llznee = h- e @)l = 1B, ler @) = [, lyll-

(P3) Let V' C E be an open set such that V' C U, h € H(V,U) with
v(x)
cy(h) :=sup —————= < o0,
=30 )
f € T"7(U,F)and T € L(F,G), where G is a complex Banach space. Clearly, 1 o f €
TM7 (U, loo(Bp~)). Since tf is an into linear isometry, there exists S € L({o(Bp+), oo(Ba+))
such that Sotp = 1goT and ||S]| = ||t o T'|| by the metric extension property of ¢ (Bp-) (see,
for example, [23, Proposition C.3.2.1]). From tgo(To foh) = So(tpo f)oh € T (U, £ (Bg-)),
we infer that T'o f o h € (T )" (U, G) with
[T0 f o hllzusying =llta 0T o fohlznge =|[Sowrofoh|ue

< ISIHler o fllzng co(h) = llea o TIIf Il z7eseyims cu(h)

< Tl gy o)

() Let f € H(U, F) so that o f € (Z%7)" (U, G) for any into linear isometry c: F' — G.
The metric extension property of £ (Bp~) providesa P € L({oo(Bg+),Yoo(Br~+)) so that
Powgor=pand |P|| = |ltr| = 1. The conditions tg o to f € I% (U, £+ (Bg-)) and
tpof=Pouigoro fimplyipof € I (U ls(Br-)),and so f € (Z%7 ) (U, F) with

[l zrseying = ller o fllpng = [|Powgovo fllpus
<Pl ovo fllgue =lleo f||(1”8°)z‘nj < ||fH(I“%°)inj .
On a hand, the ideal property of [Z%+", ||-|| 25 ] yields
2% - llpse ] < [T, 1 s yons -
On the other hand, suppose [J7, |- s ] is an injective normed weighted holomorphic
ideal so that [Z%, ||| us] < [TM, ||| yuse]. If f € (Z%)™I(U, F), one has that tp o f €
IM (U, loo(Bp+)) © T* (U, los(Br+)), hence f € T (U, F) with ||f[| yree = [|ep o f grese
by the injectivity of 7%, and so ||| g = [ltr o fll e < ller o Fllgrge = I1fll iz s The
uniqueness of [(Z%)"7 ||| (z#5 yins] follows easily and this completes the proof. O

Based on the linear and polynomial variants in [17, Proposition 19.2.2] and [9, Corollary
2.4], respectively, the injectivity of a normed weighted holomorphic ideal is characterized by
the coincidence with its injective hull.

Corollary 2.1. Let [Z7 || - || p#se | be a normed weighted holomorphic ideal. The following are equiv-
alent:

(1) [ZM7|] - || prge | s injective.

@) (2% [ Nl ] = (@)™, Nl gz yoms -



The injective hull of ideals of weighted holomorphic mappings 39

O

Influenced by the hull procedure for the family of normed operator ideals — introduced by
Pietsch in [23, Section 8.1] -, we obtain that the correspondence Z%" s (Z*")™J is a hull
procedure in the weighted holomorphic setting.

Proposition 2.2. If (2%, || - || suge | and [T 1 s ] are normed (Banach) weighted holomorphic
ideals, then:
(1) [(Z7)m | - || (25 yins | is @ normed (Banach) weighted holomorphic ideal,
(2) [(T7)™, |-l e yims] < UTH) N s yinms I I i prese ] S LT N1l s ],
(3) [((I’Hio)inj)inj? Il ||((IH8°)'inj)'inj] = [(IH:C)mjv I H(I’*q‘?")im]/
@ [T || s ] S LT Nl o yims -

Proof. (i) and (iv) are deduced from Proposition 2.1, (4ii) from Corollary 2.1, and (i) follows
as in the last part of the proof of Proposition 2.1. O

2.2. The domination property. The injective hull of a normed weighted holomorphic ideal
can be characterized by the following domination property. This result is based on both the
linear and polynomial versions stated respectively in [8, Lemma 3.1] and [9, Theorem 3.4].

