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0. ZEKI OKUYUCU, CANER DEGIRMEN, AND 0. GOKMEN YILDIZ

ABSTRACT. In this paper, we introduce special Smarandache curves and obtain
Frenet apparatus of a Smarandache curve in three dimensional Lie groups with
a bi-invariant metric. Moreover, we give some relations between a helix or a
slant helix curve and its Smarandache curve in three dimensional Lie Groups.

1. INTRODUCTION

In the classical differential geometry, curves theory is a most important work
area. Special curves and their characterizations have been studied for a long time
and are still being studied. The application of special curves is seen in nature,
mechanic tools, computer aided design and computer graphics etc.

One of the special curves is Smarandache curve, whose position vector is com-
posed by Frenet frame vectors on an other regular curve. In [I], Ahmad introduced
some special Smarandache curves in the Euclidean space. Then, in [2], Smaran-
dache curves were examined according to Darboux frame in Euclidean 3-space.
Also, some researchers studied Smarandache curves in Minkowski space, [8, [10].
Furthermore, in [9], Tagkoprii and Tosun have investigated Smarandache curves
according to Sabban Frame in Euclidean 3-space.

The degenerate semi-Riemannian geometry of Lie group has been studied by
Coken and Ciftgi [6]. In this work, they obtained a naturally reductive homoge-
neous semi-Riemannian space using the Lie group. Then, Cift¢i [5] defined general
helices in three dimensional Lie groups with a bi-invariant metric and obtained a
generalization of Lancret’s theorem. Also, a relation between the geodesics of the
so-called cylinders and general helices is given in the same study.

In [11], Okuyucu et al. defined slant helices in a three dimensional Lie group
G with a bi-invariant metric as a curve o : I C R —G whose normal vector field
makes a constant angle with a left invariant vector field. Also, they defined Bertrand
curves in [I2]. Gok et al., in [7], studied Mannheim curves in three dimensional Lie
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groups. Bozkurt et al., in [3], investigated the characterizations of the rectifying,
normal and osculating curves in a three dimensional compact Lie group with a bi-
invariant metric. As a physical application, Okuyucu et al., [13], obtained Spinor
Frenet equations of curves and Korpmnar, [I4] [15], investigated a new version of the
energy of curves in three dimensional compact Lie groups.

In this paper, we introduce special Smarandache curves in three dimensional Lie
groups with a bi-invariant metric and obtain Frenet apparatus of a Smarandache
curve in three dimensional Lie groups.

2. PRELIMINARIES

By G we shall denote a Lie group with a bi-invariant metric ( ,) in three di-
mensional Euclidean space. If g is the Lie algebra of G, then we know that g
is isomorphic to T.G where e is neutral element of G. Let V be the Levi-Civita
connection of Lie group G. If ( ,) is a bi-invariant metric on G, we have

(X, [v,2]) =([X,Y], 2) (1)
and

VxY == [X,Y]

1
2
for all X,Y and Z € g.

Let a : I C R—G be an arc-lenghted regular curve and {Vi,V; V3} be an
orthonormal basis of g. In this case, any two vector fields € and § along the curve «
can be given as £ = Z?:l & Viand 0 = Zle 0;V; where §;: I - Rand 0, : I — R
are smooth functions. Furthermore, the Lie bracket of two vector fields £ and 9§ is
given

3
[€,0] =) &6; Vi, Vil
ij=1
and the covariant derivative of £ along the curve a with the notation V£ is given
as follows

Vab=E+ [T, 2)

where T = o/ and € = Z?:l djti V;. Note that if £ is a left-invariant vector field to

the curve « then § =0 (see [4] for details).

Let {T,N,B, x,7} denote the Frenet apparatus of the curve «, then we have
B
the binormal vector fields, respectively. And also, x is the curvature and 7 is the
torsion of a.

