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VERTICAL AND COMPLETE LIFTS OF SECTIONS OF A
(DUAL) VECTOR BUNDLE AND LEGENDRE DUALITY

E. PEYGHAN, L. NOURMOHAMMADIFAR, AND C. M. ARCUŞ

Abstract. Using the covariant derivative for exterior forms of a (dual) vector
bundle, the complete lift of an arbitrary section of a (dual) vector bundle is
discovered. A theory of Legendre type and Legendre duality between vertical
lifts and between complete lifts are presented. Finally, a duality between Lie
algebroids structures is developed.

1. Introduction

The Sasaki lift of a Riemannian metric structure on M is an important exam-
ple of metric structures on TM which is used in differential geometry with many
applications in physics [19]. Lifts of geometrical structures of TM to TTM were
introduced and studied by several authors [8, 9, 10, 11, 20]. In many papers such
as [5, 12, 14, 17, 18], the authors studied the lifts of geometric objects to the second
order tangent bundle, tensor bundle and jet bundle.
The Lie algebroids are important issues in physics and mechanics since the exten-

sion of Lagrangian and Hamiltonian systems to their entity [6, 7, 15] and catching
the Poisson structure [16]. Several authors presented and studied the lift of geo-
metrical objects of a Lie algebroid to the prolongation Lie algebroid. Using the
vertical and complete lifts of sections of a Lie algebroid, the first author presented
important results about Lie symmetry and horizontal lifts in the general framework
of prolongation Lie algebroid [13].
Extending the notion of Lie algebroid from one base manifold to a pair of diffeo-

morphic base manifolds, the third author introduced the generalized Lie algebroid
[1]. Using the lift of a differentiable curve defined on the base of a generalized Lie
algebroid, he developed a new theory of mechanical systems with many applications
in physics [2]. The space used for developing this theory of mechanical systems is
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the Lie algebroid generalized tangent bundle

(((ρ, η)TF, (ρ, η)τF , F ), [, ](ρ,η)TF , (ρ̃, IdF )),

of a generalized Lie algebroid ((F, ν,N), [, ]F,h, (ρ, η)).
The organization of the paper is as follows. Some notions and results about

exterior differential algebra of a vector bundle and information about generalized
Lie algebroids and in particular the Lie algebroid generalized tangent bundles

(((ρ, η)TE, (ρ, η)τE , E), [, ](ρ,η)TE , (ρ̃, IdE)),

and

(((ρ, η)T
∗
E, (ρ, η)τ ∗

E
,
∗
E), [, ]

(ρ,η)T
∗
E
, (
∗
ρ̃, Id ∗

E
)),

are recalled in Section 2. In Section 3, we introduce a Lie covariant derivative
for the exterior algebra of the vector bundle (E, π,M) and using it, we introduce
in Theorem 11 the complete (g, h)-lift uc ∈ Γ(TE, τE , E) of an arbitrary section
u ∈ Γ(E, π,M). Using the complete (g, h)-lift of a function f ∈ F(N) we obtain
new results for vertical and complete (g, h)-lifts. In the final of Section 3, we
introduced the complete and vertical (g, h)-lifts

uC , uV ∈ Γ((ρ, η)TE, (ρ, η)τE , E),

of a section u ∈ Γ(E, π,M) and important results are presented. A dual theory
for the vertical and complete lifts is presented in Section 4 and similar results are
obtained. A general presentation of Lagrange (Finsler) and Hamilton (Cartan)
fundamental functions and a detailed theory of Legendre type are presented in
Section 5. Using the tangent (ρ, η)-application of the Legendre bundle morphism
associated to a Lagrange respectively Hamilton fundamental function, we obtain
new results about duality between vertical lifts and between complete lifts in Section
5. New results about duality between Lie algebroids structures and the Legendre

(ρ, η)-equivalence between the vector bundle (E, π,M) and its dual (
∗
E,
∗
π,M) are

presented in Section 6.

2. Preliminaries

Let (E, π,M) be an arbitrary vector bundle, Γ(E, π,M) be the set of the sections
of the vector bundle (E, π,M) and F(M) be the set of differentiable real-valued
functions on M . For any q ∈ N, we denote by (Σq, ◦) the permutations group of
{1, 2, ..., q}. We denoted by Λq(E, π,M) the set of q-linear applications

Γ(E, π,M)q
ω−−−→ F(M)

(z1, ·, zq) 7−→ ω(z1, ·, zq)
,

such that
ω(zσ(1), ·, zσ(q)) = sgn(σ) · ω(z1, ·, zq),

for any z1, ..., zq ∈ Γ(E, π,M) and for any σ ∈ Σq. The elements of Λq(E, π,M)
will be called differential forms of degree q or differential q-forms.



VERTICAL AND COMPLETE LIFTS 301

A generalized Lie algebroid is a vector bundle (F, ν,N) given by the diagrams:

(F, [, ]F,h)
ρ

−−−−−−→ (TM, [, ]TM )
Th−−−−−−−→ (TN, [, ]TN )

↓ ν ↓ τM ↓ τN ,

N
η

−−−−−→ M
h−−−−−→ N

where h and η are arbitrary isomorphisms, (ρ, η) is a vector bundles morphism from
(F, ν,N) to (TM, τM ,M) and the operation

Γ(F, ν,N)× Γ(F, ν,N)
[,]F,h

−−−−−−−→ Γ(F, ν,N)
(u, v) 7−→ [u, v]F,h

,

satisfies in

[u, f · v]F,h = f [u, v]F,h + Γ(Th ◦ ρ, h ◦ η)(u)f · v, ∀f ∈ F(N),

such that the 4-tuple (Γ(F, ν,N),+, ·, [, ]F,h) is a Lie F(N)-algebra, where

Γ(Th ◦ ρ, h ◦ η)(zαtα)(f) = zαρiα(∂(f◦h)
∂xi ) ◦ h−1,

for any zαtα ∈ Γ(F, ν,N) and f ∈ F(N) (see [1, 2, 3, 4], for more details). We
denote by ((F, ν,N), [, ]F,h, (ρ, η)) the generalized Lie algebroid defined in the above.
Moreover, the couple ([ , ]F,h, (ρ, η)) is called the generalized Lie algebroid structure.
In particular, if η = IdM = h, then we obtain the definition of Lie algebroid. So,
any Lie algebroid can be regarded as a generalized Lie algebroid.
If we take local coordinates (xi) and (χı̃) on open sets V ⊂ M and W ⊂ N ,

respectively, then we have the corresponding local coordinates (xi, yi) and (χı̃, z ı̃)
on TM and TN , respectively, where i, ı̃ ∈ {1, . . . ,m}. Moreover, we consider
(χı̃, zα) as the local coordinates on F , where α ∈ {1, . . . , p}. If {tα} is a local basis
for module of sections of (F, ν,N), then we put [tα, tβ ]F,h = Lγαβtγ , where L

γ
αβ are

local functions on N and α, β, γ ∈ {1, . . . , p}. It is easy to see that Lγαβ = −Lγβα
and

(Lγαβ ◦ h)(ρkγ ◦ h) = (ρiα ◦ h)
∂(ρkβ ◦ h)

∂xi
− (ρjβ ◦ h)

∂(ρkα ◦ h)

∂xj
. (2.1)

The local functions Lγαβ introduced in the above are called the structure functions
of the generalized Lie algebroid ((F, ν,N), [, ]F,h, (ρ, η)).
A morphism from ((F, ν,N), [, ]F,h, (ρ, η)) to ((F ′, ν′, N ′), [, ]F ′,h′ , (ρ

′, η′)) is a
morphism (ϕ,ϕ0) from (F, ν,N) to (F ′, ν′, N ′) such that ϕ0 is an isomorphism
from N to N ′, and the modules morphism Γ(ϕ,ϕ0) is a Lie algebras morphism
from (Γ(F, ν,N), [, ]F,h) to (Γ(F ′, ν′, N ′), [, ]F ′,h′). Thus, we can discuss about the
category of generalized Lie algebroids [1, 2].

2.1. The generalized tangent bundle of a vector bundle and its dual.
Let ((F, ν,N), [, ]F,h, (ρ, η)) be a generalized Lie algebroid, (E, π,M) be a vector
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bundle and (g, h) be a vector bundle morphism from (E, π,M) to (F, ν,N) with
components gαb , α ∈ {1, 2, · · · , n} and b ∈ {1, 2, · · · , r}. We consider the diagrams:

E
g

−−−−→ (F, [, ]F,h)
ρ

−−−−→ TM
Th−−−−−−→ (TN, [, ]TN )

↓ π ↓ ν ↓ τM ↓ τN
M

h−−−−→ N
η

−−−−→ M
h−−−−→ N

. (2.2)

It is known that

(((h ◦ π)
∗
F, (h ◦ π)

∗
ν,E), [, ](h◦π)∗F , (

(h◦π)∗F
ρ , IdE)),

is a Lie algebroid which is called the pull-back Lie algebroid of the generalized Lie

algebroid ((F, ν,N) , [, ]F,h , (ρ, η)), where
(h◦π)∗F
ρ : (h ◦ π)∗F → TE is defined by

(h◦π)∗F
ρ (XαTα) = (gαb ◦ π)(ub ◦ π)(ρiα ◦ h ◦ π)∂i,

and [, ](h◦π)∗F is given by

[Tα, fTβ ](h◦π)∗F = f(Lγαβ ◦ h ◦ π)Tγ + (ρiα ◦ h ◦ π)∂i (f)Tβ ,

[fTα, Tβ ](h◦π)∗F = − [Tβ , fTα](h◦π)∗F ,

for any f ∈ F(E). Let (∂i, ∂̇a) be the base sections for the Lie F(E)-algebra
Γ(TE, τE , E) and we consider

∂̃α = Tα ⊕ (ρia ◦ h ◦ π)∂i,
˙̃
∂a = 0(h◦π)∗F ⊕ ∂̇a.