Theorem 2.1. Let [Z77, ||| ;nze | be a normed weighted holomorphic ideal, let F be a complex Banach
space and let f € H° (U, F). The following assertions are equivalent:

(1) f belongs to (Z% )™ (U, F).
(2) There exists a complex normed space G and a mapping g € I+ (U, G) such that

n

S Ao f ()

=1
forallm e N, Ay,... .\, €Cand xy,...,2, €U.
In this case, ||f||znzyin; = inf {||gl[zxse }, where the infimum is taken over all spaces G and all

<

Z Aiv(w;)g(Ti)

mappings g € I (U, G) as in (ii), and this infimum is attained.

Proof. (i) = (ii): Suppose that f € (27 )™ (U, F). Take G = lo(Br+) and g = 1f o f. Clearly,
g € T (U,G) with gl = oo fligue = Ifll iz yos- Setn € N, i, A, € Cand
Z1,...,2Zn € U. An application of Hahn-Banach Theorem yields

ZAW(%)JC(%) = <Z>\W(Ii)f(l’i),y*>| = Z/\w(xi)y*(f(%))
= S Zkiv(xi) (er(f(@:),y") = S Z)\iv(xi) (9(zi),y")
= *squ <Z)\lv(mz)g(xl),y*> = Z/\iv(xz)g(xl)
y*Ebp= i=1 i=1

(74) = (i): Let G and g be as in (ii). Take Gy = lin(g(U)) C G and T: Gy — F given by

To (Z Ai”(%)Q@i)) = Nl f ()
i=1 =1
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foralln e N, \i,..., A\, € Cand z1,...,z, € U. Note that T, is well defined since

Z Aiv(z;)g(xi) = Z%U(%‘)g(%’) = Z Aiv(w;)g(zi) — Zajv(xj)g(xj) =0
i=1 Jj=1 i=1 j=1

I
&

s
Il
=

— Zajv(xj)f(xj) =0
j=1

= > agula) ()

by using the inequality in (i7). The linearity of T is clear, and since

To (Z Aiv(zi)g(x;) ) Z)\ v(x;) f Z/\ v

foralln € N, A\1,..., A, € Cand 24, ..., 2, € U, we deduce that T} is continuous with || Tp|| < 1.
There exists a unique operator T € L£(Go, F) such that T|¢, = Ty and || T|| = ||To||. If t: Go — G
is the inclusion operator, the metric extension property of (. (Bg-~) yields an operator S €
L(G,ls(Bp+))sothat tpoT = Socand ||S|| = || o T||. Since

(Tog)(x) =T(g(x)) = To(g(x)) = f(x)
forallz € U, wehave Tog = f,and thus tpof = tpoTog = Sorog = Sog. Since g € T+ (U, G),
the ideal property of 7" shows that iy o f € I (U, ls(Bp+)), thatis, f € (27 )™ (U, F)
with

INgE
&
<

Il
_

=

7

1l zreseyini = ller © fllznee < ISHlglzms < llgllzms -
Taking the infimum over all G’s and g’s as in (ii) yields that || f|[ zrs yin; < inf{[|gllzne}. O

The combination of Corollary 2.1 and Theorem 2.1 immediately provides the next character-
ization of the injectivity of a normed weighted holomorphic ideal, that can be compared with
its linear version [8, Lemma 3.1] and its polynomial version [9, Theorem 3.4].

