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VERTICAL AND COMPLETE LIFTS OF SECTIONS OF A
(DUAL) VECTOR BUNDLE AND LEGENDRE DUALITY

E. PEYGHAN, L. NOURMOHAMMADIFAR, AND C. M. ARCUS

ABSTRACT. Using the covariant derivative for exterior forms of a (dual) vector
bundle, the complete lift of an arbitrary section of a (dual) vector bundle is
discovered. A theory of Legendre type and Legendre duality between vertical
lifts and between complete lifts are presented. Finally, a duality between Lie
algebroids structures is developed.

1. INTRODUCTION

The Sasaki lift of a Riemannian metric structure on M is an important exam-
ple of metric structures on T'M which is used in differential geometry with many
applications in physics [19]. Lifts of geometrical structures of TM to TTM were
introduced and studied by several authors [8 @ [I0 11} 20]. In many papers such
as [5], [12], [14] 17, 18], the authors studied the lifts of geometric objects to the second
order tangent bundle, tensor bundle and jet bundle.

The Lie algebroids are important issues in physics and mechanics since the exten-
sion of Lagrangian and Hamiltonian systems to their entity [0 [7, [I5] and catching
the Poisson structure [I6]. Several authors presented and studied the lift of geo-
metrical objects of a Lie algebroid to the prolongation Lie algebroid. Using the
vertical and complete lifts of sections of a Lie algebroid, the first author presented
important results about Lie symmetry and horizontal lifts in the general framework
of prolongation Lie algebroid [I3].

Extending the notion of Lie algebroid from one base manifold to a pair of diffeo-
morphic base manifolds, the third author introduced the generalized Lie algebroid
[1]. Using the lift of a differentiable curve defined on the base of a generalized Lie
algebroid, he developed a new theory of mechanical systems with many applications
in physics [2]. The space used for developing this theory of mechanical systems is
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the Lie algebroid generalized tangent bundle

(((p7 W)TF» (pv n)TFv F)v [7 ](p,n)TFv (ﬁ» IdF))v

of a generalized Lie algebroid ((F,v,N),[,]rn, (p:1))-

The organization of the paper is as follows. Some notions and results about
exterior differential algebra of a vector bundle and information about generalized
Lie algebroids and in particular the Lie algebroid generalized tangent bundles

(((p7 W)TE7 (p7 n)TEv E)? [7](P,77)TE7 (ﬁv IdE))7

and
(o) TE, ()7, BN, L s (P Td)),

are recalled in Section 2. In Section 3, we introduce a Lie covariant derivative
for the exterior algebra of the vector bundle (E, 7, M) and using it, we introduce
in Theorem 11 the complete (g, h)-lift u¢ € T'(TE,Tg, E) of an arbitrary section
u € T'(E,m, M). Using the complete (g, h)-lift of a function f € F(N) we obtain
new results for vertical and complete (g, h)-lifts. In the final of Section 3, we
introduced the complete and vertical (g, h)-lifts

uc7 uV € F((p7 U)TE, (pa n)TEa E)7

of a section u € T'(E,w, M) and important results are presented. A dual theory
for the vertical and complete lifts is presented in Section 4 and similar results are
obtained. A general presentation of Lagrange (Finsler) and Hamilton (Cartan)
fundamental functions and a detailed theory of Legendre type are presented in
Section 5. Using the tangent (p,n)-application of the Legendre bundle morphism
associated to a Lagrange respectively Hamilton fundamental function, we obtain
new results about duality between vertical lifts and between complete lifts in Section
5. New results about duality between Lie algebroids structures and the Legendre

(p,m)-equivalence between the vector bundle (E,m, M) and its dual (E,r, M) are
presented in Section 6.

2. PRELIMINARIES

Let (E, 7, M) be an arbitrary vector bundle, I'(E, w, M) be the set of the sections
of the vector bundle (E,w, M) and F(M) be the set of differentiable real-valued
functions on M. For any ¢ € N, we denote by (Z,,0) the permutations group of
{1,2,...,q}. We denoted by A4(E,m, M) the set of ¢g-linear applications

NE,rm,M)? —— F(M)
(Z17'7Zq) L — w(zl7'7zq) ’
such that
w(za(l)’ ) ZU(Q)) = Sgn(o) : w(zh ) Zq)7
for any z1,...,2y € I'(E,m, M) and for any o € ¥,. The elements of AY(E,m, M)
will be called differential forms of degree q or differential q-forms.
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A generalized Lie algebroid is a vector bundle (F, v, N) given by the diagrams:

(F,[,]1r.n) (TM,[,]rn) A (TN, [,]rn)
lv L Tm L TN )
N - M —h N

where h and n are arbitrary isomorphisms, (p,n) is a vector bundles morphism from
(F,v,N) to (TM, 7, M) and the operation

Llen

I'(F,v,N) x I'(F,v,N) I(F,v,N)
(u,v) — [u, v]Fn ’

satisfies in
[u, f-v]pn = flu,v]lpn + T (Thop,hon)(u)f-v, VfeF(N),
such that the 4-tuple (I'(F,v,N),+,,[,]r ) is a Lie F(NN)-algebra, where

T(Thop,hon)(zta)(f) = 22 ph (2L y o 1,

for any z%t, € I'(F,v,N) and f € F(N) (see [I, 2 B, 4], for more details). We
denote by ((F,v,N),[,]rn, (p,n)) the generalized Lie algebroid defined in the above.
Moreover, the couple ([, ], (p,n)) is called the generalized Lie algebroid structure.
In particular, if n = Idy; = h, then we obtain the definition of Lie algebroid. So,
any Lie algebroid can be regarded as a generalized Lie algebroid.

If we take local coordinates (x%) and (x*) on open sets V.C M and W C N,
respectively, then we have the corresponding local coordinates (z%,%%) and (x?, 2%)
on TM and TN, respectively, where i,7 € {1,...,m}. Moreover, we consider
(x", 2%) as the local coordinates on F, where a € {1,...,p}. If {t,} is a local basis
for module of sections of (F,v, N), then we put [ta,ts]rn = Llﬁtw where Lzlﬁ are
local functions on N and «, 8,7 € {1,...,p}. It is easy to see that Llﬂ = —Lga
and

) O(pkoh . koh
s mihom = (o m 2B (o 2eaol) )
The local functions L] 5 introduced in the above are called the structure functions
of the generalized Lie algebroid ((F,v,N),[,]1rn, (p,1))-

A morphism from ((F,v,N),[,]rn (p,n)) to (F',v',N'),[,1e 0, (p',7')) is a
morphism (¢, ¢y) from (F,v,N) to (F',v/,N’) such that ¢, is an isomorphism
from N to N’, and the modules morphism I'(p, ) is a Lie algebras morphism
from (I'(F,v,N),[,]rr) to (T(F',v',N’),[,]# n’). Thus, we can discuss about the
category of generalized Lie algebroids [T} 2].

