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Atanassov’s intuitionistic fuzzy grade of complete
hypergroups of order less than or equal to 6
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Abstract

The length of the sequence of join spaces and Atanassov’s intuitionistic
fuzzy sets associated with a hypergroupoid H is called the intuitionistic
fuzzy grade of H. In this paper, we consider the class of the complete
hypergroups of order less than or equal to 6, determining their intu-
itionistic fuzzy grade.
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1. Introduction

The study of the connections between hyperstructures and fuzzy sets [31] (or Atanassov’s
intuitionistic fuzzy sets [1, 2]) opens a new field of research in fuzzy algebraic structures
theory, theory initiated by Rosenfeld [28]: he showed that many results concerning groups
may be extended in a natural way to fuzzy groups. The notion of fuzzy group has been
generalized by Davvaz [19], introducing the concept of fuzzy subhypergroup of a hyper-
group. Later on, this subject has been studied in depth also in connection with other
structures, like rings [22], modules [20], n-ary hypergroups [21], complete hypergroups,
etc. For example, Cristea and Darafsheh [16, 17], investigating a particular fuzzy subhy-
pergroup of a complete hypergroup, have found a new decomposition of the group Z,,
when n € {p,p?, pq}, for p and ¢ prime numbers. The books [3, 10, 23, 30] are surveys
of the theory of algebraic hyperstructures and their applications.
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Two fundamental relations between hyperstructures and fuzzy sets were considered
by P.Corsini; he associated a join space with a fuzzy set [4], and then a fuzzy set with
a hypergroupoid H [5]. These connections lead to a sequence of fuzzy sets and join
spaces, which ends if two consecutive join spaces are isomorphic. The length of this
sequence is called the fuzzy grade of the hypergroupoid H. Till now, one determined
the fuzzy grade of the i.p.s. hypergroups of order less than or equal to 7 [6, 7], of the
complete hypergroups or 1-hypergroups which are not complete [8, 14]. Moreover, several
properties of the above sequence has been determined in the general case [29], and also for
the direct product of two hypergroupoids [15]. Corsini et al. studied the same sequence
associated with a hypergraph [11, 12|, and with multivalued functions [13]. Cristea and
Davvaz [18] extended the notion of fuzzy grade of a hypergroupoid to that of intuitionistic
fuzzy grade.

The study of the fuzzy grade and intuitionistic fuzzy grade of remarkable classes
of finite hypergroups helps us to identify some important properties which could be
generalized for any finite hypergroup. For example, calculating intuitionistic fuzzy grade
of the i.p.s. hypergroups of order 7, we noticed that, some times, the sequence of join
spaces associated with an i.p.s. hypergroup is cyclic (see [24, 25]).

The study conducted in this note shows that the intuitionistic fuzzy grade of a com-
plete hypergroup H of cardinality n depends, not only on the decomposition of n, as in
the case of the fuzzy grade of a complete hypergroup, but also on the group used in the
construction of H. We believe that the aspects treated in this particular case serve as
a foundation, starting point for further research on the intuitionistic fuzzy grade of an
arbitrary finite complete hypergroup.

Inspired and motivated by the above achievements, in this paper, we will construct
the sequences of join spaces and Atanassov’s intuitionistic fuzzy sets associated with
the complete hypergroups of order less than or equal to 6. Our aim is to determine
their intuitionistic fuzzy grades in order to make a comparison with their fuzzy grades
determined by Cristea [14].

To do so, the paper is organized in the following way. In Section 2 we present some
basic notions concerning hypergroups and a short description of the complete hyper-
groups. In Section 3 we present a brief introduction about the sequence of join spaces
and Atanassov’s intuitionistic fuzzy sets associated with a hypergroupoid. Section 4 in-
cludes the sequences of the intuitionistic fuzzy grades of the complete hypergroups of
order less than or equal to 6. Finally, Section 5 concludes the paper, giving also some
future lines of our research.

2. Preliminaries

In this paper, we adopt the terminology and notation used in [4, 5, 14, 18, 24, 25]. We
consider (H, o) to be a hypergroupoid, where H denotes a non-empty set, P*(H) stands
for the set of all non-empty subsets of H and o : H> — P*(H) is a hyperoperation. The
image of the pair (z,y) € H x H is denoted by x oy. If A and B are nonempty subsets
of H, then Ao B = | Jaob.

acA
beB

For the sake of convenience and completeness of our presentation, we recall some basic
definitions and properties concerning hypergroups. More details on this argument can
be found in the books [3, 10].