Corollary 2.2. Let [Z7, ||| p#z¢] be a normed weighted holomorphic ideal. Then [Z7 ||| zrze]
is injective if, and only if, given complex Banach spaces F,G and mappings f € H(U,F), g €
TM (U, G) such that

D () f (@ > Aw(i)g(xs)

i=1 =1
foralln € N, M\i,...,\, € Cand xy,...,x, € U, then f € T (U, F)and || f|| e = inf {||g|| ;2= },
where the infimum is taken over all complex Banach spaces G and all such mappings g. O

2.3. The injective hull of composition ideals of weighted holomorphic mappings. Accord-
ing to [10, Definition 2.5], given a normed operator ideal [Z, ||| 7], a map f € H(U, F') belongs
to the composition ideal Z o H° (U, F') if there exist a complex Banach space G, an operator
T €I(G,F)and amap g € H*(U,G) such that f = T o g. For any f € Z o H°(U, F'), define

£l zopge = f LTIz [lgll,,} 5

where the infimum is extended over all such factorizations of f. By [10, Proposition 2.6], we
have that [Z o H7°, [|-|| 7,4/ ] is @ normed weighted holomorphic ideal.
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We now describe the injective hull of this ideal [Z o H{°, ||| 73] Our approach requires
some preliminaries about the linearization of weighted holomorphvic maps. Following [3, 16],
G2 (U) is the space of all linear functionals on H°(U) whose restriction to By (r) is continu-
ous for the compact-open topology. The following result collects the properties of G°(U) that
we will need later.

Theorem 2.2. [3,7,16,21] Let U be an open set of a complex Banach space E and v be a weight on U.

(1) G (U) is a closed subspace of H® (U)*, and the evaluation mapping J,: H*(U) — G2 (U)*,
given by J,(f)(¢) = &(f) for p € G(U) and f € H°(U), is an isometric isomorphism.

(2) For each x € U, the evaluation functional 0,: H°(U) — C, defined by 6,(f) = f(z) for
feHPWU), isinGP(U).

(3) The mapping A,: U — G3°(U) given by A, (x) = 0, is in Hy° (U, G3°(U)) with ||A, ||, < 1.

(4) Bg=() = aco(Atg(wy) C HP(U)* and G°(U) = lin(Atge ) S H(U)*, where
Atgeo vy = {v(2)6:: z € U}.

(5) For each ¢ € lin(Atge (1)), we have

[¢]] = inf {Z Al = ¢ = Z)\W(ifi)fsxi} :
i=1 i=1

(6) For every complex Banach space F' and every mapping f € H° (U, F), there exists a unique
operator Ty € L(G(U), F) such that Ty o A, = f. Furthermore, |Ty| = || f||,-

(7) Foreach f € HS°(U, F), the mapping f': F* — HX(U), defined by f'(y*) = y* o f for all
y* € F* isin L(F*,HX(U)) with || f|| = || fI|,, and ft = J; 1 o (Ty)*, where (T)*: F* —
G (U)* is the adjoint operator of T5. O

For v = 1y, where 1y(z) = 1 for all z € U, it is usual to write H*>°(U, F') (the Banach space
of all bounded holomorphic mappings from U into F, under the supremum norm) instead
of H(U, F), H*°(U) rather than H>°(U, C) and, following Mujica’s notation in [21], G=(U)
instead of G°(U).

Proposition 2.3. Let [Z, ||-|| ;] be an operator ideal. Then
(T o 1), Nzonzeyinal = (27 o HE, || - lzinione]-

In particular, the weighted holomorphic ideal [Z o H®

v H ' ||I’injo7-[30] is injective,

Proof. Let F be a complex Banach space and f € (Z o H°)™ (U, F). Hence tp o f € o
HP (U, boo(Br~+)), and so tp o f = T o g for some complex Banach space G, an operator T’ €
I(G,4x(Bp+)) and a map g € H°(U,G). By Theorem 2.2, we can find two operators Ty €
L(GF(U), F) and T, € L(G(U),G) with [|Ty]| = [ ], and ||| = gl such that Ty o A, = f
and T, o A, = g. Since G°(U) = lin(A,(U)) C HX(U)* and

tpoTfoA,=tpof=Tog=ToT,0A,,

it follows that tpoTy = T'oT,, and thus tpoT € Z(G°(U), loo(Br+)), thatis, Ty € I (G°(U), F).
Hence f =Ty o A, € I o H (U, F). Moreover,

