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INEXTENSIBLE FLOWS OF CURVES ACCORDING TO

SABBAN FRAME IN GALILEAN SPACE G3

HÜLYA GÜN BOZOK

Abstract. In this paper inextensible flows of curves in 3-dimensional Galilean
space is researched. Firstly Sabban frame is defined in 3-dimensional Galilean

space, then necessary and sufficient conditions for inextensible flows of curves

with Sabban frame in 3-dimensional Galilean space are given. Also inextensible
curve flow are expressed as a partial differential equation involving geodesic

curvature according to this frame.

1. Introduction

The flow of a curve is said to be inextensible if, in the former case, its arclength
is preserved, and in the latter case, if its intrinsic curvature is preserved. Physically,
the inextensible curve flows give rise to motions in which no strain energy is induced.
Such that a piece of paper carried by the wind, can be described by inextensible
curve and surface flows. These motions used physical applications [10, 12] and
also arise in computer vision [18, 13], computer animation [19] and even structural
mechanics [7].

The distinction between heat flows and inextensible flows of planar curves are
researched in detail, and some examples of the latter are given in [6]. Also, a
general formulation for inextensible flows of curves and developable surfaces in
R3 are exposed by [5]. Latifi et al. [8] studied inextensible flows of curves in

Minkowski 3-space. Moreover Öğrenmiş et al. [2] studied inextensible curves in the
Galilean space G3, Ergüt et al.[17] researched characterization of inextensible flows

of spacelike curves with Sabban Frame in S2
1 and Öztekin et al. [11] investigated

inextensible flows of curves according to Sabban frame in pseudo-Galilean Space.
A Galilean space may be considered as the limit case of a pseudo-Euclidean space

in which the isotropic cone degenerates to a plane. On the study of a Galilean space,
B. Divjak and M. Sipus [4] investigated the properties of helical surfaces, ruled screw

surfaces and rotation surface in 3-dimensional Galilean space G3. Öğrenmiş studied
helices in 3-dimensional Galilean space G3 [1]. Also, Öğrenmiş studied the Frenet
formula and Mannheim curve of AW(k)-type in pseudo-Galilean space [3].

In this paper we give Sabban frame in Galilean spaceG3 and research inextensible
flows of curves according to Sabban frame in Galilean space G3. Then we obtain
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partial differential equations in terms of inextensible flows of curves with this frame
in G3.

2. Preliminaries

The Galilean space G3 is a Cayley-Klein space equipped with the projective metric
of signature (0,0,+,+) as in [9, 21]. The absolute figure of Galilean geometry consist
of an ordered triple {w, f, I}, where w is the ideal (absolute) plane, f is the line
(absolute line) in w and I is the fixed elliptic involution of points of f .

Galilean scalar product can be written as

(2.1) 〈v1, v2〉 =

{
x1x2 , if x1 6= 0 ∨ x2 6= 0
y1y2 + z1z2 , if x1 = 0 ∧ x2 = 0

where v1 = (x1, y1, z1) and v2 = (x2, y2, z2). It leaves invariant the Galilean norm
of the vector v = (x, y, z) defined by

(2.2) ‖v‖ =

{
x , , if x 6= 0√
y2 + z2 , if x = 0

[20]. If a curve C of the class Cr(r ≥ 3) is given by the parametrization

(2.3) r = r (x, y (x) , z (x))

then x is a Galilean invariant the arc length on C. The curvature is

(2.4) κ (x) =
√
y′′2 + z′′2

and torsion

(2.5) τ (x) =
1

κ2 (x)
det (r′ (x) , r′′ (x) , r′′′ (x))

The orthonormal trihedron is defined

t (x) = (1, y′ (x) , z′ (x))

n (x) =
1

κ (x)
(0, y′′ (x) , z′′ (x))(2.6)

b (x) =
1

κ (x)
(0,−z′′ (x) , y′′ (x))

The vectors t, n, b are called the vectors of tangent, principal normal and binormal
line of, respectively. For their derivatives the following Frenet formulas hold

t′ (x) = κ (x)n (x)

n′ (x) = τ (x) b (x)(2.7)

b′ (x) = −τ (x)n (x)

[15]. For detailed information abot galilean geometry we refer to [20, 14].