K = in G where T, N and B are called, the tangent, the principal normal,
Definition 1. Let a: I C R —G be a parametrized curve with (T,N,B, k,7) then

TG = <[T’ N] aB> (3)

DO =
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or

ro= {8 )+ ] )]

2K2T 4K2T
(see [5]).
Proposition 2. Let a« : I C R—G be an arc length parametrized curve with
{T,N,B}. Then the following equalities hold,
[T,N] = ([T,N],B) B = 27¢B,
[T,B] = ([T,B],N) N = —27¢N,

(see [11]).

Theorem 3. Let o : I C R —G be an arc length parametrized curve with {T,N,B, x, 7}.
Then the harmonic curvature function of a is defined by

T —TQG

b=
K

where 7 = % ([T,N],B) (see [11]).

Theorem 4. Let a: I C R — G be a parametrized curve with (T,N,B, x, 7). Then
a is a general helix if and only if

T=cCk+Tqg

where ¢ is a constant (see [B]). Hence a curve is a general heliz if and only if its
harmonic curvature function h is a constant function.

Remark 5. Let « be a helix with Frenet apparatus (T,N, B, h) in three dimensional
Lie group. Then the axis of the curve « can be given as
h 1
= T + B
V14 h? V14 h?

or considering the constant harmonic curvature function h = cot8, 6 = constant,
can be given

(4)

X = cos 0T + sin 0B (5)
with the help of reference [5].

Theorem 6. Let o : I C R —G be an arc length parametrized curve with {T,N,B, k, 7}.
Then « is a slant helix if and only if

3
K (1 + h2) 2
ON= = tan ¢
is a constant, where h is harmonic curvature function of the curve a and p # % is
a constant (see [11]).
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3. SMARANDACHE CURVES IN A THREE DIMENSIONAL LIE GROUP

In this section, we define Smarandache curves and obtain Frenet apparatus of
these curves in three dimensional Lie groups with a bi-invariant metric.

Unless otherwise stated, throughout the paper a: I C R —G is an arc-lenghted
regular curve with the Frenet apparatus {T,N,B, x,7} in three dimensional Lie
group G with a bi-invariant metric.

Definition 7. Let o be a curve in G. TN—Smarandache curve can be defined as
1
P(sy) = 7 (T(s) +N(s)) - (6)

Now, we compute Frenet invariants of TN—Smarandache curve. Differentiating
Eq. (6)) with respect to s, we get

R T kv L ORRO)
and p
Ty gt = 5 (<T() + N(s) + (),
where
dsy _ K 2
ds ﬁ\/ﬂ (7)

And so, the tangent vector of 1 can be written as follow,
—T(s) + N(s) + hB(s)

Ty(sy) = 8
v(sy) V2+h? (8)

By differentiating Eq. , we have
dTJdSJ . AwT(S) + B¢N(8) + CI/,B(S) )

dsy ds (2 + hQ)%
where
Ay ==k (2+ h?) + hh,
By = —r (14 h?) (24 h*) — hh/,
Cy = (Kh+R) (24 h*) — h*R.
Substituting in @7 we get
Ty = Hthz)Q (ApT(s) + ByN(s) + CyB(s)) .

Then, the curvature and principal normal vector field of curve ¢ are respectively,

o= 1] = R B
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and
1

Ny (sy) =
,/Ai + B,i + Ci

So, the binormal vector of curve 7 is
By (sy) = Ty x Ny

(A¢T(S) + Bq/)N(S) + CU,B(S)) .

- é {(Cy = hBy) T(s) + (Cy + hAy)N(s) — (Ay + By) B(s)}

where p = V2 +h? and g =  /AZ + B}, + C.

In order to calculate the torsion of the curve 1, we differentiate the '

o L —k? — K)T(s K — K2 2 s K2 K kh")B(s
=5 )T(s) + ( (1+h*))N(s) + (5*h + s'h+ &1 )B(s) }

and thus

_ Z¢T<S) + mwN<8) + n¢B(S)

v v

where
ly = —3rK' (1 — h) + 2671,
my = —k>(1 —h)(L+ h%) + K"(1 — h) — 2&'h' — kR,
ny = 3Kk k(1 — h) + K2h' (1 — 3h).
Thus we compute
_det (v,9',9")
ot

_ V2 {(khp* + 1') Ly + h'my + Kp*ny }
(khp? 4+ kh')? + (Kh')2? + K4p*
Corollary 8. Let a be a curve and i be the TN—Smarandache curve of a in G.