Now, we consider the vector subbundle ((ρ, η)TE, (ρ, η) τE , E) of the vector bundle

((h ◦ π)
∗
F ⊕ TE,

⊕
π,E), for which the F(E)-module of its sections is the F(E)-

submodule of Γ((h ◦ π)
∗
F ⊕ TE,

⊕
π,E) generated by the set of sections (∂̃α,

˙̃
∂a).

The base sections (∂̃α,
˙̃
∂a) are called the natural (ρ, η)-base. Defining

ρ̃(Xα∂̃α + X̃a ˙̃
∂a) = Xα(ρiα◦h◦π)∂i + X̃a∂̇a,

and

[Xα
1 ∂̃α + X̃a

1
˙̃
∂a, X

β
2 ∂̃β + X̃b

2
˙̃
∂b](ρ,η)TE = [Xα

1 Tα, X
β
2 Tβ ](h◦π)∗F

⊕[(Xα
1 (ρiα ◦ h ◦ π)∂i + X̃a

1 ∂̇a, X
β
2 (ρjβ ◦ h ◦ π)∂j + X̃b

2 ∂̇b)]TE ,

easily we obtain Lie algebroid structure ([, ](ρ,η)TE , (ρ̃, IdE)) for ((ρ, η)TE, (ρ, η)τE , E)
which is called the generalized tangent bundle (see [1, 2], for more details). Similarly,
we consider the diagram

∗
E

∗
g

−−−−→ (F, [, ]F,h)
ρ

−−−−→ TM
Th−−−−−−→ (TN, [, ]TN )

↓ ∗π ↓ ν ↓ τM ↓ τN ,

M
h−−−−→ N

η
−−−−→ M

h−−−−→ N

(2.3)
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where (
∗
g, h) is a vector bundle morphism from (

∗
E,
∗
π,M) to (F, ν,N) with compo-

nents gαb, α ∈ {1, 2, .., n} and b ∈ {1, 2, .., r}. Let (
∗
∂i, ∂̇

a) be the base sections for

the Lie F(
∗
E)-algebra (Γ(T

∗
E, τ ∗

E
,
∗
E), [, ]

T
∗
E

). Defining

(h ◦ ∗π)∗F (Xα
∗
Tα) = (gαb ◦ ∗π)(ub ◦

∗
π)(ρiα ◦ h ◦

∗
π)
∗
∂i,

and

[
∗
Tα, f

∗
T β ]

(h◦∗π)∗F
= f(Lγαβ ◦ h ◦

∗
π)
∗
T γ + (ρiα ◦ h ◦

∗
π)
∗
∂i(f)

∗
T β ,

[f
∗
Tα,

∗
T β ]

(h◦∗π)∗F
= −[

∗
T β , f

∗
Tα]

(h◦∗π)∗F
,

it is easy to check that

(((h ◦ ∗π)∗F, (h ◦ ∗π)∗ν,
∗
E), [, ]

(h◦∗π)∗F
, (

(h◦∗π)∗F
ρ , Id ∗

E
)),

is a Lie algebroid which is called the pull-back Lie algebroid of ((F, ν,N) , [, ]F,h , (ρ, η))

[3]. Now, we consider the vector subbundle ((ρ, η)T
∗
E, (ρ, η) τ ∗

E
,
∗
E) of the vector

bundle ((h◦ ∗π)∗F⊕T
∗
E,

⊕
∗
π,
∗
E), such that the F(

∗
E)-module of its sections is generated

by the set of sections (
∗
∂̃α,

˙̃
∂
a

), where
∗
∂̃α =

∗
Tα ⊕ (ρiα ◦ h ◦

∗
π)
∗
∂i,

˙̃
∂
a

= 0
(h◦∗π)∗F

⊕ ∂̇a.

Considering
∗
ρ̃(Xα

∗
∂̃α + X̃a

˙̃
∂a) = Xα(ρiα◦h◦

∗
π)
∗
∂i + X̃a∂̇

a,

and

[Xα
1

∗
∂̃α + X̃1

a
˙̃
∂a, Xβ

2

∗
∂̃β + X̃2

b
˙̃
∂b]

(ρ,η)T
∗
E

= [Xα
1

∗
Tα +Xβ

2

∗
T β ](

h◦∗π
)∗
F

⊕ [Xα
1 (ρiα ◦ h ◦

∗
π)
∗
∂i + X̃1

a ∂̇
a, Xβ

2 (ρjβ ◦ h ◦
∗
π)
∗
∂j + X̃2

b ∂̇
b]
T
∗
E
,

easily we deduce that ([, ]
(ρ,η)T

∗
E
, (
∗
ρ̃, Id ∗

E
)) is a Lie algebroid structure for ((ρ, η)T

∗
E, (ρ, η)τ ∗

E
,
∗
E)

which is called the generalized tangent bundle (see [1, 2], for more details).

3. Vertical and complete (g, h)-lifts of sections of a vector bundle

In this section, we consider the diagram (2.2) for the generalized Lie algebroid
((F, ν,N), [, ]F,h, (ρ, η)). Also, we admit that (g, h) is a vector bundles morphism
locally invertible from (E, π,M) to (F, ν,N) with components

gαb , α ∈ {1, · · · , n}, b ∈ {1, . . . , r}.
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So, for any vector local (m + r)-chart (V, tV ) of (E, π,M), there exist the real
functions

V
g̃bα−−−−−−→ R, α ∈ {1, · · · , n}, b ∈ {1, · · · , r},

such that g̃bα(κ) · gαa (κ) = δba and g̃
a
α(κ) · gβa (κ) = δβα, for any κ ∈ V . Thus, we

can discuss about vector bundles morphism
(
g−1, h−1

)
from (F, ν,N) to (E, π,M)

with components

g̃bα ◦ h−1, α ∈ {1, · · · , n}, b ∈ {1, · · · , r}.
Definition 3.1. If f ∈ F (N) (respectively f ∈ F (M)), then the real function
f∨ = f ◦ h ◦ π (respectively f∨ = f ◦ π) is called the vertical lift of the functionf.

It is remarkable that since

(Γ(Th ◦ ρ, h ◦ η)Γ(g, h)(uasa))(f) = (gαb u
b) ◦ h−1ρiα

∂(f◦h)
∂xi ◦ h

−1,

then using the above definition we get

(Γ(Th ◦ ρ, h ◦ η)Γ(g, h)(uasa)(f))v = ((gαb u
bρiα ◦ h) ◦ π)∂i(f ◦ h ◦ π). (3.1)

Definition 3.2. If u = uasa is a section of (E, π,M), then we introduce the vertical
lift of u as section of Γ(TE, τE , E) given by

u∨ = (ub ◦ π)∂̇a. (3.2)

If {sa} be a basis of sections of Γ(E, π,M), then using the above equation we
have

s∨a = ∂̇a.

Using the locally expression of u∨ we can deduce

Lemma 3.3. If u and v are sections of E and f ∈ F(M), then

(u+ v)∨ = u∨ + v∨, (fu)∨ = f∨u∨, u∨(f∨) = 0.

For any z ∈ Γ(F, ν,N), the F(N)-multilinear application

Λ(F, ν,N)
Lz−−−−−→ Λ(F, ν,N) ,

defined by
Lz(f) = [Γ(Th ◦ ρ, h ◦ η)z](f), ∀f ∈ F(N),

and

Lzθ(z1, ..., zq) = Γ(Th ◦ ρ, h ◦ η)z(ω(z1, ..., zq))

−
q∑
i=1

θ((z1, ..., [z, zi]F,h, ..., zq)),

for any θ ∈ Λq (F, ν,N) and z1, ..., zq ∈ Γ(F, ν,N), will be called the covariant Lie
derivative with respect to the section z. Also for any u ∈ Γ(E, π,M), the F(M)-
multilinear application

Λ(E, π,M)
(g,h)Lu−−−−−−−−−−→ Λ(E, π,M),
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defined by

(g, h)Lu(f) = (g, h)∗{Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u)(g−1, h−1)∗f}, ∀f ∈ F(M),

and

(g, h)Luω(u1, ..., uq)
= (g, h)∗{LΓ(g,h)u(g−1, h−1)∗ω(Γ(g, h)u1, ...,Γ(g, h)uq)}
= (g, h)∗{Γ(Th ◦ ρ, h ◦ η)[Γ(g, h)u](g−1, h−1)∗ω(Γ(g, h)u1, ...,Γ(g, h)uq)}
−(g, h)∗{(g−1, h−1)∗ω(Γ(g, h)u1, ..., [Γ(g, h)u,Γ(g, h)ui]F,h, ...,Γ(g, h)uq)},

for any ω ∈ Λq (E, π,M) and u1, ..., uq ∈ Γ(E, π,M), will be called the covariant
Lie (g, h)-derivative with respect to the section u.

Definition 3.4. For any a = 1, · · · , r, we consider the real function Ua on E such
that

Ua|π−1(V )(ux) = ya,

where the real numbers y1, · · · , yr are the fibre components of the point ux in the
arbitrary vector local (m+ r)-chart (V, sV ).

Using the above definition, we can deduce ∂̇b(Ua) = δab and ∂i(U
a) = 0, where

a, b ∈ {1, · · · , r} and i ∈ {1, · · · ,m}.
Now, let ω = ωas

a ∈ Λ1 (E, π,M). Then we consider the real function ω̂ defined
by

ω̂|π−1(V ) = Ua(ωa ◦ π)|π−1(V ),

where (V, sV ) is an arbitrary vector local (m+ r)-chart.