Now we give a new frame different from Frenet frame. Let γ : I → S2 be a unit
speed spherical curve. In this section we denote σ as the arc-length parameter of
γ. Let us denote t (σ) = γ̇ (σ), and we call t (σ) a unit tangent vector of γ at σ,

where γ̇ = dγ
dσ . We now set a vector s (σ) = γ (σ)× t (σ). By definition we have an

orthonormal frame {γ (σ) , t (σ) , s (σ)} along γ. This frame is called Sabban frame
of γ[16].
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Theorem 2.1. Let γ : I → S2
G be a unit speed spherical curve in Galilean 3-space.

We denote σ as the arc-length parameter of γ. Then we have the following spherical
Frenet-Serret formulae of γ:

γ̇ (σ) = t (σ)

ṫ (σ) = −γ (σ) + κg (σ) s (σ)(2.8)

ṡ (σ) = −κg (σ) t (σ)

where κg (σ) is the geodesic curvature of the curve γ in S2
G which is given by κg (σ) =

det
(
γ (σ) , t (σ) , ṫ (σ)

)
or

κg (σ) = det
(
γ (σ) , t (σ) , ṫ (σ)

)
=

〈
γ (σ)× t (σ) , ṫ (σ)

〉
(2.9)

=
〈
s (σ) , ṫ (σ)

〉
where 〈γ̇ (σ) , t (σ)〉 = 1.

3. Inextensible Flows of Curves According to Sabban Frame In
Galilean Space G3

Throughout this paper, we assume that γ (u, t) is a one parameter family of
smooth curves in Galilean space G3. The arclength of γ is given by

(3.1) σ (u) =

∫ u

0

∣∣∣∣∂γ∂u
∣∣∣∣ du

where ∣∣∣∣∂γ∂u
∣∣∣∣ =

∣∣∣∣〈∂γ∂u, ∂γ∂u
〉∣∣∣∣ 12

The operator
∂

∂σ
is given in terms of u by

∂

∂σ
=

1

v

∂

∂u

where v =

∣∣∣∣∂γ∂u
∣∣∣∣ and the arclength parameter is dγ = vdu. Any flow of γ can be

represented as

(3.2)
∂γ

∂t
= fγ + gt+ hs

Letting the arclength variation be

σ (u, t) =

∫ u

0

vdu

In the Galilean space G3 the requirement that the curve not be subject to any
elongation or compression can be expressed by the condition

(3.3)
∂

∂t
σ (u, t) =

∫ u

0

∂v

∂t
du = 0

for all u ∈ [0, l].
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Definition 3.1. A curve evolution γ (u, t) and its flow
∂γ

∂t
in Galilean space G3

are said to be inextensible if
∂

∂t

∣∣∣∣∂γ∂u
∣∣∣∣ = 0.

Lemma 3.2. Let
∂γ

∂t
= fα+ gt+ hs be a smooth flow of the curve γ in Galilean

space G3. The flow is inextensible if and only if

(3.4)
∂v

∂t
=
∂g

∂u
+ fv − hvκg .

Proof. Suppose that
∂γ

∂t
be a smooth flow of the curve γ in Galilean space G3.

From (3.2), we obtain

v
∂v

∂t
=

〈
∂γ

∂u
,
∂

∂u
(fγ + gt+ hs)

〉
.

By the formula of the Sabban, we have

∂v

∂t
=

〈
t,

(
∂f

∂u
− gv

)
γ +

(
∂g

∂u
+ fv − hvκg

)
t+

(
∂h

∂u
+ gvκg

)
s

〉
.

Making necessary calculations from above equation, we have (3.4), which proves
the lemma. �

Theorem 3.3. Let
∂γ

∂t
= fγ + gt+ hs be a smooth flow of the curve γ in Galilean

space G3 The flow is inextensible if and only if

(3.5)
∂g

∂u
= hvκg − fv

Proof. From (3.3), we have

(3.6)
∂

∂t
σ (u, t) =

∫ u

0

∂v

∂t
du =

∫ u

0

(
fv +

∂g

∂u
− hvκg

)
= 0.

Substituting (3.4) in (3.6) complete the proof of the theorem. �

We now restrict ourselves to arc length parametrized curves. That is, v = 1
and the local coordinate u corresponds to the curve arc length σ. We require the
following lemma.

Lemma 3.4. Let
∂γ

∂t
= fγ + gt + hs be a smooth flow of the curve γ in Galilean

space G3. Then,

∂γ

∂t
= −

(
∂f

∂σ
− g
)
t+ ϕs

∂t

∂t
=

(
∂f

∂σ
− g
)
γ +

(
∂h

∂σ
+ gκg

)
s,(3.7)

∂s

∂t
= −

(
∂h

∂σ
+ gκg

)
t− ϕγ

where ϕ =
〈
∂γ
∂t , s

〉
.
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Proof. Using definition of γ, we get

∂t

∂t
=

∂

∂t

∂γ

∂σ
=

∂

∂σ
(fγ + gt+ hs) .