If the curve a is a heliz with the axis X, then the tangent vector of the curve v is
perpendicular the vector field X .

Proof. 1t is obvious using the equations and . (|

Ty

Definition 9. Let o be a curve in G. TB—Smarandache curve can be defined as
1
w(sy,) = —= (T(s) + B(s)). 10
(5) = 5 (T(5) +B() (10)

Now, we compute Frenet invariants of TB—Smarandache curve. Differentiating
Eq. with respect to s, we get
_dw dsy, 1

w = G ds E['IF(s) + B(s)] (11)
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and
ds,, K
—_ 1 _
L = =N
where
ds K
—~ =—(1-h). 12
= (12)
And so, the tangent vector of w can be written as follow,
T (s,) = N(s). (13)
By differentiating Eq. , we have
dT,, ds
E% = —KT(s) + khB(s). (14)
Substituting in , we get
.
Ty, =-———(-T hBB .
T (~T(e) + HEB())

Then, the curvature and principal normal vector field of curve w are respectively,

K}w:H’]TwH - \/ﬁ \/1+h2

(1-n)
and
Ny (sy) = —#T(s) + LB(S).
V1+h? V1+h?
So, the binormal vector of curve w is
B, =T, xN, = LT(S) + #B(s).
Vs O e

In order to calculate the torsion of the curve w, we differentiate Eq.
1
W' = % {—K*(1 = h)T(s) + (K'(1 — h) — kh') N(s) + &*h(1 — h)B(s) }

and thus
o WT(s) + myN(s) + n,B(s)

YT V2

where
l, = —=3kK'(1 — h) + 2K%R/,
my, = —k>(1 —h)(1+h?) + K" (1 — h) — 25'h' — kA",
ne = 36K h(1 — h) + k2h' (1 — 3h).
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Thus we compute
B det (wl, (JJ”,WM)

w

o ¢

V2(ng, + hl,)
k3(1—h)2(1 + h2)’
Corollary 10. Let o be a curve and w be the TB—Smarandache curve of a in

G. If the curve « is a slant heliz with the axis X, then the curve w is a heliz.
Furthermore, the azis of the curve w is the same axis of «.

Proof. One can see by considering the Eq. . O

Tw =

Definition 11. Let « be a curve in G. NB—Smarandache curve can be defined as
1

s¢) = —= (N(s) +B(s)) . 15

d(s9) 7 (N(s) + B(s)) (15)

Now, we compute Frenet invariants of NB—Smarandache curve. Differentiating
Eq. with respect to s, we get

6 = G2 = S50 + B(o)
and
T, &% 5 [Te) — W) + ()]
where
d8¢ - i 2
o= \/5\/1—&-7% . (16)

And so, the tangent vector of ¢ can be written as follow,

T, —T(s) —jﬁ%—i— hIB%(s). (17)

By differentiating Eq. , we have

%dsi _ ApT(s) + ByN(s) + CyB(s) (18)
d5¢ ds (1 + 2h2)%

where
Ay = rh (14 2h%) + 2hh',
By =—r (1+h?) (1+2h%) -1,
Cyp = —kh* (14 2h%) + K.
Substituting in , we get
f,= V2

= s g AT+ BaNGs) +CB(s)).
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Then, the curvature and principal normal vector field of curve ¢ are respectively,
- V2
g = HT H = ———— AL+ B +C:
S I EECIREVEIER A

Ny = ; (,A¢T(8) + B¢N(S) + C¢B(S)) .

,/A§+B§)+Cg

So, the binormal vector of curve ¢ is
By (sp) = Te(ss) x Ng(s¢)
1
= [=h(Cp + By) T(s) + (Cs + hAy) N(s) + (=By + hAg) B(s)]

where p = V1 +2h? and ¢ = /A% + B3 +C3.