Theorem 3.5. Let u be a section of (E, π,M). Then there exists a unique vec-
tor field uc ∈ Γ(TE, τE , E), the complete (g, h)-lift of u, satisfying the following
conditions:
i) uc is (h ◦ π)-related with Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u), i.e.,

T (h ◦ π)(ucvx) = {Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u)}(h ◦ π(vx)),

ii) uc(ω̂) = ̂(g, h)Luω, ∀ω ∈ Λ1 (E, π,M).

Proof. At first we let that there exists uc such that it satisfies in (i) and (ii). Since
uc is a vector field on E, then we can write it as follows:

uc = Ai∂i +Ba∂̇a,

where Ai, Ba ∈ F(E). We have

T (h ◦ π)(∂ivx)(f) = Tπ(∂ivx)(f ◦ h) = ∂ivx(f ◦ h ◦ π),

and
T (h ◦ π)(∂̇avx)(f) = Tπ(∂̇avx)(f ◦ h) = ∂̇avx(f ◦ h ◦ π) = 0.

From two above equations we obtain

T (h ◦ π)(ucvx)(f) = Ai(vx)∂ivx(f ◦ h ◦ π).



306 E. PEYGHAN, L. NOURMOHAMMADIFAR, AND C. M. ARCUŞ

On the other hand we have

Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u)h ◦ π(vx)(f)

= ((gαc ◦ π)(uc ◦ π)(ρiα ◦ h ◦ π))(vx)∂ivx(f ◦ h ◦ π).

Condition (i) gives us Ai = (gαc u
cρiα ◦ h) ◦ π. Therefore we have

uc = ((gαc u
cρiα ◦ h) ◦ π)∂i +Ba∂̇a.

Now, let ω = ωbs
b ∈ Λ1 (E, π,M). Then we get

uc(ω̂) = U b((gαc u
cρiα ◦ h) ◦ π)∂i(ωb ◦ π) +Bb(ωb ◦ π).

Now, let Kγ
a (u) tγ = [Γ (g, h)u,Γ (g, h) sa]F,h. Then we get

Kγ
a (u) = (gβc u

c) ◦ h−1ρjβ
∂gγa
∂xi ◦ h

−1 − (gαa ◦ h−1)ρiα
∂(gγc u

c)
∂xi ◦ h−1

+(gαc u
c) ◦ h−1Lγαβ(gβa ◦ h−1).

On the other hand we have

(g, h)Luω(sa) = (g, h)∗{Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u)(g−1, h−1)∗ω(Γ(g, h)sa)}
−(g, h)∗{(g−1, h−1)∗ω(Kγ

a (u)tγ)}
= gαb u

b(ρiα ◦ h)∂ωa∂xi − g̃
b
γωbK

γ
a (u) ◦ h

= gαb u
b(ρiα ◦ h)∂ωa∂xi − g

β
c u

c(ρjβ ◦ h)
∂gγa
∂xi g̃

b
γωb

−gαa (ρiα ◦ h)
∂(gγc u

c)
∂xi g̃bγωb + gαc u

c(Lγαβ ◦ h)gβa g̃
b
γωb.

Thus we have

̂(g, h)Luω = Ua((g, h)Luω(sa)) ◦ π
= Ua(gαb u

b(ρiα ◦ h)∂ωa∂xi − g̃
b
γωbK

γ
a (u) ◦ h) ◦ π

= Ua{(gαb ub(ρiα ◦ h)∂ωa∂xi − g̃
b
γωbg

β
c u

c(ρjβ ◦ h)
∂gγa
∂xi ) ◦ π

+(−gαa (ρiα ◦ h)
∂(gγc u

c)
∂xi g̃bγωb + gαc u

c(Lγαβ ◦ h)gβa g̃
b
γωb) ◦ π}.

But condition (ii) gives us

Bb(ωb ◦ π) = −Ua(Kγ
a (u) ◦ h ◦ π)((g̃bγωb) ◦ π).

Since ω is arbitrary, then we suppose that ω = sb. Thus we have ωb = 1 and
ωa = 0, for any a 6= b. Therefore we obtain

Bb = −Ua(Kγ
a (u) ◦ h ◦ π)(g̃bγ ◦ π).

So, for uc we can obtain the following locally expression:

uc = (gαe u
eρiα ◦ h) ◦ π∂i − Ua(Kγ

a (u) ◦ h ◦ π)(g̃bγ ◦ π)∂̇b. (3.3)

The above relation proves the existence and uniqueness of the complete lift. �

Definition 3.6. The complete (g, h)-lift of a function f ∈ F(N) into F(E) is the
function

f c : E −→ R,
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defined by

f c|π−1(V ) = Ua(gba ◦ π)(ρib ◦ h ◦ π)∂i(f ◦ h ◦ π)|π−1(V ), (3.4)

where (V, sV ) is an arbitrary vector local (m+ r)-chart.

Lemma 3.7. If u is a section of (E, π,M) and f, f1, f2 ∈ F(N), then

(i) (f1 + f2)c = f c1 + f c2 ,
(ii) (f1f2)c = f c1f

∨
2 + f∨1 f

c
2 ,

(iii) u∨(f c) = {Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u)(f)}∨.

Proof. We only prove (iii). Using (3.1), (3.2) and (3.4) we obtain

u∨(f c) = (ub ◦ π)∂̇b(U
b(gαb ◦ π)(ρiα ◦ h ◦ π)∂i(f ◦ h ◦ π))

= (gαb ◦ π)(ub ◦ π)(ρiα ◦ h ◦ π)∂i(f ◦ h ◦ π)

= {(gαb ◦ h−1)(ub ◦ h−1)ρiα((∂i(f ◦ h)) ◦ h−1)} ◦ h ◦ π
= {Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u)(f)}∨.

�

Lemma 3.8. Let u be a section of (E, π,M). Then

uc(f c) = {(Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u)(f)}c, ∀f ∈ F(N).

Proof. Using (3.3) and (3.4) we get

{(Γ(Th ◦ ρ, h ◦ η)(Γ(g, h)u)(f)}c
= ((gαe ◦ h−1)(ue ◦ h−1)ρiα∂i(f ◦ h) ◦ h−1)c

= U b(gβb ◦ π)(ρjβ ◦ h ◦ π)∂j((g
α
e ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)∂i(f ◦ h ◦ π))

= U b(gβb ◦ π)(ρjβ ◦ h ◦ π)(∂j(g
α
e ◦ π))(ue ◦ π)(ρiα ◦ h ◦ π)∂i(f ◦ h ◦ π)

+U b(gβb ◦ π)(ρjβ ◦ h ◦ π)(gαe ◦ π)(∂j(u
e ◦ π))(ρiα ◦ h ◦ π)∂i(f ◦ h ◦ π)

+U b(gβb ◦ π)(ρjβ ◦ h ◦ π)(gαe ◦ π)(ue ◦ π)(∂j(ρ
i
α ◦ h ◦ π))∂i(f ◦ h ◦ π)

+U b(gβb ◦ π)(ρjβ ◦ h ◦ π)(gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)∂j∂i(f ◦ h ◦ π).
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Again, (3.3) and (3.4) give us

uc(f c) = (gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)∂i(U
b(gβb ◦ π)(ρjβ ◦ h ◦ π)∂j(f ◦ h ◦ π))

−Ua(Kγ
a (u) ◦ h ◦ π)(g̃bγ ◦ π)∂̇b(U

b(gβb ◦ π)(ρjβ ◦ h ◦ π)∂j(f ◦ h ◦ π))

= U b(gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)(∂i(g
β
b ◦ π))(ρjβ ◦ h ◦ π)∂j(f ◦ h ◦ π)

+U b(gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)(gβb ◦ π)(∂i(ρ
j
β ◦ h ◦ π))∂j(f ◦ h ◦ π)

+U b(gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)(gβb ◦ π)(ρjβ ◦ h ◦ π)∂i∂j(f ◦ h ◦ π)

−Ua(Kβ
a (u) ◦ h ◦ π)(ρjβ ◦ h ◦ π)∂j(f ◦ h ◦ π)

= U b(gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)(∂i(g
β
b ◦ π))(ρjβ ◦ h ◦ π)∂j(f ◦ h ◦ π)

+U b(gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)(gβb ◦ π)(∂i(ρ
j
β ◦ h ◦ π))∂j(f ◦ h ◦ π)

+U b(gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)(gβb ◦ π)(ρjβ ◦ h ◦ π)∂i∂j(f ◦ h ◦ π)

−U b((gβc uc) ◦ π(ρjβ ◦ h ◦ π)∂j(g
γ
b ◦ π))(ρkγ ◦ h ◦ π)∂k(f ◦ h ◦ π)

+U b(gαb ◦ π)ρiα ◦ h ◦ π(∂i(g
γ
c u

c) ◦ π)(ρkγ ◦ h ◦ π)∂k(f ◦ h ◦ π)

−U b(gαc uc) ◦ π(Lγαβ ◦ h ◦ π)(gβb ◦ π)(ρkγ ◦ h ◦ π)∂k(f ◦ h ◦ π).