2.1. The generalized tangent bundle of a vector bundle and its dual.
Let ((F,v,N),[,]Fn,(p,n)) be a generalized Lie algebroid, (E,w, M) be a vector
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bundle and (g,h) be a vector bundle morphism from (E,7, M) to (F,v, N) with

components g5, o € {1,2,--- ,n}and b € {1,2,--- ,r}. We consider the diagrams:
E  —'— (Fllp) —— TM T (TN,[]rw)
I lv L7 7w . (2.2)
M I N . M N

It is known that

* * (hOﬂ')*F
(((h’oﬂ-) F,(hOTf') V7E)a[a](h0ﬂ—)*Fa( P aIdE))a

is a Lie algebroid which is called the pull-back Lie algebroid of the generalized Lie
algebroid ((F,v,N),[,]p, . (p,n)), where (hoz) i (hom)*F — TF is defined by

T T (XOT,) = (g8 o m) (Wb o )(ply 0 ho m),

and [,](hor)+F is given by
[T, fTB](hOTr)*F = f(Lggohom)Ty + (Pl 0 hom)0; (f) Ts,
[fTa’ TB](hOTr)*F == [TB’ fTa](hmr)*F ’

for any f € F(E). Let (9;,8,) be the base sections for the Lie F(E)-algebra
I(TE,7g, F) and we consider

5a=Ta€B(pfthO7T)ai 5(1:0(;10#)*1:@3&.
Now, we consider the vector subbundle ((p,n) TE, (p,n) Tr, E) of the vector bundle
(hom)"F & TE,%E), for which the F(E)-module of its sections is the F(E)-
submodule of T'((hom)* F & TE,%E) generated by the set of sections (Jn,ds).

The base sections (0, 9,) are called the natural (p,n)-base. Defining
XD + X°Da) = X(ply0hom)d; + X o,
and ' .
(X700 + X§0u, X505 + X304) (pnyre = [XPTa, X5 T5) (hom) -
S[(X{ (ol 0 h o m)0; + X{10a, X3 (p)y  ho m)0; + X300)]re,
easily we obtain Lie algebroid structure ([, ], ,re, (9, Idg)) for ((p,n)TE, (p,n)7E, E)

which is called the generalized tangent bundle (see [1, 2], for more details). Similarly,
we consider the diagram

A (A [len) S TM h . (TN,[,]rn)
! ; lv LT L™~ R (2'3)
M N ., M —h N
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where (5, h) is a vector bundle morphism from (E’,;r, M) to (F,v,N) with compo-
nents g°°, « € {1,2,..,n} and b € {1,2,..,7}. Let (ai,éa) be the base sections for
the Lie F(E)-algebra (F(TE,TE,E), [’]TE)' Defining
(ho %) F(X2T4) = (g2 0 #)(up 0 #) (4, 0 h o #),
and
[Ton leB}(ho;r)*F = f(LZxﬂ oho ;)T’Y + (pZa oho 7>l;-)81(-}0),1—157

[fTom Tﬁ}(ho;r)*F = _[Tﬁv fTa](ho;r)*F’
it is easy to check that

(hom)*F

(((ho%)*Fv (ho%)*yaﬁ%[?](ho;{.)*pv( p

1d.)),

is a Lie algebroid which is called the pull-back Lie algebroid of ((F,v,N),]|, ]F,h ,(p,m))

[B]. Now, we consider the vector subbundle ((p,n)TE, (p,n) Tes E) of the vector
* @ * *
bundle ((hor)* F&TE, 7, E), such that the F(E)-module of its sections is generated

by the set of sections (94,0 ), where

0o =Ta® (phohom)d;, 0 = O(hofr)*F ® 0.
Considering
HXD0 + Kad®) = X0 0hom) B + Ko,
and

ozji o1 5a ﬁi &2 5b _ arg By
(X700 + X,0% X505 + X;0 ](p,n)Tﬁ = [XTTa + X5 TB](,LO;;)*F

@ [XE(p, 0 hom)d; + X;a.a,XQB(p]B' oho 7?')8j + X?éb]TE,

il deduce that (],
easily we deduce that (] ](meE

which is called the generalized tangent bundle (see [I} 2], for more details).

3. VERTICAL AND COMPLETE (g, h)-LIFTS OF SECTIONS OF A VECTOR BUNDLE

In this section, we consider the diagram (2.2)) for the generalized Lie algebroid
((Fyv,N),[,1#n, (p,n)). Also, we admit that (g, k) is a vector bundles morphism
locally invertible from (E, 7, M) to (F,v, N) with components

gy, ae{l,---,n}, be{l,...,r}

., (E, Idé)) is a Lie algebroid structure for ((p, n)TE’, (p,m)T

E,E)
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So, for any vector local (m + r)-chart (V,ty) of (E,m, M), there exist the real

functions
~b
9o

%4 R, ac{l,---,n}, be{l,---,r},
such that g8 () - g%(5¢) = 6% and §%(s) - g () = 6°, for any s € V. Thus, we
can discuss about vector bundles morphism (gfl, hil) from (F,v,N) to (E, 7, M)
with components
ggoh_l,OCE{l,"';n}; be{l’...’fr}.

Definition 3.1. If f € F(N) (respectively f € F(M)), then the real function
fY = fohom (respectively f¥ = f o) is called the vertical lift of the functionf.

It is remarkable that since
(D(Tho p, hon)T'(g, h)(u®sa))(f) = (g5u¥) o b= pl, 2L 0 BT,
then using the above definition we get
(C(Thop,hon(g,h)(usa)(f)" = ((g5upl 0 h) om)i(fohom). — (3.1)

Definition 3.2. Ifu = u®s, is a section of (E,w, M), then we introduce the vertical
lift of u as section of U'(TE, T, E) given by

u” = (ub o 7)d,. (3.2)

If {s,} be a basis of sections of T'(E,w, M), then using the above equation we
have

v
8y = 0Oq.

Using the locally expression of uV we can deduce
Lemma 3.3. If u and v are sections of E and f € F(M), then
(wto)’ =u’+o' (fu)’ = fu’, w’(f7)=0.