[Fllzinioniee < NTllgins 1Al < N T¢ll zins = ller o Trllz < TNz 1Tl = 1Tz gl
and passing to the infimum over all the factorizations of ¢y o f yields

1/

Tinjonse = [[er o f||Io7-¢go = Hf”(zoygo)inj .
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Conversely, let f € 7" o H°(U, F). Hence f = T o g for some complex Banach space G,
T € IMi(G, F) and g € HZ(U,G). Therefore tpo f = (tpoT)og € Lo HL(U, Lo (Bp+), and
thus f € (Z o H)™ (U, F) with

1l zomzeyins = ller o fllzopse = ller 0 T o gllzopee < ller o Tliz llgllo = 1T llzins gllo-
Taking the infimum over all the factorizations of f, we conclude that

11l zorezeyins < IIf

ZinjoHe *

From Proposition 2.3 and Corollary 2.1, we deduce the following.

Corollary 2.3. Let [Z, ||||;] be an injective normed operator ideal. Then [I o H:°, ||| zop-0] is an
injective weighted holomorphic ideal. O

ForZ = F,F7,K,W,S,R, AS and Banach spaces E, I, we will denote by Z(E, F') the lin-
ear space of all finite-rank (approximable, compact, weakly compact, separable, Rosenthal, As-
plund) bounded linear operators from E to F, respectively. The components Z(E, F'), equipped
with the operator canonical norm ||-||, generate a normed operator ideal (see [23]). For a map
f € H(U, F), the v-range of f is the set

W) ={v(@)f(x): 2 € U} C F.

Note that f belongs to HS°(U, F) if and only if (vf)(U) is a norm-bounded subset of F'. This
motivates the following concepts.

Definition 2.1. Let U be an open set of a complex Banach space E, let v be a weight on U and let F' be
a complex Banach space.

Amapping f € H° (U, F') is said to be v-compact (resp., v-weakly compact, v-separable, v-Rosenthal,
v-Asplund) if (vf)(U) is a relatively compact (resp., relatively weakly compact, separable, Rosenthal,
Asplund) subset of F.

A mapping f € H°(U, F) is said to have finite dimensional v-rank if (v f)(U) is a finite dimensional
subspace of F, and f is said to be v-approximable if it is the limit in the v-norm of a sequence of finite
v-rank weighted holomorphic mappings of H°(U, F).

ForT = F,F,K,W,S8, R, AS, H>5(U, F) stand for the linear space of all finite v-rank (resp.,
v-approximable, v-compact, v-weakly compact, v-separable, v-Rosenthal, v-Asplund) weighted holo-
morphic mappings from U into F.

The same proofs of Theorem 2.9 and Corollary 2.10 in [10] yield the following two results.

Theorem 2.3. Let f € HX(U,F)and T = F,F,K,W,S,R, AS. For the normed operator ideal
[Z, |-l £], the following are equivalent:

(1) f belongs to HoG (U, F).

(2) Ty belongs to (G (U), F).
In this case, || f||,, = ||T¢||,. Furthermore, the correspondence f + T} is an isometric isomorphism from
( 1O;OI(U7F)7H”U) onto (I(QQ?O(U)vF)>||HI) u
Corollary 2.4. [HS, ||I-]],] = [Z o 1P, ||-||Ingc]forI =F,F,K,W,8,R, AS. As a consequence,

(1) [H3%, |IIl,] is a Banach weighted holomorphic ideal for T = F,K, W, S, R, AS,
(2) [H%, |I-ll,] is a normed weighted holomorphic ideal.

We are in a position to establish the injectivity of these ideals.
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Corollary 2.5. ForZ = F, K, W,S, R, AS, the weighted holomorphic ideal [H35, || - ||,] is injective.