Using (2.1) in the above equation, we obtain the assertion. �

Definition 3.9. The complete (g, h)-lift uC of a section u ∈ Γ(E, π,M) is the
section of ((ρ, η)TE, (ρ, η)τE , E) given by

uC = (gαe ◦ π)(ue ◦ π)Tα ⊕ (gαe ◦ π)(ue ◦ π)(ρiα ◦ h ◦ π)∂i
−Ua(Kγ

a (u) ◦ h ◦ π)(g̃bγ ◦ π)(0(h◦π)∗E ⊕ ∂̇b)
= ((gαe ◦ π)(ue ◦ π))Tα ⊕ (ρiα ◦ h ◦ π)∂i
−Ua(Kγ

a (u) ◦ h ◦ π)(g̃bγ ◦ π)(0(h◦π)∗E ⊕ ∂̇b)
= ((gαe ◦ π)(ue ◦ π))∂̃α − Ua(Kγ

a (u) ◦ h ◦ π)(g̃bγ ◦ π)
˙̃
∂b.

(3.5)

Using the above definition, we can obtain

Γ(ρ̃, IdE)(uC) = uc.

In the particular case of Lie algebroids, (g, η, h) = (IdE , IdM , IdM ), the complete
lifts are given by the equality

uc = {(uaρia) ◦ π}∂i + yb{(ρib∂iua + udLabd) ◦ π}∂̇a,

uC = (ua ◦ π)∂̃a + yb{(ρib∂iua + udLabd) ◦ π}
˙̃
∂a,

and in the classical case, ρ = IdTM , the complete lifts are given by the equality

uC = (Xi ◦ π)∂i + yj(∂jX
i ◦ π)∂̇i = uc.

Definition 3.10. If u = uasa is a section of (E, π,M), then we introduce the
vertical (g, h)-lift of u as a section of ((ρ, η)TE, (ρ, η)τE , E) given by

uV = 0(h◦π)∗E ⊕ u∨.
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If u = uaea ∈ Γ(E, π,M), then in the locally expressions we get

uV = 0(h◦π)∗E ⊕ (ua ◦ π)∂̇a = (ua ◦ π)(0(h◦π)∗E ⊕ ∂̇a) = (ua ◦ π)
˙̃
∂a. (3.6)

In particular, we have sVa =
˙̃
∂a.

Remark 3.11. Using the almost tangent (g, h)-structure J(g,h) given by

J(g,h)(Z
α∂̃α + Y b

˙̃
∂b) = (g̃bα ◦ π)Zα

˙̃
∂b,

it results that J(g,h)(u
C) = uV .

Theorem 3.12. The Lie brackets of vertical and complete (g, h)-lifts satisfy the
following equalities:

i) [uV , vV ](ρ,η)TE = 0,

ii) [uV , vC ](ρ,η)TE = {Γ(g−1, h−1)[Γ(g, h)u,Γ(g, h)v]F,h}V ,
iii) [uC , vC ](ρ,η)TE = {Γ(g−1, h−1)[Γ(g, h)u,Γ(g, h)v]F,h}C .

Proof. Direct calculation gives us

[uV , vC ](ρ,η)TE = −{((uag̃bγ) ◦ π)(((gβc v
c(ρjβ ◦ h)) ◦ π)∂j(g

γ
a ◦ π)

− ((gαa (ρiα ◦ h)) ◦ π)∂i((g
γ
c v

c) ◦ π) + ((gαc v
cgβa (Lγαβ ◦ h)) ◦ π))

+ ((gαc v
c(ρiα ◦ h)) ◦ π)∂i(u

b ◦ π)} ˙̃
∂b. (3.7)

On the other hand, we have

[Γ(g, h)(u),Γ(g, h)(v)]F,h = [((gαa u
a) ◦ h−1)tα, ((g

β
b v

b) ◦ h−1)tβ ]F,h

= ((gαa u
a) ◦ h−1)Γ(Th ◦ ρ, h ◦ η)(tα)((gβb v

b) ◦ h−1)tβ

− ((gβb v
b) ◦ h−1)Γ(Th ◦ ρ, h ◦ η)(tβ)((gαa u

a) ◦ h−1)tα

+ ((gαa u
agβb v

b) ◦ h−1)Lγαβtγ

= {((gαa ua) ◦ h−1)ρiα
∂(gγb v

b)

∂xi
◦ h−1 − ((gβb v

b) ◦ h−1)ρiβ
∂(gγau

a)

∂xi
◦ h−1

+ ((gαa u
agβb v

b) ◦ h−1)Lγαβ}tγ .

The above equation gives us

Γ(g−1, h−1)([Γ(g, h)(u),Γ(g, h)(v)]F,h = g̃dγ{gαa ua(ρiα ◦ h)
∂(gγb v

b)

∂xi

− gβb v
b(ρiβ ◦ h)

∂(gγau
a)

∂xi
+ gαa u

agβb v
b(Lγαβ ◦ h)}sd.
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Thus

(Γ(g−1, h−1)[Γ(g, h)(u),Γ(g, h)(v)]F,h)V = (g̃dγ ◦ π){((vbgαa ua(ρiα ◦ h)) ◦ π)∂i(g
γ
b ◦ π)

+ ((gγb g
α
a u

a(ρiα ◦ h)) ◦ π)∂i(v
b ◦ π)− ((uagβb v

b(ρiβ ◦ h)) ◦ π)∂i(g
γ
a ◦ π)

− ((gγag
β
b v

b(ρiβ ◦ h)) ◦ π)∂i(u
a ◦ π) + (gαa u

agβb v
b(Lγαβ ◦ h)) ◦ π} ˙̃

∂d. (3.8)

From (3.7) and (3.8) we get (ii). Now we prove (iii). we have

{Γ(g−1, h−1)[Γ(g, h)u,Γ(g, h)v]F,h}C = Aγ ∂̃γ + Br ˙̃
∂r, (3.9)

where

Aγ = ((gαe u
e(ρiα ◦ h)) ◦ π)∂i((g

λ
c v

c) ◦ π)− ((gβc v
c(ρiβ ◦ h)) ◦ π)∂i((g

γ
eu

e) ◦ π)

+ ((gαe u
egβc v

c(Lγαβ ◦ h) ◦ π),

and

Br = −Ud(g̃rγ ◦ π)
{

((gαa u
a((ρiαρ

j
λ) ◦ h)) ◦ π)∂i((g

λ
b v

b) ◦ π)∂j(g
γ
d ◦ π)

− ((gβb v
b((ρiβρ

j
λ) ◦ h)) ◦ π)∂i((g

λ
au

a) ◦ π)∂j(g
γ
d ◦ π)

+ ((gαa u
agβb v

b((Lλαβρ
j
λ) ◦ h)) ◦ π)∂j(g

γ
d ◦ π)

− ((gλd ((ρjλρ
i
α) ◦ h)) ◦ π)∂j((g

α
a u

a) ◦ π)∂i((g
γ
b v

b) ◦ π)

− ((gλd g
α
a u

a(ρjλ ◦ h)) ◦ π)∂j(ρ
i
α ◦ h ◦ π)∂i((g

γ
b v

b) ◦ π)

− ((gλd g
α
a u

a((ρiαρ
j
λ) ◦ h)) ◦ π)∂j∂i((g

γ
b v

b) ◦ π)

+ ((gλd ((ρjλρ
i
β) ◦ h)) ◦ π)∂j((g

β
b v

b) ◦ π)∂i((g
γ
au

a) ◦ π)

+ ((gλd g
β
b v

b(ρjλ ◦ h)) ◦ π)∂j(ρ
i
β ◦ h ◦ π)∂i((g

γ
au

a) ◦ π)

+ ((gλd g
β
b v

b((ρiβρ
j
λ) ◦ h)) ◦ π)∂j∂i((g

γ
au

a) ◦ π)

− ((gλd g
β
b v

b((Lγαβρ
j
λ) ◦ h)) ◦ π)∂j((g

α
a u

a) ◦ π)

− ((gλd g
α
a u

a((Lγαβρ
j
λ) ◦ h)) ◦ π)∂j((g

β
b v

b) ◦ π)

− ((gλd g
α
a u

agβb v
b(ρjλ ◦ h)) ◦ π)∂j(L

γ
αβ ◦ h ◦ π)

+ ((gµd g
α
a u

a((Lγλµρ
i
α) ◦ h)) ◦ π)∂i((g

λ
b v

b) ◦ π)

− ((gµd g
β
b v

b((Lγλµρ
i
β) ◦ h)) ◦ π)∂i((g

λ
au

a) ◦ π)

+ ((gµd g
α
a u

agβb v
b((LγλµL

λ
αβ) ◦ h)) ◦ π)

}
.

Using (3.5) and direct calculation we get

[uC , vC ](ρ,η)TE = Aγ ∂̃γ + (Br + Cr) ˙̃
∂r, (3.10)
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where

Cr = −Ud(g̃rγ ◦ π)
{
− ((g̃aαg

λ
c u

cgσe v
e((ρiσρ

j
λ) ◦ h)) ◦ π)∂j(g

α
d ◦ π)∂i(g

γ
a ◦ π)

+ ((g̃bβg
λ
c v

cgσe u
e((ρiσρ

j
λ) ◦ h)) ◦ π)∂j(g

β
d ◦ π)∂i(g

γ
b ◦ π)

+ ((g̃aαg
λ
d g

σ
e v

e((ρiσρ
j
λ) ◦ h)) ◦ π)∂j((g

α
c u

c) ◦ π)∂i(g
γ
a ◦ π)

− ((g̃bβg
λ
d g

σ
e u

e((ρiσρ
j
λ) ◦ h)) ◦ π)∂j((g

β
c v

c) ◦ π)∂i(g
γ
b ◦ π)

− ((g̃aαg
λ
c u

cgσe v
e((Lαλµρ

i
σ) ◦ h)) ◦ π)∂i(g

γ
a ◦ π)

+ ((g̃bβg
λ
c v

cgσe u
e((Lβλµρ

i
σ) ◦ h)) ◦ π)∂i(g

γ
b ◦ π)

}
− Ud((gαe uegλc vc((ρiαρ

j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j(g

γ
d ◦ π)

+ Ud((gαe u
egλd ((ρiαρ

j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j((g

γ
c v

c) ◦ π)

− Ud((gαe uegλc vcg
µ
d∂i(g̃

r
γ ◦ π)((Lγλµρ

i
α) ◦ h)) ◦ π)

+ Ud((gβe v
egλc u

c((ρiβρ
j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j(g

γ
d ◦ π)

− Ud((gβe vegλd ((ρiβρ
j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j((g

γ
c u

c) ◦ π)

+ Ud((gβe v
egλc u

cgµd∂i(g̃
r
γ ◦ π)((Lγλµρ

i
β) ◦ h)) ◦ π). (3.11)

On the other hand, we have

gγd = g̃aαg
γ
ag

α
d .