For any z € I'(F,v, N), the (N )-multilinear application

AF,v,N) —Z— A(F,v,N) ,

defined by
L:(f) = [L(Thop,hon)z](f), Vf € F(N),
and
L.0(z1,....,2q) = (Thop,hon)z(w(zi, ..., 2g))
q

- Z 0((217 sty [Z7 Zi]F,ha ) Zq)):
i=1
for any 0 € A? (F,v,N) and 21, ...,2y € I'(F,v, N), will be called the covariant Lie
derivative with respect to the section z. Also for any v € I'(E,m, M), the F(M)-
multilinear application

(9,R) L

ANE, 7, M) AE, 7, M),
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defined by
(9. M) Lu(f) = (9. 0)*{T(Th o p,hon)(T(g, h)u)(g~ ", h~1)" f}, Vf € F(M),

and

(g, h)Lyw(ut, ..., uq)

:(gah)*{ﬁr(g,h) ( -1 h‘ ) ( (gv )u17"'7 (g ) )}

— (9. W) {D(Tho p,hom)[D(g, hullg~", h~ 1) w(T(g, h)us, ... T(g, h)uy)}

*(97 h)*{(gila hil)*w(r(ga h)ub R [F( )ua F( )ul]F Ry e F(gv h)uq)}7
for any w € A? (E,m, M) and uy,...,uq € I'(E,m, M), will be called the covariant
Lie (g, h)-derivative with respect to the section u.

Definition 3.4. For anya=1,--- ,r, we consider the real function U® on E such
that

U1 vy (ue) = 9%,
where the real numbers y*,--- | y" are the fibre components of the point u, in the
arbitrary vector local (m + r)-chart (V, sy ).

Using the above definition, we can deduce 9,(U®) = 8¢ and 8;(U%) = 0, where
a,be{l,---,r}andie {1,---,m}.

Now, let w = w,s* € A* (E, 7, M). Then we consider the real function & defined
by

Olr-1(vy = U (wq o 7)|z-1(v),

where (V, sy) is an arbitrary vector local (m + r)-chart.
Theorem 3.5. Let u be a section of (E,m, M). Then there exists a unique vec-
tor field u¢ € T(TE,7g, E), the complete (g, h)-lift of u, satisfying the following
conditions:

i) u® is (h o m)-related with T'(Tho p,hon)(L(g, h)u), i.e.,

T(hom)(uy,) ={T(Thop,hon)(T (g, h)u)}(hom(vs)),
i) ut(@) = (¢, W) Law,  Yw e Al (E,m,M).

Proof. At first we let that there exists u¢ such that it satisfies in (i) and (ii). Since
u® is a vector field on E, then we can write it as follows:

u® = A'9; + B*0,,
where A%, B® € F(FE). We have
T(hom)(0iy,)(f) = Tm(0in,)(f 0 h) = Oiy, (f o hom),
and ) . .
T(hom)(Oav,)(f) = T7(8av,)(f © h) = Bay, (f o hoT) = 0.

From two above equations we obtain

T(hom) (s, )(f) = A'(v2)0j, (f o hom).
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On the other hand we have
L(Tho p,hon)(T'(g, h)u)h o m(vy)(f)
= (92 om)(u® o m)(pl, 0 h o m))(vy) By, (f 0 hoT).

Condition (i) gives us A* = (g%up!, o h) o 7. Therefore we have

u® = ((g%upl, o h) o w)d; + B*d,.

[

Now, let w = wys® € A (E, 7, M). Then we get
ut(Q) = U°((g%ucpl, o h) o m)0;(wpy o ) + B®(wy o 7).

C
Now, let K] (u)t, = [I'(g9,h)u,I' (g,h) Sa]F,n. Then we get
K () = (97u) o b~ ph Gl o ™" — (g3 o b= 1)l Xt o 7!
+(geu®) o k1LY o(gf o h).

On the other hand we have

(9,h)Luw(sa) = (g, h)* {T(Thop,hon)(T(g, h)u)(g~", h~")*w(T (g, h)sa)}
—(g, ) {(g7 " 1) w(K] (u)ty)}
= ggub(pl, o h)22s — Ghwy K (u) o h
= gpub(ph, 0 h) 228 — gBuc(p o h) 9% Ghw
—g2(ph, 0 W) 2LV Gy + gout (LY 5 0 h)gl gl

Thus we have
(g:h)Luw = U*((9.h) Luto(s4)) 0 7@
=U(ggub(p}, o h) % — GhwpK(u)oh)om
a @ i W ~ c( A J 994
=U {(gb ub(pa o h) %T”L - g?ywbgcﬁu (Pé oh) 3‘31 Jom
a( i o(glu’) ~ a,.c ~
+(—g2 (ol 0 ) 2L by, + geus (LY, 0 h)glghwy) o ).

But condition (ii) gives us
BY(wpom) = —-UYK)(u)oho w)((gf:wb) o).
Since w is arbitrary, then we suppose that w = s’. Thus we have w, = 1 and
wq = 0, for any a # b. Therefore we obtain
B = —U“K](u)oho n)(gz o).

So, for u® we can obtain the following locally expression:

u = (gQu®pl oh)omwd; — U (K] (u)oho w)(gg o W)éb. (3.3)
The above relation proves the existence and uniqueness of the complete lift. O
Definition 3.6. The complete (g, h)-lift of a function f € F(N) into F(E) is the

function
f¢E— R,
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defined by

1wy = Uga 0 m)(ph o hom)di(f o hom)le-1(v), (3-4)
where (V, sy) is an arbitrary vector local (m + r)-chart.

Lemma 3.7. If u is a section of (E,m, M) and f, f1, fo € F(N), then

(@) (f1+ f2)¢ = ff + [f5,
(@) (frf2)¢ = i1 + 115,
(#41) u¥ (f) = {T(Thop,hon)(T(g,h)u)(f)}".

Proof. We only prove (iii). Using (3.1)), (3.2) and (3.4]) we obtain

wY(/%) = (W o MU (g5 0 T)(pl, 0 ho W)Au(f o ho))
= (g8 om)(u’ o m) (i, 0 hom)Oi(f o ho)
= {(g5 o ™) (" o h ™) (@i(f o h) o ™M)} o how
— {D(Tho p,hom)(T(g, hyu)(£)}".

Lemma 3.8. Let u be a section of (E,7n, M). Then

u(f) ={(I(Thop,hon) (g, h)u)(f)}*, VfeF(N).
Proof. Using (3.3) and . we get

{(F(Thopvhon)( (9, R)u)(f)}*
=((g¥oh™?! )(u oh™Hpld;(foh)oh™1)e
— UP(gf o m) (s, 0 h o w5 (9 0 m)(u o ) (sl 0 homk(f o hom))
= U(g, om)(ph o hom)(d;(g2 o m))(u o m)(ph 0 hom)di(f o ho)
+U"(g,, o m)(pfy 0 hom) (g2 0 m)(;(u o 7))(ply 0 h o m)d;(f o hom)
(py 0 hom)(g2 o m) (e 0 7)(;(ph, 0 hom))ds(f o hom)
(0 ho m)(g& o m)(u 0 m) (gt o h o m);04(f  h o).