Proof. Applying Corollary 2.4 for the first and fourth equalities, Proposition 2.3 for the second,
and [15] for the third, one has

()™ (- )] = [T o HE)™. |- zongeyos] = (79 0 K, |- zms e
= [ZoHE |- lzomse] = oz, I - [lo]-
O
We now identify the injective hull of the ideal H°=..
Corollary 2.6. [(17%)™, (|| - [,)™] = [H3k, | - o).
Proof. As in the preceding proof, one now has
[H5)™, (1 10)i79] = [(F 0 H2Y" | - | opgeyons] = ()™ 0 M, |- | ryinsonse]

= [KoH2, |- llcorse] = [Hok, [ - llo]
by Corollary 2.4 for the first and fourth equalities, Proposition 2.3 for the second, and the equal-
ity [(F)™, ||-[I;,.;] = [K, ||-|l] by [23, Proposition 4.6.13] for the third. O

inj]

2.4. The injective hull of dual ideals of weighted holomorphic mappings. Following [23,
Section 4.4], given a normed operator ideal [Z, ||-|| /|, the components

TN B F):={T € L(E,F): T* € Z(F*,E*)}
for any normed spaces ' and F', endowed with the norm
TNz = 1T"llz (T € Z™(E, F)),

define a normed operator ideal, [Z9"?!, |-||,4], called dual ideal of Z. Moreover, [Z,|||;] is
said to be symmetric and completely symmetric if [Z, ||-]|;] < [Z9, ||| zaua] and [Z, || ;] =
[Z9921 |- | zaua ], respectively.

Based on the notion of transpose of a weighted holomorphic map (see Theorem 2.2), we
introduce the concept of dual weighted holomorphic ideal of an operator ideal Z.

Definition 2.2. Let 7 be an operator ideal. For any open subset U of a complex Banach space E, any
weight v on U and any complex Banach space F', we define

THSNULF) = {f € HE(ULF): f € Z(F* HE(U))})
If [Z, ||-| 7] is @ normed operator ideal, we set
If s = If 1z (f € T4V, F)).
We now show that [Z7°-4ual || . ||_sc 4] is in fact a normed weighted holomorphic ideal.

Theorem 2.4. Let T be an operator ideal. The following statements about a mapping f € H? (U, F)
are equivalent:

(1) f belongs to T -4(U, F).
(2) f belongs to T9u3l o H(U, F).

If in addition (Z, ||-||;) is a normed operator ideal, then

| £l zrge-auam = ||f||zdualo7-[gc (f e IHgofdual(U, F)).
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Proof. (i) = (ii): Let f € TM (U F). Then f* € Z(F*,H(U)). By Theorem 2.2, we
can take Ty € L(GX(U), F) such that Ty o A, = f and also (Ty)* = J, o f'. Hence (Ty)* €
Z(F*,G(U)*) and therefore Ty € 94 (G°(U), F). Thus, by [10, Theorem 2.7] we have f €
Zdual o H (U, F) with ||fHIdualOH$o = ||Tf||1‘dual. Further,

[/ llzavaionge = [T llzavar = [(T4)*llz = 170 0 follz < I Tullllf*llz = 1l z2ege-auar.

(i) = (i): Let f € T91¥ o H*(U, F). Then there are a complex Banach space G, a map g €
H2°(U, G) and an operator T' € T99(G, F) such that f = T o g. Given y* € F'*, we have

F'y ) =Tog)'(y) =y o(Tog)=(y oT)og=T"(y*)og=g"(T"(y*)) = (9" 0 T*)(y*),

and thus f* = ¢g' o T*. Since T* € Z(F*,G*) and ¢* € L(G*,H.°(U)), we obtain that f €
T(F*,H*(U)). Hence f € T -dwal({J, F'), and since

1 llzrze-awas = || F]| 2 = 9" 0TIz < [lg" 1 1771z = llgllo 1T 1l zauer »

by taking the infimum over all representations 7" o g of f gives || f|| zrge-auar < || f[| zauaigpgoe- O

Theorem 2.4 enables us to include the following description of the dual weighted holomor-
phic ideal of a completely symmetric normed operator ideal.