Derivative of the above expression with respect to j, we get

∂j(g
γ
d ) = −∂j(g̃aα)gγag

α
d .

Using the above equation, we obtain

− Ud((gαe uegλc vc((ρiαρ
j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j(g

γ
d ◦ π)

= Ud((gαe u
egλc v

c((ρiαρ
j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j(g̃

a
α ◦ π)(gγa ◦ π)(gαd ◦ π)

= −Ud((gαe uegλc vc((ρiαρ
j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)g̃aα∂j(g

γ
a ◦ π)(gαd ◦ π)

= Ud((gαe u
egλc v

c((ρiαρ
j
λ) ◦ h)) ◦ π)(g̃rγ ◦ π)∂i(g̃

a
α ◦ π)∂j(g

γ
a ◦ π)(gαd ◦ π)

= Ud((gαe u
egλc v

c((ρiαρ
j
λ) ◦ h)) ◦ π)(g̃rγ ◦ π)(g̃aα ◦ π)∂j(g

γ
a ◦ π)∂i(g

α
d ◦ π). (3.12)

Similarly, we have

Ud((gαe u
egλd ((ρiαρ

j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j((g

γ
c v

c) ◦ π)

= −Ud(g̃rγ ◦ π)((g̃bβg
λ
d g

σ
e u

e((ρiσρ
j
λ) ◦ h)) ◦ π)∂j((g

β
c v

c) ◦ π)∂i(g
γ
b ◦ π), (3.13)

Ud((gαe u
egλc v

cgµd∂i(g̃
r
γ ◦ π)((Lγλµρ

i
α) ◦ h)) ◦ π)

= −Ud(g̃rγ ◦ π)((g̃bβg
λ
c v

cgσe u
e((Lβλµρ

i
σ) ◦ h)) ◦ π)∂i(g

γ
b ◦ π), (3.14)
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Ud(g̃rγ ◦ π)((g̃bβg
λ
c v

cgσe u
e((ρiσρ

j
λ) ◦ h)) ◦ π)∂j(g

β
d ◦ π)∂i(g

γ
b ◦ π)

= −Ud((gβe vegλc uc((ρiβρ
j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j(g

γ
d ◦ π), (3.15)

Ud((gβe v
egλd ((ρiβρ

j
λ) ◦ h)) ◦ π)∂i(g̃

r
γ ◦ π)∂j((g

γ
c u

c) ◦ π)

= −Ud(g̃rγ ◦ π)((g̃aαg
λ
d g

σ
e v

e((ρiσρ
j
λ) ◦ h)) ◦ π)∂j((g

α
c u

c) ◦ π)∂i(g
γ
a ◦ π), (3.16)

and

Ud((gβe v
egλc u

cgµd∂i(g̃
r
γ ◦ π)((Lγλµρ

i
β) ◦ h)) ◦ π)

= −Ud(g̃rγ ◦ π)((g̃aαg
λ
c u

cgσe v
e((Lαλµρ

i
σ) ◦ h)) ◦ π)∂i(g

γ
a ◦ π). (3.17)

Setting (3.13)-(3.17) in (3.11) we deduce that Cr = 0. This equation together with
(3.9) and (3.10) give us (iii). �

4. Vertical and complete (
∗
g, h)-lifts of sections of a dual vector

bundle

In this section, we consider the diagram (2.3), where ((F, ν,N), [, ]F,h, (ρ, η)) is

a generalized Lie algebroid. We admit that (
∗
g, h) is a vector bundles morphism

locally invertible from (
∗
E,
∗
π,M) to (F, ν,N) with components

gαb, α ∈ {1, · · · , n}, b ∈ {1, · · · , r}.

So, for any local (m+ r)-chart (V, tV ) of (
∗
E,
∗
π,M), there exists the real functions

g̃bα : V
g̃bα−−−−−−−→ R, α ∈ {1, · · · , n}, b ∈ {1, · · · , r},

such that

g̃bα (κ) · gαa (κ) = δab , gαa (κ) g̃aβ (κ) = δαβ ,

for any κ ∈ V . So, we can discuss about vector bundles morphism (
∗
g
−1
, h−1) from

(F, ν,N) to (
∗
E,
∗
π,M) with components g̃bα, α ∈ {1, · · · , n}, b ∈ {1, · · · , r}.

Definition 4.1. If f ∈ F (N) (respectively f ∈ F (M)), then the real function
f∨ = f ◦ h ◦ ∗π (respectively f∨ = f ◦ ∗π) is called the vertical lift of the function f.

Since

(Γ(Th ◦ ρ, h ◦ η)Γ(
∗
g, h)(uas

a))(f) = (gαbub) ◦ h−1ρiα
∂(f◦h)
∂xi ◦ h

−1,

then using the above definition we obtain

(Γ(Th ◦ ρ, h ◦ η)Γ(
∗
g, h)(uas

a)(f))v = ((gαbubρ
i
α ◦ h) ◦ ∗π)

∗
∂i(f ◦ h ◦

∗
π).
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Definition 4.2. If
∗
u = uas

a is a section of (
∗
E,
∗
π,M), then we introduce the vertical

lift of
∗
u as a section of (T

∗
E, τ ∗

E
,
∗
E) by,

∗
u
∨

= (ua ◦ π)∂̇a.

If {sa} be a basis of sections of Γ(
∗
E,
∗
π,M), then using the above equation we

have
(sa)∨ = ∂̇a.

Using the locally expression of
∗
u
∨
we can deduce

Lemma 4.3. If
∗
u and

∗
v are sections of (

∗
E,
∗
π,M) and f ∈ F(M), then

(
∗
u+

∗
v)∨ =

∗
u
∨

+
∗
v
∨
, (f

∗
u)∨ = f∨

∗
u
∨
,

∗
u
∨

(f∨) = 0.

Definition 4.4. For any
∗
u ∈ Γ(

∗
E,
∗
π,M), the F(M)-multilinear application

Λ(
∗
E,
∗
π,M)

(
∗
g,h)L∗

u−−−−−−−−−−→ Λ(
∗
E,
∗
π,M) ,

defined by

(
∗
g, h)L∗

u
(f) = (

∗
g, h)∗{Γ(Th ◦ ρ, h ◦ η)[Γ(

∗
g, h)

∗
u](
∗
g
−1
, h−1)∗f}, ∀f ∈ F(M),

and

(
∗
g, h)L∗

u

∗
ω(
∗
u1, · · · ,

∗
uq) = (

∗
g, h)∗{L

Γ(g,h)
∗
u
(
∗
g
−1
, h−1)∗

∗
ω(Γ(

∗
g, h)

∗
u1, · · · ,Γ(

∗
g, h)

∗
uq)}

= (
∗
g, h)∗{Γ(Th ◦ ρ, h ◦ η)[Γ(

∗
g, h)

∗
u](
∗
g
−1
, h−1)∗

∗
ω(Γ(

∗
g, h)

∗
u1, · · · ,Γ(

∗
g, h)

∗
uq)}

−(
∗
g, h)∗{(∗g

−1
, h−1)∗

∗
ω(Γ(

∗
g, h)

∗
u1, · · · , [Γ(

∗
g, h)

∗
u,Γ(

∗
g, h)

∗
ui]F,h, · · · ,Γ(

∗
g, h)

∗
uq)},

for any ω ∈ Λq (
∗
E,
∗
π,M) and

∗
u1, ...,

∗
uq ∈ Γ(

∗
E,
∗
π,M), will be called the covariant

Lie (g, h)-derivative with respect to the section
∗
u.

Definition 4.5. For any a = 1, · · · , r, we consider the real function Ua on
∗
E such

that
Ua|∗

π
−1

(V )
(
∗
ux) = pa,

where the real numbers p1, · · · , pr are the fibre components of the point
∗
ux in the

arbitrary vector local (m+ r)-chart (V, sV ).

Using the above definition we have ∂̇b (Ua) = δba and ∂i (Ua) = 0, where α ∈
{1, · · · , n}, b ∈ {1, · · · , r}.

Definition 4.6. If
∗
ω = ωasa ∈ Λ1 (

∗
E,
∗
π,M), then we consider the real function

∗̂
ω

defined by
∗̂
ω|∗
π
−1

(V )
= Ua(ωa ◦ ∗π)|∗

π
−1

(V )
,
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where (V, sV ) is an arbitrary vector local (m+ r)-chart.

Theorem 4.7. Let
∗
u be a section of (

∗
E,
∗
π,M). Then there exists a unique vec-

tor field
∗
u
c
∈ Γ(T

∗
E, τ ∗

E
,
∗
E), the complete (

∗
g, h)-lift of

∗
u, satisfying the following

conditions:
i)
∗
u
c
is (h ◦ ∗π)-related with Γ(Th ◦ ρ, h ◦ η)(Γ(

∗
g, h)(

∗
u)), i.e.,

T (h ◦ ∗π)(
∗
u
c
∗
vx) = {Γ(Th ◦ ρ, h ◦ η)(Γ(

∗
g, h)(

∗
u))}(h ◦ ∗π(

∗
vx)),

ii)
∗
u
c
(
∗̂
ω) =

̂
(
∗
g, h)L∗

u

∗
ω,

for any
∗
ω ∈ Λ1 (

∗
E,
∗
π,M).