Using the Sabban frame, we obtain

(3.8)
∂t

∂t
=

(
∂f

∂σ
− g
)
γ +

(
∂g

∂σ
+ f − hκg

)
t+

(
∂h

∂σ
+ gκg

)
s

On the other hand substituting (3.5) in (3.8), we get

∂t

∂t
=

(
∂f

∂σ
− g
)
γ +

(
∂h

∂σ
+ gκg

)
s

Also we have,

0 =
∂

∂t
〈t, γ〉 =

∂f

∂σ
− g +

〈
t,
∂γ

∂t

〉
,

0 =
∂

∂t
〈t, s〉 =

∂h

∂σ
+ gκg +

〈
t,
∂s

∂t

〉
,

0 =
∂

∂t
〈γ, s〉 = ϕ+

〈
γ,
∂s

∂t

〉
.

Then, a straight forward computation using above system gives

∂γ

∂t
= −

(
∂f

∂σ
− g
)
t+ ϕs

∂s

∂t
= −

(
∂h

∂σ
+ gκg

)
t− ϕγ

where ϕ =
〈
∂γ
∂t , s

〉
. Thus, we obtain the theorem. �

The following theorem states the conditions on the curvature and torsion for the
flow to be inextensible.

Theorem 3.5. Let
∂γ

∂t
is inextensible. Then, the following system of partial dif-

ferential equations holds:

∂κg
∂σ
− ϕ =

∂

∂σ
(gκg) +

∂2h

∂σ2

κgϕ = −∂
2f

∂σ2
+
∂g

∂σ
.

Proof. Using (3.7), we have

∂

∂σ

∂t

∂t
=

∂

∂σ

[(
∂f

∂σ
− g
)
γ +

(
∂h

∂σ
+ gκg

)
s

]
=

(
∂2f

∂σ2
− ∂g

∂σ

)
γ +

[(
∂f

∂σ
− g
)
− κg

(
∂h

∂σ
+ gκg

)]
t

+

(
∂2h

∂σ2
+

∂

∂σ
(gκg)

)
s
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On the other hand, considering Sabban frame we obtain

∂

∂σ

∂t

∂t
=

∂

∂t
(−γ + κgs)

=

(
∂κg
∂σ
− ϕ

)
s+

[(
∂f

∂σ
− g
)

+ κg

(
−∂h
∂σ
− gκg

)]
t

−κgϕα
Hence we see that

∂κg
∂σ
− ϕ =

∂

∂σ
(gκg) +

∂2h

∂σ2

and

κgϕ = −∂
2f

∂σ2
+
∂g

∂σ
Thus we obtain the theorem. �

Theorem 3.6. Let
∂γ

∂t
= fγ+ gt+hs be a smooth flow of the curve α in Galilean

space G3.Then,

(3.9) κg

(
∂f

∂σ
− g
)

= −
(
∂h

∂σ
+ hκg

)
+
∂ϕ

∂σ
.

Proof. Similarly, we have

∂

∂σ

∂s

∂t
=

∂

∂σ

[(
−∂h
∂σ
− gκg

)
t− ϕα

]
=

(
−∂

2h

∂σ2
− ∂

∂σ
(gκg)− ϕ

)
t− κg

(
∂h

∂σ
+ gκg

)
s

+

(
∂h

∂σ
+ gκg −

∂ϕ

∂σ

)
α

Then we get

∂

∂t

∂s

∂σ
=

∂

∂t
(−κgt)

= −∂κg
∂t

t− κg
[(

∂f

∂σ
− g
)
α+

(
∂h

∂σ
+ gκg

)
s

]
.

�

So using above theorem we give the following corollary without proof:

Corollary 3.7.

ϕ = −∂
2h

∂σ2
− ∂

∂σ
(gκg) +

∂κg
∂t

.
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[20] O. Röschel, Die Geometrie des Galileischen Raumes, Habilitationsschrift, Leoben, (1984).
[21] Z. M. Sipus, Ruled Weingarten surfaces in the Galilean space, Periodica Mathematica Hun-

garica, 56(2), 213-225, (2008).

Osmaniye Korkut Ata university, Department of Mathematics, 80000, Osmaniye, TURKEY
E-mail address: hulyagun@osmaniye.edu.tr