Corollary 2.7. [THo vl ||.|| 00 qua] = [T 0 H, ||| 703y | whenever [T, ||| ;] is a completely sym-
metric normed operator ideal. O

The operator ideal Z = F, F, K, W is completely symmetric by [23, Proposition 4.4.7]. Then
Corollaries 2.7 and 2.4 give us the following identifications.

Corollary 2.8. [T -dual ||| 0 awa] = [HSS, |-]|,] for T = F, F, K, W. O
On the injectivity property, we can now establish the following.

Corollary 2.9. If [Z, ||-|| 7] is a completely symmetric injective normed operator ideal, then the weighted
holomorphic ideal [T -4 ||.|| 1250 -aual] is injective.

Proof. Applying Theorem 2.4, Proposition 2.3 and the properties of [Z, ||-|| /|, we have
(TP |- grseamatyins] = (T2 0 HEP)™, |||l zavoropgeyins]

_ [ Idual)inj o ’Hgo, H’”(Idual)injo?-uf]

= [Z" o 1, [l zimsonge] = [T 0 1T, |-l 7oz ]

= [ o HT, I lgmarase] = L, [l gr-ana],

(
(

and the result follows from Corollary 2.1. O

Now, we describe the dual weighted holomorphic ideals of both the ideal K,, of p-compact
operators [22] and the ideal D, of Cohen strongly p-summing operators [12]. As usual, N,
denotes the ideal of p-nuclear operators, 7, the ideal of p-integral operators, and I, the ideal
of absolutely p-summing operators (see [23]).

Corollary 2.10. Let Z and J be Banach operator ideals such that T4 = Ji, Then TH-dual —
(J o HS)™. As a consequence, KCp> "™ = (N, o H®)md and DY ™ = (T, o H)™I for any

p € (1,00), where p* denotes the Holder conjugate index of p.
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Proof. The combination of Theorem 2.4 and Proposition 2.3 gives

IHTO)O-dual _ Idual o Hgo _ jinj ° Hso — (j ° Hso)zn]
This equality yields the consequence in view that K9"#! = Ai"J by [22, Theorem 6], and Dy =
I1,- = Z,’ by [12] and [22, Theorem 2.9.7]. O

2.5. The closed injective hull of ideals of weighted holomorphic mappings. According to
[23, Section 4.2.1], given an operator ideal Z and Banach spaces E and F, an operator T' €
L(E, F) is in the closure of Z(E, F) in (L(E, F),|-||), denoted by Z(E, F), if there exists a se-
quence (T},) in Z(E, F) such that lim,,, ||T,, — T'|| = 0. In this way, the components Z(E, F)
define an operator ideal Z. This concept motivates the following in the setting of weighted
holomorphic maps.

Definition 2.3. Let U be an open set of a complex Banach space E, let v be a weight on U and let F'
be a complex Banach space. Given a weighted holomorphic ideal T, a map f € H°(U, F) is said to
belong to the closure of ' (U, F) in (H°(U, F), || - ||»), and it is denoted by f € 7= (U, F), if there
exists a sequence (f,,) in T (U, F) such that lim,, o0 || fn — fllo = 0.

It is easy to prove the following result.

Proposition 2.4. Let 7% be a weighted holomorphic ideal. Then T is a weighted holomorphic ideal
containing T">", and it is called the closure of T . We say that T"7" is closed if I"v" = T"¥, and
we call closed injective hull of T — denoted by (%)™ — to the injective hull of the ideal THZ. [

The closed injective hull of a weighted holomorphic ideal of composition type admits the
following description.

Proposition 2.5. Let [Z, ||-|| ;] be an operator ideal. Then
(@)™, -l cgomgeyos] = (D)™ 0 M2 - zymsone )
In particular, the weighted holomorphic ideal [(Z)™ o H, || - Il Z)insonee ] i injective.