Proof. Similar to the proof of Theorem 3.5, we obtain the following locally expres-
sion for

∗
u
c
that show the existence and uniqueness of it.
∗
u
c

= ((gαeueρ
i
α ◦ h) ◦ ∗π)

∗
∂i − Ua(Kγa(

∗
u) ◦ h ◦ ∗π)(g̃bγ ◦

∗
π)∂̇b,

where

Kγa(
∗
u) = (gβcucρ

j
β

∂ (gγa)

∂xi
− gαaρiα

∂ (gγcuc)

∂xi
+ gαcucL

γ
αβg

βa) ◦ h−1.

�

Definition 4.8. The complete (
∗
g, h)-lift of a function f ∈ F(N) into F(

∗
E) is the

function

f c :
∗
E −→ R,

defined by

f c|∗
π
−1

(V )
= Ua(gαa ◦ ∗π)(ρiα ◦ h ◦

∗
π)
∗
∂i(f ◦ h ◦

∗
π)|∗

π
−1

(V )
,

where (V, sV ) is an arbitrary vector local (m+ r)-chart.

Similar to the Lemmas 3.7 and 3.8, we have

Lemma 4.9. If
∗
u is a section of (

∗
E,
∗
π,M) and f, f1, f2 ∈ F(N), then

(i) (f1 + f2)c = f c1 + f c2 ,
(ii) (f1f2)c = f c1f

∨
2 + f∨1 f

c
2 ,

(iii)
∗
u
∨

(f c) = {Γ(Th ◦ ρ, h ◦ η)(Γ(
∗
g, h)

∗
u)(f)}∨,

(iv)
∗
u
c
(f c) = {(Γ(Th ◦ ρ, h ◦ η)(Γ(

∗
g, h)

∗
u)(f)}c.

Definition 4.10. The complete (
∗
g, h)-lift

∗
u
C
of a section

∗
u ∈ Γ(

∗
E,
∗
π,M) is the

section of ((ρ, η)T
∗
E, (ρ, η)τ ∗

E
,
∗
E) given by

∗
u
C

= ((gαe ◦ ∗π)(ue ◦
∗
π))∂̃α − Ua(Kγa(

∗
u) ◦ h ◦ ∗π)(g̃bγ ◦

∗
π)

˙̃
∂b. (4.1)
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It is easy to check that Γ(
∗
ρ̃, Id ∗

E
)(
∗
u
C

) =
∗
u
c
.

Definition 4.11. If
∗
u = uas

a be a section of (
∗
E,
∗
π,M), then we introduce the

vertical lift of
∗
u as section of ((ρ, η)T

∗
E, (ρ, η) τ ∗

E
,
∗
E) given by

∗
u
V

= 0
(h◦∗π)∗E

⊕ ∗u
∨
.

If u = uaea ∈ Γ(E, π,M), then in the locally expressions we get

∗
u
V

= (ua ◦
∗
π)

˙̃
∂a, (4.2)

which gives us (sa)
V

=
˙̃
∂a. Using the almost tangent (

∗
g, h)-structure

∗
J

(
∗
g,h)

given
by

∗
J

(
∗
g,h)

(Zα∂̃α + Y b
˙̃
∂b) = (g̃bα ◦

∗
π)Zα

˙̃
∂
b

,

it results that
∗
J

(
∗
g,h)

(
∗
u
C

) =
∗
u
V
. Similar to Theorem 3.12 we can deduce the

following

Theorem 4.12. The Lie brackets of generalized vertical lifts and generalized com-
plete (

∗
g, h)-lifts satisfy the following equalities:

i) [
∗
u
V
,
∗
v
V

]
(ρ,η)T

∗
E

= 0,

ii) [
∗
u
V
,
∗
v
C

]
(ρ,η)T

∗
E

= {Γ(
∗
g
−1
, h−1)[Γ(

∗
g, h)

∗
u,Γ(

∗
g, h)

∗
v]F,h}V ,

iii) [
∗
u
C
,
∗
v
C

]
(ρ,η)T

∗
E

= {Γ(
∗
g
−1
, h−1)[Γ(

∗
g, h)

∗
u,Γ(

∗
g, h)

∗
v]F,h}C .

5. Duality between vertical and complete lifts

A Lagrange fundamental function on the vector bundle (E, π,M) is a function
E

L−−−→ R which satisfies the following conditions:
L1. L ◦ u ∈ C∞ (M), for any u ∈ Γ (E, π,M) \ {0};
L2. L ◦ 0 ∈ C0 (M), where 0 means the null section of (E, π,M).

If (U, sU ) is a local vector (m+ r)-chart, then we obtain the following real functions
defined on π−1 (U):

Li =
∂L

∂xi
, Lib =

∂2L

∂xi∂yb
, La =

∂L

∂ya
, Lab =

∂2L

∂ya∂yb
.

If L is a Lagrange fundamental function such that

rank ‖Lab (ux)‖ = r,
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for any ux ∈ π−1 (U) \ {0x}, then we will say that the Lagrange fundamental func-
tion L is regular and we obtain the real functions L̃ab locally defined by

π−1 (U)
L̃ab−−−−−→ R

ux 7−→ L̃ab (ux)
,

where
∥∥∥L̃ab (ux)

∥∥∥ = ‖Lba (ux)‖−1, for any ux ∈ π−1 (U) \ {0x} (see [2], for more
details).

Definition 5.1. If L is a Lagrange fundamental function, then we build the Le-
gendre bundles morphism

E
ϕL−−−−−−→

∗
E

π ↓ ↓ ∗π
M

IdM−−−−−−−→ M

,

locally defined

π−1(U)
ϕL−−−−−−−→

∗
π
−1

(U),
ux = ua(x)sa(x) 7−→ ua(x)Lab(ux)sb(x),

(5.1)

for any vector local (m+ r)-charts (U, sU ) and (U,
∗
sU ) of (E, π,M) and (

∗
E,
∗
π,M),

respectively.

Using the above definition, we deduce that if u = uasa belongs to Γ(E, π,M),
then we obtain its Legendre transformation

Γ(ϕL, IdM )(u) = (ua(Lab ◦ u))sb,

belongs to Γ(
∗
E,
∗
π,M).

If L is a Lagrange fundamental function positively homogenous of degree two,
namely
F1. L is positively 2-homogeneous on the fibres of vector bundle (E, π,M) ;

F2. For any vector local (m+ r)-chart (U, sU ) of (E, π,M) , the Hessian

‖L ab (ux)‖ ,
is positively define for any ux ∈ π−1 (U) \ {0x}, then L will be called Finsler fun-
damental function.

Proposition 5.2. If L is a Finsler fundamental function on the vector bundle
(E, π,M), then

ϕL (ux) = Lb (ux) sb (x) , ∀ux ∈ E.

Proof. From (5.1) we have ϕL(ux) = ua(x)Lab(ux)sb(x). But, the Finsler funda-
mental function L satisfies

ua(x)Lab(ux) = Lb,
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because L is positively 2-homogenous on the fibres of (E, π,M). This complete the
proof. �

A Hamilton fundamental function on the dual vector bundle (
∗
E,
∗
π,M) is a func-

tion
∗
E

H−−−→ R which satisfies the following conditions:
H1. H ◦

∗
u ∈ C∞(M), for any

∗
u ∈ Γ(

∗
E,
∗
π,M) \ {0};

H2. H ◦ 0 ∈ C0(M), where 0 means the null section of (
∗
E,
∗
π,M).

If (U,
∗
sU ) is a local vector (m+r)-chart, then we obtain the following real functions

defined on
∗
π
−1

(U):

Hi =
∂H

∂xi
, Hb

i=
∂2H

∂xi∂pb
, Ha=

∂H

∂pa
, Hab=

∂2H

∂pa∂pb
.

If H is a Hamilton fundamental function such that

rank‖Hab(
∗
ux)‖ = r,

for any
∗
ux ∈

∗
π
−1

(U)\{0x}, then we will say that the Hamilton fundamental function
H is regular and we obtain the real functions H̃ab locally defined by

∗
π
−1

(U)
H̃ab−−−−−→ R

∗
ux 7−→ H̃ab(

∗
ux)

,

where ‖H̃ab(
∗
ux)‖ = ‖Hab(

∗
ux)‖−1, for any

∗
ux ∈

∗
π
−1

(U)\{0x}.

Definition 5.3. If H is a Hamilton fundamental function on the vector bundle

(
∗
E,
∗
π,M), then we build the Legendre bundles morphism

∗
E

ϕH−−−−−−−→ E
∗
π ↓ ↓ π
M

IdM−−−−−−−→ M

,

where ϕH is locally defined
∗
π
−1

(U)
ϕH−−−−−−−→ π−1(U)

∗
ux = ua(x)sa(x), 7−→ ua(x)Hab(

∗
ux)sb(x)

,

for any vector local (m + r)-chart (U, sU ) of (E, π,M) and for any vector local

(m+ r)-chart (U,
∗
sU ) of (

∗
E,
∗
π,M).