+U(gy o)
JrUb(gf o)
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Again, (3.3)) and (3.4]) give us

us(f) = (92 o m)(u® o m)(ply 0 h o m);(Ub(g, o m)(ph 0 hom)d;(f o hom))
—U(K)(u) o hom)(gh om)dy(U(g) OW)(PBOhOW)a (fohom))
= U(ge o m)(u® om)(ply Ohoﬂ)(a(gbOW))(PBOhOW)a'(thOW)
+U (g2 o m)(uf o ) (ply 0 hom)(g, o m)(Di(ph 0 hom))d;(f o hom)
+Ub(9307f)(ue°7f)/) ohom)(gy om)(phohom)dd;(fohon)
~U*(KP(u)ohom) pBOhOﬂ')a( ohom) '

= U (g2 o m)(u® o m)(pl, 0 hom)(9y(g, o m))(ply o hom)d;(f o hom)
+U (g2 o m)(u o m)(phy 0 hom)(gy o m)(Bi(ph o hom)d;(f o hom)
+U (g2 o) (u o 7)(pl, 0 hom)(gy o 7)(ph 0 hom)dd;(f o hom)
~U"((g2uc) O‘Tr(pgohoﬂ-)aj(gb OW))(PWOhOﬂ)ak(fohOW)

+U (g5t o m)ph, 0 ho m(Di(g2u )OW)(PWOhOW)ak(thOW)
—Ub(g?uc)ow(LW Ohow)(gb ow)(pWOhow)ak(thow).

AA\_/AA,—\\_/A

Using (2.1)) in the above equation, we obtain the assertion. O

Definition 3.9. The complete (g, h)-lift u® of a section u € T'(E, 7, M) is the
section of ((p,n)TE, (p,n)TE, E) given by

ue = (gf o m)(ut o m)Te & (97 0 m)(u o) h o )0,

USRI 1o w3 o) Oery )
= (92 o m)(u* 0 )T ® (ph, o hom)O; (3.5)
(K () o ho m)(@ 0 1) (Opony- i & ) ;

= (g2 o m)(u 0 m))do — UK (w) 0 ho m)(3, 0 m).

Using the above definition, we can obtain

L(p, Idg)(u®) = ue.

In the particular case of Lie algebroids, (g,n,h) = (Idg, Idar, Idyr), the complete
lifts are given by the equality

u® = {(u’p}) o w30, + y*{(ph0iu” + u’Liy) o 7o,
uC = (u o )0y + y*{(pidiu® + uLy,) o 71'}56“
and in the classical case, p = Idy)s, the complete lifts are given by the equality
u’ = (X" om)d; + 1y (9; X" o m)d; = uC.

Definition 3.10. If u = u%s, is a section of (E,m, M), then we introduce the
vertical (g, h)-lift of u as a section of ((p,n)TE, (p, )TE7E) given by

u = 0(pony-p ®u”.
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If u=u%, € T'(E,n, M), then in the locally expressions we get

u" = 0(homy-m ® (u” 0 )0 = (u® o 7)(O(hor)- £ © da) = (u® 0 m)0,. (3.6)

In particular, we have s = 0,.

Remark 3.11. Using the almost tangent (g, h)-structure Jig p) given by
Tigm)(Z%00 + Y"0p) = (34, 0 m) 20,
it results that J(g p)(u®) = uV.

Theorem 3.12. The Lie brackets of vertical and complete (g, h)-lifts satisfy the
following equalities:

i) [“V7 “V](p,n)TE = 0
ZZ) [uvvvc](p,n)TE = {F(gilahil)[r(gah)uvr(gah)v]F,h}V,
Z”) [ucavc](p,n)TE = {F(g_17h_l)[r(gvh)uar(g7h)U]F,h}c'

Proof. Direct calculation gives us

WV v e = —{((w?35) o 1) (920" (ph o h)) 0 m)9; (93 o 7)

— (95 (P4 © B)) 0 m);((92v°) 0 m) + (980 g5 (L7 5 © b)) 0 7))
+ (920" (o, 0 b)) o ), (u? 0 )}y (3.7)
On the other hand, we have

[D(g, h)(u),T(g, ) ()] pn = [((95u") © B~V ta, ((g50") © K™ Vtg] pn
= ((g2u®) o h™D(Th o p, h o) (ta)((g5v") o h ™)t

— ((gv") o h™YD(Tho p,hon)(ts)((g2u) o h™Ytq

+ ((g5ugyv®) o k™)L 5t

o, a — 7 a(ngb) — — za( gua)
= {((g7u") o h™M)ph =gl o bt = ((gyv") o h™)ph =5

+ ((g5ugyv®) o kLY 5.

The above equation gives us

oh™1

’Y,Ub
Do~ b= ) ([T(g, 1) (), T(g, A ()] p = 5 {gu® (o 1) 290 Y)

(u
9
— gl (py 0 h) (gx )+gau P (LY 5 0 h)}sa.
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Thus
(T(g~" A~ H(g. h)(w), D(g, B ()] rp)" = (35 0 m{((v"gau® (pi, © ) 0 m)3i(gy) © )

+ (97 95" (phy © b)) 0 )i (0" 0 ) — ((ugy " (pfy 0 b)) 0 ™)d;(g3 o )

— (92,0 (py 0 h)) o )i (u” o m) + (g5u" g v* (L5 © b)) 0 7} (38)
From and we get (ii). Now we prove (iii). we have

{T(g~ " i )T (g, hu.T(g, W)l }© = A, + B0, (3.9)
where
AT = ((g2us(py, © b)) 0 m)Bi((920°) 0 m) — ((g2v°(pfs © h)) 0 ™)y ((gduc) o )
+ ((geuglv(L) g o h) o),

and

—(gfvb«pgpg) h)) o m)d;((gau®) o >a(gzow>

+ (g5 usgy v ((Lagpl) o b)) 0 ™)0;(g) o )

— ((9)((PhpL) 0 h)) 0 m)3;((gou®) o m)di (g7 v") o )

— (925 u™ (P} 0 h)) 0 m)0;(pl, © ho m)Di((g)v") o )
) o b)) 0 m)d;0;((g;0") o )

(
(
(
(
— ((g295u"((pLP}) 0
+ (92 ((phpl) © b)) 0 m)3;((ggv") 0 T ((g1u®) o )
+ (9295 0" (P 0 1)) 0 m)0;(ps © h o m)Di((g]u") o )
+ (9295 0" ((psp}) © h)) 0 m)0;0i((g7u”) o )
— (920" (L1 P%) 0 1)) 0 )05 (g5 u) o )
— ((9295u" (L7 383) 0 b)) 0 ™)0;((gyv") o )
— ((ghggugyv® (o4 o h)) o m); (L] 5 0 ho )
+ ((gh9qu® (L3 ,p%) © h)) o m)0 ((gbv)OW)
— (g gsv" ((L3,,p}5) © b)) o m)di((gau®) o )
+ ((ghgeu gy " (L3, Lag) o ) o) }.