In order to calculate the torsion of the curve ¢, we differentiate the ¢'

and

oL —Kk' + K s —K — k'h — Kkh' s
¢' = U+ RR)T(s) + (=47 (14 1%) = w'h = ) N(s)
+ (—K*h* 4+ k'h + kh') B(s)}
and thus
o = 1T (s) + mgN(s) + ngB(s)
V2
where

ly = —K"+ 3kk'h + 26%h' + K3 (1 + h?),
mg = K°h(1 + h?) — 3Kk — K'h — 26'R' — kh" — 3kh (kh)',
ng = —k>h(1 + h?) — 3kh (kh) + K"k + 2&'h' + kR
Thus we compute
_ det (¢,4',0")
lo <ol

@

V2{khp®ly + h'mg + (kp* + h') ng }
T =
¢ 2620 (B + Kp?) + k*p*(1 + h?)

Corollary 12. Let a be a curve and ¢ be the NB—Smarandache curve of a in G.
If the curve « is a heliz with the axis X, then the tangent vector of the curve ¢ is
perpendicular the vector field X .

Proof. This is an immediate consequence of the equations and . (|
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Definition 13. Let a be a curve in G. TNB—Smarandache curve can be defined as
1

s¢) = —=(T(s) + N(s) +B(s)) . 19

¢(s¢) \/g(() (s) +B(s)) (19)

Now, we compute Frenet invariants of TNB—Smarandache curve. Differentiating
Eq. with respect to s, we get

. dCdse 1 g ' ;
_ dTCcT; - (’]I‘(s) + N(s) +]B(s))
and
T %% = T5IT() + (1= W)N(s) + hB(s)]
where,
ds V2
T (20)

And so, the tangent vector of { can be written as follow,

_ —T(s) + (1 —h)N(s) + hIB%(s).

Te (s 21
C( C) \/i T hth2 ( )

By differentiating Eq. 7 we have
dT¢ dse  AT(s) + BN(s) + C.B(s) (22)

3
2

ds¢ ds 2v2 (1 — h + h?)
where
A, ==2(1—=h+h*) (1=h)—h (1-2h),
B, =2(1—h+h?) (—k—h —rh®) +h (1—2h)(1—h),
C.=2(1—h+h?) (kh(1—h)+H)+hhk (1-2h).

Substituting in , we get

~ V3
Te=—————— (A.T(s) + B.N(s) + C.B(s)) .
¢ 4/{(1—h+h2)2(€() c() <())
Then, the principal curvature and principal normal vector field of curve ( are re-
spectively,
. 3
o= i - —2— e rm e
4k (1 — h + h?) ¢ ¢ ¢
and
1
N = ——— (.ACT(S) + B.N(s) +CCIBB(3)) .

S
\JAZ+ B2+ C2
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So, the binormal vector of curve ¢ is
BC = TC X NC

1
= (1= 1€ = HE) T8 + (€ + BA)NE) = (B -+ (1= 1) A B}

where p = V1 —h+h* and v =, /A2 + B2 +C2.

In order to calculate the torsion of the curve {, we differentiate

H_i —K _ — K s —K K — — kh' S
_\/g{( 2(1-h) )T(s) + (—&* (L + h®) + £' (1 — h) — kh') N(s)
+ (k?h(1 — h) + &'k + k') B(s)}

and thus

_ ZCT(S) + ch(S) + nCB(s)

¢ 7

where
le = =K' = 36K (1 — h) 4+ 26°h' + &* (1L + %),
me = —k*> (1= h) (1+h%) — 36k’ + k" (1 — h) — 26'h' — kh" — 3Kh (kh)',
ne = —k*h (1 + h?) — 262hA + kh (1 — h) (36" + K) + "k + 26'h' + KR
Thus we compute
s dere.c)
IS¢l
_ \/3{(2/12hp2 + Hh') le + kh'me + (2m2p2 + Hh‘) ng}
B 4k4p? (Kh4p? + W' (1 + h)) + 33 (K')? .

Corollary 14. Let « be a curve and ¢ be the TNB—Smarandache curve of o in G.
If the curve « is a heliz with the axis X, then the tangent vector of the curve C is
perpendicular the vector field X .

Proof. 1t is obvious using the equations and . O

T¢
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