Using the above definition, we deduce that if
∗
u = uas

a belongs to Γ(
∗
E,
∗
π,M),

then we obtain its Legendre transformation

Γ(ϕH , IdM )(
∗
u) = (ua(Hab ◦ u))sb,

belongs to Γ(E, π,M).
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Definition 5.4. If H is Hamilton fundamental function positively homogeneous of
degree two, namely

C1. H is positively 2-homogeneous on the fibres of vector bundle (
∗
E,
∗
π,M);

C2. For any vector local (m+ r)-chart (U,
∗
sU ) of (

∗
E,
∗
π,M), the Hessian:

‖Hab(
∗
ux)‖,

is positively define for any
∗
ux ∈

∗
π
−1

(U)\{0x}, then H will be called Cartan funda-
mental function.
Similar to Proposition 5.2, we have the following

Proposition 5.5. If H is a Cartan fundamental function, then

ϕH(
∗
ux) = Hb(

∗
ux)sb(x), ∀∗ux ∈

∗
E.

Theorem 5.6. If L is a Lagrange fundamental function on the vector bundle

(E, π,M) and H is a Hamiltonian on the dual vector bundle (
∗
E,
∗
π,M), then

i) ϕH ◦ ϕL = Idπ−1(U) if and only if L is regular and L̃ab = Hab ◦ ϕL,
ii) ϕL ◦ ϕH = Id∗

π
−1

(U)
if and only if H is regular and H̃ab = Lab ◦ ϕH .

Proof. Using Definition 5.1 and Definition 5.3, we deduce that

ϕH ◦ ϕL (ux) = ϕH
(
ua (x)Lab (ux) sb (x)

)
= ua (x)Lab (ux)Hbc (ϕL (ux)) sc (x)
= Idπ−1(U) (ux) ,

if and only if
Lab (ux)Hbc (ϕL (ux)) = δca (ux) ,

for any ux ∈ π−1 (U). Thus we have (i). Similar, we can prove (ii). �

Definition 5.7. If L is a Lagrange fundamental function on the vector bundle
(E, π,M) , then the Hamilton fundamental function H, locally defined by

∗
π
−1

(U)
H−−−−−→ R

∗
ux = ua (x) sa (x) 7−→ ua (x)ua (x)− L (ux)

,

for any vector local (m+r)-chart (U,
∗
sU ) of (

∗
E,
∗
π,M), where ua(x), a ∈ {1, · · · , r},

are the components of the solution of the system of differentiable equations
u1 (x) = ua (x)La1 (ux) ,
...

...
...

ur (x) = ua (x)Lar (ux) ,

, ux ∈ π−1 (U) ,

will be called the Legendre transformation of the Lagrangian L.
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It is remarkable that in the general case, if L is a Lagrange fundamental function
on the vector bundle (E, π,M) and H is its Legendre transformation, then H◦ϕL 6=
L, but in particular, if L is a Finsler fundamental function on the vector bundle
(E, π,M) and H is its Legendre transformation, then H ◦ ϕL = L.

Definition 5.8. If H is a Hamilton fundamental function on the dual vector bundle

(
∗
E,
∗
π,M), then the Lagrange fundamental function L, locally defined by

π−1(U)
L−−−−−→ R

ux = ua(x)sa(x) 7−→ ua(x)ua(x)−H(
∗
ux)

,

for any vector local (m+ r)-chart (U, sU ) of (E, π,M) , where
(
ua (x) , a ∈ 1, r

)
are

the components of the solution of the system of differentiable equations
u1(x) = ua(x)Ha1(

∗
ux)

...
...

...
ur(x) = ua(x)Har(

∗
ux)

,
∗
ux ∈

∗
π
−1

(U),

will be called the Legendre transformation of the Hamiltonian H.

In general, if H is a Hamilton fundamental function on the vector bundle

(
∗
E,
∗
π,M) and L is its Legendre transformation, then L ◦ ϕH 6= H, but in particu-

lar, if H is a Cartan fundamental function on the vector bundle (
∗
E,
∗
π,M) and L is

its Legendre transformation, then L ◦ ϕH = H.

Remark 5.9. The Hamilton fundamental function H is the Legendre transforma-
tion of the Lagrange fundamental function L if and only if the Lagrange fundamental
function L is the Legendre transformation of the Hamilton fundamental function H.

Let L be a Lagrangian on the vector bundle (E, π,M) and let H be its Legendre
transformation.
Using the Legendre bundles morphism (ϕL, IdM ), we build the vector bundles

morphism ((ρ, η)TϕL, ϕL) given by the diagram

(ρ, η)TE
(ρ,η)TϕL−−−−−−−−−→ (ρ, η)T

∗
E

(ρ, η) τE ↓ ↓ (ρ, η) τ ∗
E

E
ϕL−−−−−−−−−→

∗
E

,

such that

Γ((ρ, η)TϕL, ϕL)(Zα∂̃α) = (Zα ◦ ϕH)
˙̃
∂α + [(ρiα◦h◦π)ZαLib] ◦ ϕH

˙̃
∂
b

,

Γ((ρ, η)TϕL, ϕL)(Y a
˙̃
∂a) = (Y aLab) ◦ ϕH

˙̃
∂b,

for any Zα∂̃α + Y a
˙̃
∂a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E). The vector bundles morphism

((ρ, η)TϕL, ϕL) will be called the tangent (ρ, η)-application of the Legendre bundles
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morphism associated to the Lagrangian L. Using this application together with
(3.5), (3.6) we deduce the following theorems.

Theorem 5.10. If u = uasa ∈ Γ (E, π,M) such that

Γ((ρ, η)TϕL, ϕL)(uV ) = Γ(ϕL, IdM )(u),

then

ua ◦ π ◦ ϕH = ua ◦ ∗π, Lab ◦ ϕH = Lab ◦ u ◦
∗
π.

Theorem 5.11. If u = uasa ∈ Γ (E, π,M) such that

Γ((ρ, η)TϕL, ϕL)(uC) = Γ(ϕL, IdM )(u),

then

(gαeue) ◦
∗
π = (gαe u

e) ◦ π ◦ ϕH ,
Ua[Kγa(

∗
u) ◦ h ◦ ∗π](g̃bγ ◦

∗
π) = {Ua(Kγ

a (u) ◦ h ◦ π)(g̃cγ ◦ π)Lcb} ◦ ϕH
−{(ρiα ◦ h ◦ π)((gαe u

e) ◦ π)Lib} ◦ ϕH .

Using the bundles morphism (ϕH , IdM ), we build the vector bundles morphism
((ρ, η)TϕH , ϕH) given by the diagram

(ρ, η)T
∗
E

(ρ,η)TϕH−−−−−−−−−−→ (ρ, η)TE
(ρ, η) τ ∗

E
↓ ↓ (ρ, η) τE

E∗
ϕH−−−−−−−−−→ E

,

such that

Γ((ρ, η)TϕH , ϕH)(Zα
∗
∂̃α) = (Zα ◦ ϕL)∂̃α + [(ρiα◦h◦

∗
π)ZαHb

i ] ◦ ϕL
˙̃
∂b,

Γ((ρ, η)TϕH , ϕH)(Ya
˙̃
∂
a

) = (YaH
ab) ◦ ϕL

˙̃
∂b,

for any Zα
∗
∂̃α + Ya

·
∂̃

a

∈ Γ((ρ, η)T
∗
E, (ρ, η)τ ∗

E
,
∗
E). The vector bundles morphism

((ρ, η)TϕH , ϕH) will be called the tangent (ρ, η)-application of the Legendre bundles
morphism associated to the Hamiltonian H. Using this application together with
(4.1) and (4.2) we deduce the following theorems.

Theorem 5.12. If
∗
u = uas

a ∈ Γ(
∗
E,
∗
π,M) such that

Γ((ρ, η)TϕH , ϕH)(
∗
u
V

) = Γ(ϕH , IdM )(
∗
u),

then

ua ◦
∗
π ◦ ϕL = ua ◦ π, Hab ◦ ϕL = Hab ◦ ∗u ◦ π.

Theorem 5.13. If
∗
u = uas

a ∈ Γ(
∗
E,
∗
π,M) such that

Γ((ρ, η)TϕH , ϕH)(
∗
u
C

) = Γ(ϕH , IdM )(
∗
u),
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then

(gαe u
e) ◦ π = (gαeue) ◦

∗
π ◦ ϕL,

Ua(Kγ
a (u) ◦ h ◦ π)(g̃bγ ◦ π) = {Ua(Kγa(

∗
u) ◦ h ◦ ∗π)(g̃cγ ◦

∗
π)Hcb} ◦ ϕL

−{(ρiα ◦ h ◦
∗
π)((gαe u

e) ◦ ∗π)Hb
i } ◦ ϕL.

6. Duality between Lie algebroids structures

Theorem 6.1. If the vector bundles morphism ((ρ, η)TϕL, ϕL) is a morphism of
Lie algebroids, then we obtain:

(Lγαβ ◦ h ◦ π) ◦ ϕH = Lγαβ ◦ h ◦
∗
π,

((Lγαβρ
k
γ) ◦ h ◦ π · Lkb) ◦ ϕH = ρiα◦h◦

∗
π · ∂

∂xi ((ρ
j
β◦h◦π · Ljb) ◦ ϕH)

−ρjβ◦h◦
∗
π · ∂

∂xj ((ρiα◦h◦π · Lib) ◦ ϕH)

+(ρiα◦h◦π · Lia) ◦ ϕH · ∂
∂pa

((ρjβ◦h◦π · Ljb) ◦ ϕH)

−(ρjβ◦h◦π · Lja) ◦ ϕH · ∂
∂pa

((ρiα◦h◦π · Lib) ◦ ϕH),

0 = ρiα◦h◦
∗
π · ∂

∂xi (Lba ◦ ϕH) + (ρiα◦h◦π · Lbc) ◦ ϕH ∂
∂pc

(Lia ◦ ϕH)

−Lbc ◦ ϕH · ∂
∂pc

((ρiα◦h◦π · Lia) ◦ ϕH),

and
0 = Lac ◦ ϕH · ∂

∂pc
(Lbd ◦ ϕH)− Lbd ◦ ϕH · ∂

∂pd
(Lac ◦ ϕH) .