Using (3.5)) and direct calculation we get

wC v (e = AT8, + (B” + 7)o, (3.10)



VERTICAL AND COMPLETE LIFTS 311

¢ = -Ul(gy om){ — (Gagug7v (v} o ) 0 ™05 (95 0 )i (g7 0 7)
gov°gZu((php}) o b)) 0 m)3; (g4 0 ™)i(gy o )
92920 ((p53) 0 h)) 0 ™), ((geu®) o 7)di(g] o )
9292u((psp}) © h)) 0 7)0;((92v%) o 7)0;
Suf LS,.p5) o b)) o m)di(gy o 7)
13,0k 0 b)) o )i (g] o )}
- U (g‘é‘uegﬁvc((pam) h)) o 7)0i(g5 © m)9;(gy © )
(92ug) ((php) o b)) 0 m)Bs(; © m)d;((g2v°) o )
(g2 ugov°g}i(gh o m)((L3,04) © b)) o m)
(g2vg2uc((php}) © b)) 0 m)D(d 0 )0; (g7 © )
— U ((g20°93((p53) 0 h)) 0 m)0i(F, © 7)D;((g7u’) o )
+ U ((glv gouc gl 0i(F, o m) (L3 ,pf) © b)) o 7). (3.11)
On the other hand, we have
90 = 9a9294-
Derivative of the above expression with respect to j, we get
9i(94) = —9;(9a)9294 -
Using the above equation, we obtain
— U ((geusg2v"((plp}) © b)) 0 m)Di(F, 0 )05 (g7 © )
= U ((g2ug2v((php}) © b)) 0 m)0i(gh 0 )0, (g6 0 7)(g7 o ) (g5 o 7)
= —U((geugov°((php}) o h)) 0 )Di(F, o m)§ad; (97 © 7) (9§ o )
= U ((gug2v°((php}) o h)) o m)(g5 o m)Di(gh o m)d;(g] o 7)(g§ o 7)
= U ((g2ug)v°((php}) © B)) o m)( 0 w)(§C 0 ™) (9] 0 ™)di(g§ o ). (3.12)
Similarly, we have
U ((98uga ((php}) o h)) 0 m)0i(d5 0 m); ((g7v°) o )
= —U(g; o m)((Ghgagdu () o b)) 0 m)D;((9fv%) 0 m)di(g) o m),  (3.13)

U4 ((g2usgrvgh0i(gh o m)((L,ph) o h)) o )
= —U% (g5 o m)((ghgdvogluc (LY,p%) o h)) o m)di(gy o ), (3.14)
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UG, o m)(3hgev°gZus(php}) o b)) 0 m)d; (g 0 m)Dilgy o )
= —U((glv°gou’((pp}) 0 h)) 0 m)i(F, 0 m)3;(g5 o ), (3.15)

U((g2v°g) ((p504) 0 h)) 0 m): (55 0 m); ((g2u’) o )
= UG, o m) (3490970 (0 0%) © h)) 0 m)0;((g8uc) o m)Di(g) o ), (3.16)

and
U ((g2v°g2u g 05y o m)((L3,,05) o h)) o )
= —U*(g5 o m)((Gagrugl v (LS,p5) o b)) 0 m)di(gQ o ). (3.17)
Setting (3.13])-(3.17) in (3.11]) we deduce that C™ = 0. This equation together with
(3-9) and (3.10) give us (iii). O

4. VERTICAL AND COMPLETE (g, h)-LIFTS OF SECTIONS OF A DUAL VECTOR
BUNDLE

In this section, we consider the diagram (2.3), where ((F,v,N),[,]rn, (p,n)) is
a generalized Lie algebroid. We admit that (E,h) is a vector bundles morphism

locally invertible from (E,w, M) to (F,v, N) with components
g ae{l,---,n}, be{l,--- r}

So, for any local (m + r)-chart (V,ty) of (E, T, M), there exists the real functions

Goa: V. —2 R ae{l,---,n}, be{l, -1},
such that

aa

Gba (52) - g7 (36) = 0y, g™ (5¢) Gap (3¢) = 07,

~1
for any s € V. So, we can discuss about vector bundles morphism (g ,h~!) from
(F,v,N) to (E,;%,M) with components gy, € {1,--- ;n},be {l,---  r}

Definition 4.1. If f € F(N) (respectively f € F(M)), then the real function
fVY=foho T (respectively f¥ = fo ;r) is called the vertical lift of the function f.

Since
(D(Th o p,hon)T(g, h)(uas®)(f) = (g°'up) 0 h™1pi, 24 0 B,

then using the above definition we obtain

(D(Th o p,h o mT(§, B) (as™) ()" = ((9°Pupply o h) 0 )3;(f 0 ho 7).
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Definition 4.2. If’?l = uas is a section of( , ,M), then we introduce the vertical
lift of U as a section of (TE T E) by,

%V .
u = (uq 0m)0°.

If {s°} be a basis of sections of I'(E, T, M), then using the above equation we
have )
(s")Y = 0"

v
Using the locally expression of u  we can deduce

Lemma 4.3. If u and v are sections of (E,7, M) and f € F(M), then
* * %V *V *\ V*V *V v
(@+0) =u +v, (fu)’=fa, u (f')=

Definition 4.4. For any u € T'(E,n, M), the F(M)-multilinear application

* (gvh)/v‘;;

AE, % M A(E, % M) -

defined by
(5, 0)L5 (f) = (3 B {D(Tho p, hom)[D(G, WE(G A1) f}, VS € F(M),

and

* *

gt ) = o) L0 TR (G, By T, b
= G AT (Tho pho TG RG BTG R TG}
) *

( h {( 7h71)*$(r(gah)alv"' ’[F(* h)’ZL,F(* h)ul}Fhv' F(E,h)uq)L

for any w € A9 (E,;%,M) and ﬂl,...,ﬂq € F(E,;{',M), will be called the covariant
Lie (g, h)-derivative with respect to the section .

a)}

Definition 4.5. For anya =1, - ,r, we consider the real function U, on E such
that

Ua|;_*1(v) (U:c) = Pa;

where the real numbers p1,--- ,p. are the fibre components of the point Uy in the
arbitrary vector local (m + r)-chart (V, sy ).