Proof. We claim that ZoH* (U, F) = Z o HP (U, F). Indeed, note first that ZoH® (U, F) is closed:
let f € H(U, F) and assume that (f,,) is a sequence in Z o (U, F) such that || f,, — f|l, — 0
asn — oo; since Ty, € Z(G>°(U), F) by Theorem 2.3 and || Ty, — T¢|| = || fn — f|lv foralln € N
by Theorem 2.2, we have that Ty € Z(G°(U), F), and thus f € ZoH° (U, F) again by Theorem
2.3.

Now, from Z o H(U, F) C T o H(U, F), we infer that Zo H° (U, F) C T o HX(U, F).
For the converse, take f € Z o H°(U, F); hence T = T o g for some complex Banach space
G, T € I(G,F) and g € H°(U,G); thus we can find a sequence (7},) in Z(G, F) such that
T, —T|| = 0asn — oo, and since | T, 0 g — T o glly = [[(T, = T) o gllo < | T, — T||||g]|» for all
n € N, we deduce that f € Z o HP(U, F), and this proves our claim. Now, using Proposition
2.3, we conclude that

[(Z)™7 0 H, || - ”(f)i"fo?-tgo] =[ZoHT)™, H'H(fo?—tgo)inj] =[ToHF)™, |- ||(W)“w‘]'
O

In terms of an Ehrling-type inequality [13], Jarchow and Pelczyniski characterized the closed
injective hull of a Banach operator ideal in [17, Theorem 20.7.3]. We now present a variant of
this result for weighted holomorphic maps.

Theorem 2.5. For a weighted holomorphic ideal T and f € H* (U, F), the following are equivalent:

)
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(1) f belongs to (2> )™ (U, F).
(2) For each & > 0, there are a complex normed space G and a mapping g. € T (U, G.) such
> Aw(@i)ge ()

that
Z)\w(xi)f(l" ) +€Z|>\i|
i—1 i—1 i1

foralln e N, Aq,..., A, €Candxy,..., 2, € U.

n

Proof. (i) = (ii): Let f € (ZH¥)™I(U,F) and € > 0. Hence vy o f € TM¥ (U, lo(Bp+)) and
so we can find a map g. € Z" (U, lo(Bp-)) such that ||tp o f — g.||, < &. Forany n € N,
A,..., A\, € Cand z1,...,2, € U, we obtain

D) (er(f(as) = go(2:)

i=1

<Z|M v(@) [(er o f = ge) (i)l

i=1

n n
<D lller o f = gello <INl
=1 =1

L (Z Aw(w)f(%))

Z/\vxz ge (i)

< Z Aiv (i) ge ()

and therefore

IN

mez e (fln)) - g5<xl>>H

=1

(#1) = (i): Lete > 0and ¢ = Y27 | \jv(2:)d,, € lin(Atge(uy). By (i), we have a complex
normed space G. and a map g. € Z"v (U, G.) satisfying that

”Tf((b)H: ZA v(x;) Tf ;) Z/\sz
i=1
<D0 M) ge (i) +EZW|
=1 =1
S ne@ T G|+ 3
i=1 i=1

n
= T (D)l +2 D INil,
i=1
and taking the infimum over all the representations of ¢, Theorem 2.2 gives

1T (D) < [T ()] + £ ll9]l -

Consider the Banach space F. = G. @y, G5°(U) and define the map R.: G°(U) — F. by
R.(¢) = (Ty.(¢),e¢). Clearly, R, is an injective continuous linear operator with || R. || < ||gel|. +
¢. By the inequality above, the map S.: R.(G°(U)) — F given by S.(R.(¢)) = Ts(¢) is well
defined. Clearly, S, is linear and since