Proof. Developing the following equalities

Γ((ρ, η)TϕL, ϕL)[∂̃α, ∂̃β ](ρ,η)TE

= [Γ((ρ, η)TϕL, ϕL)∂̃α,Γ((ρ, η)TϕL, ϕL)∂̃β ]
(ρ,η)T

∗
E
,

Γ((ρ, η)TϕL, ϕL)[∂̃α,
˙̃
∂b](ρ,η)TE

= [Γ((ρ, η)TϕL, ϕL)∂̃α,Γ((ρ, η)TϕL, ϕL)
˙̃
∂b]

(ρ,η)T
∗
E
,

and

Γ((ρ, η)TϕL, ϕL)[
˙̃
∂a,

˙̃
∂b](ρ,η)TE

= [Γ((ρ, η)TϕL, ϕL)
˙̃
∂a,Γ((ρ, η)TϕL, ϕL)

˙̃
∂b]

(ρ,η)T
∗
E
,

it results the conclusion of the theorem. �

Corollary 6.2. In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain:

(Lγαβ ◦ π) ◦ ϕH = Lγαβ ◦
∗
π,
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((Lγαβρ
k
γ) ◦ π · Lkb) ◦ ϕH = ρiα◦

∗
π · ∂

∂xi ((ρ
j
β◦π · Ljb) ◦ ϕH)

−ρjβ◦
∗
π · ∂

∂xj ((ρiα◦π · Lib) ◦ ϕH)

+(ρiα◦π · Lia) ◦ ϕH · ∂
∂pa

((ρjβ◦π · Ljb) ◦ ϕH)

−(ρjβ◦π · Lja) ◦ ϕH · ∂
∂pa

((ρiα◦π · Lib) ◦ ϕH),

0 = ρiα◦
∗
π · ∂

∂xi (Lba ◦ ϕH) + (ρiα◦π · Lbc) ◦ ϕH ∂
∂pc

(Lia ◦ ϕH)

−Lbc ◦ ϕH · ∂
∂pc

(
(
ρiα◦π · Lia

)
◦ ϕH),

and
0 = Lac ◦ ϕH · ∂

∂pc
(Lbd ◦ ϕH)− Lbc ◦ ϕH · ∂

∂pc
(Lad ◦ ϕH).

In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain:

0 = ∂
∂xi (

∂2L
∂xj∂yk

◦ ϕH)− ∂
∂xj ( ∂2L

∂xi∂yk
◦ ϕH)

+ ∂2L
∂xi∂yh

◦ ϕH · ∂
∂ph

( ∂2L
∂xj∂yk

◦ ϕH)− ∂2L
∂xj∂yh

◦ ϕH · ∂
∂ph

( ∂2L
∂xi∂yk

◦ ϕH),

0 = ∂
∂xi (

∂2L
∂yj∂yk

◦ ϕH) + ∂2L
∂xi∂yh

◦ ϕH · ∂
∂ph

( ∂2L
∂yj∂yk

◦ ϕH)

− ∂2L
∂xj∂yh

◦ ϕH · ∂
∂ph

( ∂2L
∂xi∂yk

◦ ϕH),

and

0 = ∂2L
∂yi∂yh

◦ ϕH · ∂
∂ph

( ∂2L
∂yj∂yk

◦ ϕH)− ∂2L
∂yj∂yh

◦ ϕH · ∂
∂ph

( ∂2L
∂yi∂yk

◦ ϕH).

Theorem 6.3. If the vector bundles morphism ((ρ, η)TϕH , ϕH) is a morphism of
Lie algebroids, then we obtain:

(Lγαβ ◦ h ◦
∗
π) ◦ ϕL = Lγαβ ◦ h ◦ π,

((Lγαβρ
k
γ) ◦ h ◦ ∗π ·Hb

k) ◦ ϕL = ρiα◦h◦π · ∂
∂xi ((ρ

j
β◦h◦

∗
π ·Hb

j ) ◦ ϕL)

−ρjβ◦h◦π · ∂
∂xj ((ρiα◦h◦

∗
π ·Hb

i ) ◦ ϕL)

+(ρiα◦h◦
∗
π ·Hc

i ) ◦ ϕL · ∂
∂yc ((ρjβ◦h◦

∗
π ·Hb

j ) ◦ ϕL)

−(ρjβ◦h◦
∗
π ·Hc

j ) ◦ ϕL · ∂
∂yc ((ρiα◦h◦

∗
π ·Hb

i ) ◦ ϕL),

0 = ρiα◦h◦π · ∂
∂xi (H

ba ◦ ϕL) + (ρiα◦h◦
∗
π ·Hbc) ◦ ϕL ∂

∂yc (Hba ◦ ϕL)

−Hbc ◦ ϕL · ∂
∂yc ((ρiα◦h◦

∗
π ·Ha

i ) ◦ ϕL),

and
0 = Hac ◦ ϕL · ∂

∂yc (Hbd ◦ ϕL)−Hbc ◦ ϕL · ∂
∂yc (Had ◦ ϕL).

Proof. Developing the equalities

Γ((ρ, η)TϕH , ϕH)[
∗
∂̃α,

∗
∂̃β ]

(ρ,η)T
∗
E

= [Γ((ρ, η)TϕH , ϕH)
∗
∂̃α,Γ((ρ, η)TϕH , ϕH)

∗
∂̃β ](ρ,η)TE ,



VERTICAL AND COMPLETE LIFTS 323

Γ((ρ, η)TϕH , ϕH)[
∗
∂̃α,

˙̃
∂
b

]
(ρ,η)T

∗
E

= [Γ((ρ, η)TϕH , ϕH)
∗
∂̃α,Γ((ρ, η)TϕH , ϕH)

˙̃
∂
b

](ρ,η)TE ,

and

Γ((ρ, η)TϕH , ϕH)[
˙̃
∂
a

,
˙̃
∂
b

]
(ρ,η)T

∗
E

= [Γ((ρ, η)TϕH , ϕH)
˙̃
∂
a

,Γ((ρ, η)TϕH , ϕH)
˙̃
∂
b

](ρ,η)TE ,

it results the conclusion of the theorem. �

Corollary 6.4. In the particular case of Lie algebroids, (η, h) = (IdM , IdM ), we
obtain

(Lγαβ ◦
∗
π) ◦ ϕL= Lγαβ ◦ π,

((Lγαβρ
k
γ) ◦ ∗π ·Hb

k) ◦ ϕL = ρiα◦π · ∂
∂xi ((ρ

j
β◦
∗
π ·Hb

j ) ◦ ϕL)

−ρjβ◦π · ∂
∂xj ((ρiα◦

∗
π ·Hb

i ) ◦ ϕL) + (ρiα◦
∗
π ·Hc

i ) ◦ ϕL · ∂
∂yc ((ρjβ◦

∗
π ·Hb

j ) ◦ ϕL)

−(ρjβ◦
∗
π ·Hc

j ) ◦ ϕL · ∂
∂yc ((ρiα◦

∗
π ·Hb

i ) ◦ ϕL),

0 = ρiα◦π · ∂
∂xi (H

ba ◦ ϕL) + (ρiα◦
∗
π ·Hbc) ◦ ϕL ∂

∂yc (Hba ◦ ϕL)

−Hbc ◦ ϕL · ∂
∂yc ((ρiα◦

∗
π ·Ha

i ) ◦ ϕL),

and
0 = Hac ◦ ϕL · ∂

∂yc (Hbd ◦ ϕL)−Hbc ◦ ϕL · ∂
∂yc (Had ◦ ϕL).

In the classical case, (ρ, η, h) = (IdTM , IdM , IdM ), we obtain

0 = ∂
∂xi (

∂2H
∂xk∂pj

◦ ϕL)− ∂
∂xk

( ∂2H
∂xi∂pj

◦ ϕL) + ∂2H
∂xi∂ph

◦ ϕL · ∂
∂yh

( ∂2H
∂xk∂pj

◦ ϕL)

− ∂2H
∂xk∂ph

◦ ϕL · ∂
∂yh

(( ∂2H
∂xi∂pj

◦ ϕL) ◦ ϕL),

0 = ∂
∂xk

( ∂2H
∂pi∂pj

◦ ϕL) + ∂2H
∂pi∂ph

◦ ϕL · ∂
∂yh

( ∂2H
∂xk∂pj

◦ ϕL)

− ∂2H
∂pj∂ph

◦ ϕL · ∂
∂yh

( ∂2H
∂xk∂pi

◦ ϕL),

and

0 = ∂2H
∂pi∂pk

◦ ϕL · ∂
∂yk

( ∂2H
∂pj∂ph

◦ ϕL)− ∂2H
∂pj∂pk

◦ ϕL · ∂
∂yk

( ∂2H
∂pi∂ph

◦ ϕL).

Definition 6.5. If ((ρ, η)TϕL, ϕL) and ((ρ, η)TϕH , ϕH) are Lie algebroids mor-

phisms, then we will say that (E, π,M)and (
∗
E,
∗
π,M) are Legendre (ρ, η)-equivalent

and we will write

(E, π,M)
L

(̃ρ,η)(
∗
E,
∗
π,M).
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[3] Arcuş, C. M. and Peyghan, E., (Pseudo) generalized Kaluza—Klein G-spaces
and Einstein equations, International Journal of Mathematics 25(12), (2014), doi:
10.1142/S0129167X1450116X.
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