Using the above definition we have 9% (U,) = 6% and 8; (U,) = 0, where o €
{1,---,nhbe{l,--- ,r}.

Definition 4.6. Ifctz = w%s, € A! (E,;%, M), then we consider the real function w
defined by

o~
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where (V, sy) is an arbitrary vector local (m + r)-chart.

Theorem 4.7. Let u be a section of (E,;',M). Then there exists a unique vec-

tor field & € F(TE,TE,E), the complete (;}, h)-lift of u, satisfying the following
conditions:
i)t is (hon)-related with T(Th o p, hon)(T(g, h)(w)), ie.,

T(hom)(i,) = {T(Tho p,hon)(T(G,h) (i)} (ho (D),
i) 0 (&) = (9. h) L0,
for any & € A (E,;},M)

Proof. Similar to the proof of Theorem [3.5] we obtain the following locally expres-
xC . .
sion for u© that show the existence and uniqueness of it.

*C

7 = (g7 uepi, o h) 0 7)0; — Ua(K79(1) 0 h o 7) iy 0 7)E,
where

0 g'ya aa i 0 g’ycuc ac a —
((%i ) _ oo 267w uel] 597 o 71

K1) = (9% ucp}y o

O

Definition 4.8. The complete (g, h)-lift of a function f € F(N) into F(E) is the
function

f¢:E— R,
defined by

£l = Ua(g 0 #)(pl, 0 ho ¥)ds(f o ho #)

where (V, sy) is an arbitrary vector local (m + r)-chart.

Similar to the Lemmas [3.7] and [3.8] we have

x—1
s

) vy

Lemma 4.9. If u is a section of (E,;r,M) and f, f1, fo € F(N), then
(1) (fr+ f2)° = fi + [3,

) (1 fo)° = 215 + FY S5,
(i) i (£°) = {0(Tho p.hon)(D(G i) (1)),
(i) i (£°) = {(D(Th o p,h o m) (TG i) (D))

* «C * * ok
Definition 4.10. The complete (g, h)-lift u of a section u € T'(E, 7, M) is the
section of ((p,n)TE, (p.n)7 ;.. E) given by

77 = (g7 0 7Y (e 0 7)o — Ua(K7*(0) 0 ho #) Gy 0 M. (4.1)
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* «C %C
It is easy to check that T'(p, IdE)(u y=u .

Definition 4.11. If & = ugs® be a section of (E,7*r,M), then we introduce the
vertical lift of 4 as section of ((p,m) TE, (p,n) T E) given by

*V *V
U =03pemp®U -

If u=u"e, € T'(E,7, M), then in the locally expressions we get

<V . A
u = (uq om)d?, (4.2)

which gives us (s“)v = 0. Using the almost tangent (g, h)-structure *7(5 B given

by
~ P * ;b
(Z%0p + Y ) = (Goa 0 T) 270,

*

J

(@.h)

* «C <V
it results that ‘7(5 0 (u ) = w . Similar to Theorem [3.12| we can deduce the

following

Theorem 4.12. The Lie brackets of generalized vertical lifts and generalized com-
plete (E, h)-lifts satisfy the following equalities:

)] 0

vy (p,n)TE_ ’

.. #V «C x—1 1 * * * * e

“) [u , U ] * :{F(g ah )[F(gah)u7r(gah)v]F,h} )
(pm)TE

«C «C w1 1 * * * * C

i) [u ,v ] » ={T(g ,h )T (g,h)u, (g, h)V]Fn}".
(pm)TE

5. DUALITY BETWEEN VERTICAL AND COMPLETE LIFTS

A Lagrange fundamental function on the vector bundle (E,w, M) is a function
E —%. R which satisfies the following conditions:
L. Lou e C® (M), for any u € T'(E, 7, M) \ {0};

Ly. Lo0 € C° (M), where 0 means the null section of (E,m, M).
If (U, sy) is a local vector (m + r)-chart, then we obtain the following real functions
defined on 71 (U):

oL 9°L oL 2L

= oz’ ib = 78x18yb’ a = Tyav ab 8y"8yb'

If L is a Lagrange fundamental function such that

L;

rank || Lqp (ug)|| = 7,



316 E. PEYGHAN, L. NOURMOHAMMADIFAR, AND C. M. ARCUS

for any u, € 71 (U)\ {0,}, then we will say that the Lagrange fundamental func-
tion L 4s reqular and we obtain the real functions L% locally defined by

~lw) LR
Uy — Lab (ul)

)

where ‘
details).

L (uy)|| = llLaa ()| 7, for any w, € 7= (U)\ {0} (see [2], for more

Definition 5.1. If L is a Lagrange fundamental function, then we build the Le-
gendre bundles morphism

E oL E
Tl L7
M M—M, M

locally defined

m1(U) — T (U), 5.
Uy = u(2)84(2) — u®(x) Lap (ug)s® (z), (5:1)

for any vector local (m + r)-charts (U, sy) and (U, sy) of (E,x, M) and (E, 7, M),
respectively.

Using the above definition, we deduce that if u = u®s, belongs to T'(E, 7, M),
then we obtain its Legendre transformation

D(pp, Idar)(uw) = (u®(Lap 0 u))s",

belongs to ['(E, 7, M).

If L is a Lagrange fundamental function positively homogenous of degree two,
namely

Fy. L is positively 2-homogeneous on the fibres of vector bundle (E, 7w, M) ;

F5. For any vector local (m + r)-chart (U, sy) of (E, 7, M), the Hessian

1L ab (ua)l

is positively define for any u, € 7= (U)\ {0,}, then L will be called Finsler fun-
damental function.

Proposition 5.2. If L is a Finsler fundamental function on the vector bundle
(E,7, M), then
o5 (ug) = Ly (ug) s° (x), Yu, € E.

Proof. From (5.1)) we have ¢ (u;) = u®(z)Lap(us)s’(x). But, the Finsler funda-
mental function L satisfies
u®(z) Lap(ug) = Ly,
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because L is positively 2-homogenous on the fibres of (E, 7, M). This complete the
proof. ([l

A Hamilton fundamental function on the dual vector bundle (E, 7*r, M) is a func-
tion E —. R which satisfies the following conditions:

Hy.Houe€ C>*(M), for any = F(E,;%,M) \ {0};

Hy. Ho0 € C°(M), where 0 means the null section of (;7,7*1', M).