1Se(Re()| = T4 (D) < ([T (D) + € |l = [|(Ty. (6),€0)l| = [ R(9)
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forall ¢ € G°(U), itis continuous with ||S.|| < 1. By the metric extension property of ¢ (Bp~),
there exists an operator 7. € L(F;, o (Bp~)) such that tp o S. = T.|g,_ (g (v)) and || 12| = [|Sc]|-

R:(G2(U))
R, S.
Av Tf L
U G=(U) F L 0(Br)
ge b2 RE
T
G, F.

p1

Define now the maps he, k.: U — {oo(Bp+) by he(z) = T.(g:(2),0) and k.(x) = T(0,eA,(z))
forallz € U. Onahand, h. = T.op;0g. € IHSO(U, loo(Bp+)), where p1: Ge — F. is the
linear continuous map defined by p; (y) = (y,0), and, on the other hand, k. = T o py 0 €A, €
HP (U, boo (B~ )), where py: Go°(U) — F. comes given by pa(¢) = (0, ¢), with || k.||, < e since

v(x) [[ke ()| = v(2) [[(Te 0 p2 0 eAy)(2)|| < v(@) [|TL]| € |Av(@)]| < e Te]| < e
for all x € U. We have

(hs + ks)(fﬂ) = Ts(gs(x)vo) + Ts(ovEAv(x)) = TE(ng (51)’€5z)
= (T. 0 R.)(0z) = (tr 0 Sc 0 R.)(0z)
= (tpoTy)(6z) = (tro f)(x)

forall z € U, and thus h. + k. = tp o f. Hence ||tp o f — helly = ||kello < g, thatis, tpo f €
THT (U, loo(Bp+)) and thus f € (ZH¥)™I (U, F). O

In the case that the weighted holomorphic ideal Z*>" is equipped with a Banach ideal norm,
Theorem 2.5 admits the following improvement.

Corollary 2.11. Let [Z*7, ||-||;nz ] be a Banach weighted holomorphic ideal and let f € HP (U, F).
The following are equivalent:
(1) f belongs to (ZH>)™I(U, F).
(2) There exists a complex Banach space G, a mapping g € I (U, G) and a function N: R* —
R* such that

n

> A(a)g(a:)

i=1

< N(e)

ZAiU(xi)f(fUi)

+e) |l
i=1
forallm e N, Ay, ... 0, €C xy,...,2p €U, and e > 0.

Proof. In view of Theorem 2.5, all we need to show is (i) = (ii). Let f € (Z%%)™ (U, F).
By Theorem 2.5, for each m € N, there are a complex Banach space G,, and a map g¢,, €
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TS (U, G,,) such that

S (i@ < 30 A )| + 5 S N
=1 =1 =1

forallm € N, Aq,..., A\, € Cand z1,...,x, € U. Take the Banach space G = (®,,enGm )¢, and,
for each m € N, the canonical inclusion I,,,: G,, — G. Then I,,, o g,, € T*+ (U, G), and because

of
m m m
3 12k © gl g AN ]
— = TN <
= 2ol k; % | gl prece > o

for all m € N, the series 37~ (Im © gn)/2™ ||gm | zne converges in ("7 (U, G), |||l gnze) to
the weighted holomorphic map g = > >°°_ (I,y © g1n)/2™ ||gm||zne € I (U, G). Using the
inequality above, we deduce

n . n /\iv(ﬂfi) 1 <&
Z)\w(%)f(xi) < 2" |l gm |l pree Z Wg m(@i)]| + om Al
2. £t 27 || gl e Pt
. Av(z;) 1 o
< 2" g Z 5 gl 9m || 3w 2
z =1
n 1 n
= 2™ || gy | o Z/\ v(xy)g(x)|| + om |\
i=1 =1

foralln € N, Ay,..., A, € C, z1,...,2, € U and m € N. Finally, this inequality yields the
inequality in the statement defining N: R™ — R* by

2|g1llgnee i e>1,
N(e) =
2™ gl gnge  if 27 <e<27™H meN.

O
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