If (U, sy) is a local vector (m+r)-chart, then we obtain the following real functions
defined on 7?71(U):

0H b_ 0’H o OH Fab_ 0’H

oxt’ ' 0x'Opy’ s’ OpaOpy

If H is a Hamilton fundamental function such that

rank||H® ()| = 7,

H; =

* x—1
for any u, € @ (U)\{0;}, then we will say that the Hamilton fundamental function
H is reqular and we obtain the real functions H;, locally defined by

x—1 2
oU) He R
o s Hap(t)

~ * * * x—1
where || Hop(us)|| = [|[H®(ug)|| 7Y, for any u, € 7 (U)\{0,}.
Definition 5.3. If H is a Hamilton fundamental function on the vector bundle

(E, T, M), then we build the Legendre bundles morphism

E —% . E
Tl L7
M _ Tdm | M
where @y is locally defined
« 1 PH —
7 (U) — 7~ YU)
Uy = ua(2)s (), > ua(x)H® (i) sp(x)

for any wvector local (m + r)-chart (U,sy) of (E,n, M) and for any vector local
(m + r)-chart (U, sy) of (E, 7, M).

Using the above definition, we deduce that if U = ugs® belongs to F(E,7*r, M),
then we obtain its Legendre transformation

D¢, Idur) (@) = (ua(H™ o u))sy,
belongs to I'(E, w, M).



318 E. PEYGHAN, L. NOURMOHAMMADIFAR, AND C. M. ARCUS

Definition 5.4. If H is Hamilton fundamental function positively homogeneous of
degree two, namely

Cy. H is positively 2-homogeneous on the fibres of vector bundle (E, T, M);
Cy. For any vector local (m + r)-chart (U, sy) of (E, 7, M), the Hessian:
[ E (a1 ),

* x—1
is positively define for any u, € 7 (U)\{0}, then H will be called Cartan funda-
mental function.
Similar to Proposition [5.3, we have the following

Proposition 5.5. If H is a Cartan fundamental function, then
oy () = H® () sp(2), Vi, € E.

Theorem 5.6. If L is a Lagrange fundamental function on the vector bundle

(E,m, M) and H is a Hamiltonian on the dual vector bundle (E,7*r, M), then
i) g opr = Id.— () if and only if L is regular and L% = H% o,
it) @ 0 py = Id;rfl(U) if and only if H is reqular and Ha, = Lqp o O

Proof. Using Definition [5.1] and Definition we deduce that

propr () =y (u®(2) Lap (ug) s° (2))
= u® (v) Lap (uz) Hb¢ (or (uz)) se (x)
= Idﬂ—l(U) (uz) y

if and only if
Lay (ug) H" (oL (uz)) = 64 (ua)
for any u, € 771 (U). Thus we have (i). Similar, we can prove (ii). O

Definition 5.7. If L is a Lagrange fundamental function on the vector bundle
(E,m, M), then the Hamilton fundamental function H, locally defined by

)

w1
T (U) 7, R
Uy = ug (2) % () +—  ug (@) u® (z) — L (ug)
for any vector local (m+r)-chart (U, ;,U) of (E,;r, M), where u*(x), a € {1, -+ ,r},
are the components of the solution of the system of differentiable equations
up () = u® () Loy (ug),
: : : , up €t (U),
ur (2) = u®(x) Lar (ug),

will be called the Legendre transformation of the Lagrangian L.
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It is remarkable that in the general case, if L is a Lagrange fundamental function
on the vector bundle (E, 7, M) and H is its Legendre transformation, then Hog; #
L, but in particular, if L is a Finsler fundamental function on the vector bundle
(E,7, M) and H is its Legendre transformation, then H o ¢, = L.

Definition 5.8. If H is a Hamilton fundamental function on the dual vector bundle
(E, T, M), then the Lagrange fundamental function L, locally defined by
~HU) L. R
Uy = u(2)sa(z)  —  u(@)ua(z) — H(Uy)

)

for any vector local (m + r)-chart (U, sy) of (E,m, M), where (uq (z), a € 1,r) are
the components of the solution of the system of differentiable equations

ul(@) = ug()H" (1)
* x—1

Coo : yug € (U),

u(@) = ua(w)H (1)

will be called the Legendre transformation of the Hamiltonian H.

In general, if H is a Hamilton fundamental function on the vector bundle
* ok
(E,m, M) and L is its Legendre transformation, then L o ¢, # H, but in particu-

lar, if H is a Cartan fundamental function on the vector bundle (E, 7, M) and L is
its Legendre transformation, then Lo ¢ = H.

Remark 5.9. The Hamilton fundamental function H is the Legendre transforma-
tion of the Lagrange fundamental function L if and only if the Lagrange fundamental
function L is the Legendre transformation of the Hamilton fundamental function H.

Let L be a Lagrangian on the vector bundle (E, 7, M) and let H be its Legendre
transformation.

Using the Legendre bundles morphism (¢, Idys), we build the vector bundles
morphism ((p,n) Ty, ) given by the diagram

(o) TE —L2T%0 . () ) TE
(osm7E | Lo |
E oL E

such that
~ L . b
L((p,m)Tpr, oL (Z90a) = (Z% 0 pp)0a + [(po0hom) Z* Liy) 0 o0
C((p,m) T, 01) (YD) = (YLap) © 00",

for any 29, + Y“éa e I'((p,n)TE, (p,n) TE, E). The vector bundles morphism
((p,n) Ty, ;) will be called the tangent (p,n)-application of the Legendre bundles
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morphism associated to the Lagrangian L. Using this application together with
13.5), (3.6) we deduce the following theorems.

Theorem 5.10. If u =u%s, € T (E,m, M) such that
L((p,m)Tor, o) (") =T(pp, Idn)(u),
then
u®omo gy :u“o;n Loy 0o @y :Labouo;r.
Theorem 5.11. Ifu =u%s, € T (E,m, M) such that
L((p,m T, o) () = T(pp, Idu)(u),
then

(0710) o = (g27) o w0 .
Ua[K29(2) 0 h o 7)(Gs 0 ) = {US(K7(w) o h o m)(5 0 ) L} 0 957
—{(pt o hom)((geu®) om)Liv} o .
Using the bundles morphism (g, Idys), we build the vector bundles morphism
((p,n) Tog,ppy) given by the diagram

()T

(p,m) TE (p,n) TE
()7, L Lpm)Te
E* el E

such that

L((psmTem, wH)(Zaég) = (Z° 0 1) + [(pohom) Z* HY] 0 o1, D0,
L((p,mMTep. or)(Yad ) = (YaH™) 0 000,

for any Z99q + Y,0 € T((p,n)TE, (p, U)TE,E). The vector bundles morphism

((p,m) Top, pr) will be called the tangent (p, n)-application of the Legendre bundles
morphism associated to the Hamuiltonian H. Using this application together with

(4.1) and (4.2) we deduce the following theorems.
Theorem 5.12. If 1. = u,s* € T'(E, 7, M) such that

(o) T o o) ) = Do, Tdar) (i),
then

uao;{'ogoL:uaom HabogoL:Haboq*LOﬂ'.
Theorem 5.13. If & = ugs® € I'(E,m, M) such that

(o, )T s, ou) (i) = D(iorg Idar) (i),
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then
(92uc) o m = (g™uc) oo oy,
UK (u) o hom)(ghom) = {Us(K(w) o hom)(fey om)H®} 00
—{(pl, o hom)((g2u®) om)H} ooy

6. DUALITY BETWEEN LIE ALGEBROIDS STRUCTURES

Theorem 6.1. If the vector bundles morphism ((p,n) Ty, ;) is a morphism of
Lie algebroids, then we obtain:

(LZBOhow)ocpH:LZBOho;r,

(L3gps) o hom: Liv) ooy = piohor - 52 ((plohom + L) o ¢yy)

—ppohot - 535 ((phohom - Lip) © py)

+(phohor - Lia) 0 gy - 5o-((phohom - Lyp) 0 op)

—(pJBOhOTF “Ljg)o@py - %((péohow “Lip) o pp),

0 = piohom - 2 (Lba © pr) + (phohoT - Lue) © 9y 5= (Lia © ppy)

—Lye 0 g - 5o ((Phohom - Lig) 0 oy),
and
0= Lac o9y - 5o (Lva© p) — Loa 0 ¢y - 5oz (Lac 0 9p) -

Proof. Developing the following equalities

T((p,m)T¢r,,¢1) 0, O8] (p.yTE

= [L((p.,n) T, 1)0a, T ((p,n) Ty, %)5[3]< .,
pm)TE

L((p, T, 01)00s Dol gy
= [C((p,m)T L 01)00. T((psm)Tpr,, 01,)0s)

*

(p,m)TE
and
L((p,m)T 1, %1)[0as Do) (puyTE
=[T((p. )T, 91)0a, T((0,m)Tpr,01)08] -,
(p,m)TE
it results the conclusion of the theorem. O

Corollary 6.2. In the particular case of Lie algebroids, (n,h) = (Idn, Idpr), we

obtain:

(LZﬂOﬂ')ong:L’Yﬂo;’,

o



322 E. PEYGHAN, L. NOURMOHAMMADIFAR, AND C. M. ARCUS

((ngpy) om -+ Lip) o oy = phom - 52 ((phom - Ljp) o ¢p)
—phom - a5 ((phom - Lip) o em)
+(phom - Lia) 0 oy - go=((phom - Lyp) © ppy)

7(péo7r “Lja) oy - %((/’ZOW “Liv) o onr),

0 = por- %(Lba °© ‘RH) + (pom - Lyc) @H%(Lw °Yy)
—Lpc ooy - %((P?xoﬂ' : Lia) °Pu)s
and

0=Lscopy- aipc(Lbd opy) = Lpcopy - aipc(Lado‘PH)'

In the classical case, (p,n,h) = (Idrar, Idar, Idy), we obtain:

o %L e) %L
0= 895‘2)(8351831’“ © SOH) 3%’3 (Ow gk © SDH) 2
9 (.0 9%L 9 (_O0°L
oy © Pt B (Farogr © P) ~ Garogr © P B (Garayr © P
T 0wt 2 Oyioy* PH) T Bzioy © PH " dpy \ByloyF © PH

3L ) %L
“awioyt ©PH " Bp, (axiayk ©m)s

and

_ _9%L fe) 3*L 9L 9 3L
0 = 5,97 °Pm - aph(ayjay °py) = dyiogh °PH aph(ayiayk °py).

Theorem 6.3. If the vector bundles morphism ((p,0)T @, ©n) 18 a morphism of
Lie algebroids, then we obtain:

(LZBOho;{')ogoL:LlBOhom

(Laghh) o h o - HY) oy, = phohor - 2 ((phohor - HY) 0 o)
—pﬁoho7r amj ((paoho7r HY)opyp)
+(plohom - H) o py, - ay ((pgohOﬂ HY)oypy)

—(phohom - Hf) 0 pp, - 52 ((phohor - HY) 0 o),

0 = phohom - 52 (H" 0 o) + (pl,oho - H*) 0 o 5% (H" 0 o)
—H" o0 ¢ - 52 ((phohom - HY) 0 pp),

and

0=H*opp-5:(H"op) = H"opp - 5o:(H" 0 pp).

Proof. Developing the equalities

r T )
(( ) @H:@H)[a aa ](p,T])TE

= [['((p, )T<PHa<PH)8mF((P n)T@vaoH)aﬁ](p nTE>
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:b

T Tom em)0a D),

~ b
= [F((p7 n)T¢H7 @H)aaa F((p7 n)TSOHv HOH)8 ](p,n)TE7

and
a :b
T'((p,n) Ty, g ,0 .
((o,m) @; eu)ld 0] .
=[L((psMT e 1)0 ,L((0:M)T@r01)0 l(pm)TES
it results the conclusion of the theorem. O

Corollary 6.4. In the particular case of Lie algebroids, (n,h) = (Idas, Idyr), we
obtain

(Log © ) o pp = Ligom,

((Lwﬁpw)ow HY) opp, = puor - ga((phom - HY)owy)
—pgow 52 ((phom - HY) 0 01) + (phom - HY) 0oy, - 5= ((phom - HE) 0 o)
~(phom - Hf) 0 ¢y, - oz ((doom - HY) 0 1),

0 = phom - 52:(H" 0 pp) + (phom - H*) 0o 52 (H" 0 o)
—H" 0y - 52 ((phom - HE) 0 oy,
and
0=H*o a?‘jc(Hbdoch)—HbcogpL.8ZC(H“dogoL).

In the classical case, (p,n,h) = (Idrar, Idar, Idar), we obtain
_ 0 8°H 3 8? 8°H 9 8°H

0 = Tw;(ax’“ap (‘DL) (Bz’(')p L‘DL) + daiop, © PL” W(axkapj © LlOL)

—% opr - ﬁ((azzap °opr)opL),

— 9 82H o (_0°H
0= 3*5 OWL)‘i‘apaph oL 5y7 (Ferop; © PL)

% (PL ayh(agkapl ®L);
and
0= %OQOL'%(%O@L)_%O@L'%(%OQQL)-
piOp y* \ Bp;9pn, p; 0Pk y* \ 9pidpn,
Definition 6.5. If ((p,n)T¢;,¢r) and ((p,n)Tox, ) are Lie algebroids mor-

phisms, then we will say that (E, 7, M)and (E, T, M) are Legendre (p, n)-equivalent

and we will write
L *
(E,?T,M)(pm)(E,TF,M).
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