2.1. Definition. A hypergroup is a hypergroupoid (H, o) which satisfies the following
conditions:

(i) For any (a,b,c) € H®,(aob)oc=ao (boc) (the associativity),



(it) For any a € H,Hoa =ao H = H (the reproducibility).
If, for any (x,y) € H?, 2z 0y = H, then the hypergroup H is called total hypergroup.

For each pair (a,b) € H?, we denote: a/b={zx € H|acxzob} and b\a= {y € H |
a€boy}.

2.2. Definition. A commutative hypergroup (H, o) is called a join space if, for any four
elements a, b, ¢,d € H, such that a/bNc/d # 0, it follows that aodNboc # 0.

The notion of join space, introduced by Prenowitz, was used by Prenowitz and Jan-
tosciak [27] for the reconstruction, from an algebraic point of view, of several branches
of geometry: the projective, the descriptive and the spherical geometry.

2.3. Definition. Let (H,o) and (H',o’) be two hypergroups and f : H — H' an
application from H in H’. We say that

(i) f is a homomorphism if, for all (z,y) € H?, f(xoy) C f(z) o f(y).

(1) f is a good homomorphism if, for all (z,y) € H?, f(zoy) = f(z) o f(y).
We say that the two hypergroups are isomorphic, and we write H ~ H’, if there is a
good homomorphism between them which is also a bijection.

The relation 8 on a hypergroupoid (H, o) is defined as follows:

aBb <= In e N*, I(z1,22,...,2,) € H" 1 a € l_Iar:Z > 0.
i=1

Notice that B is a reflexive and a symmetric relation on H, but generally, not a
transitive one. Let us denote by 8 the transitive closure of 8. It is well known that, if
H is a hypergroup, then 8* = 8 and H/3 is a group|3].

One of the most important notions in hypergroup theory is that of the heart of a
hypergroup H. Studying its properties one determines completely the structure of the
hypergroup H.

2.4. Definition. The heart of a hypergroup H is wy = {z € H | ou(z) = 1}, where
wm : H— H/[ is the canonical projection and 1 is the identity of the group H/S3.

2.5. Definition. A hypergroup H is called 1-hypergroup if the cardinality of its heart
equals 1.

2.6. Definition. Let (H, o) be a hypergroup and A be a non-empty subset of H. We
say that A is a complete part of H if the following implication holds:

VYn € N* V(z1,x2,...,Tn) € H"7HCL‘Z‘ NA#)— H:cz C A.
i=1 i=1
The complete closure of A in H is the intersection of all the complete parts of H, con-
taining A; it is denoted by C(A).

2.7. Definition. A hypergroup (H, o) is called complete if, for any (z,y) € H?, C(zoy) =
Toy.

The following result concerning the complete hypergroups will be used in the sequel.

2.8. Theorem. Any complete hypergroup may be constructed as the union H = U Ay,
g€G
where:
(i) G is a group.
(#9) The family {Ay | g € G} is a partition of G.
(2it) If (a,b) € Ay, X Ag,, then aob = Ay 4,.



For a complete hypergroup H, it is known that wyg = A., where e is the identity of
the group G, and it coincides with the set of identities of H. Therefore, by the above
representation, we say that any complete hypergroup of order n is characterized by an
m-tuple denoted [k1, k2, ..., kn], where m = |G, 2 <m <n—-1, G ={g1,92,.--,9m}
and, for any ¢ € {1,2,...,m},k; = |Ag,|. With other words, for determining all the
non-isomorphic complete hypergroups of order n, it is enough to know the structure of
the non-isomorphic groups of order m, 2 < m < n — 1, and all the m-decompositions
of n, i.e. all the ordered systems of natural numbers [k1, k2, ..., km] such that k; > 1,
ki +ka+ ...+ kn=nand ks < ks <...<kp, for 1 <i<m.(see[14])

3. Intuitionistic fuzzy grade of hypergroups

In this section, first we recall the construction of the sequence of join spaces and
Atanassov’s intuitionistic fuzzy sets associated with a hypergroupoid H, and then the
formulas for the membership functions associated with a complete hypergroup. In this
paper H denotes a finite hypergroupoid.

For simplicity, we denote an Atanassov’s intuitionistic fuzzy set (by short intuition-
istic fuzzy set) A = {(z,pa(x), Aa(z)) | x € X}, where, for any x € X, the degree of
membership of x (namely pa(z)) and the degree of non-membership of x (namely Aa(z))
verify the relation 0 < pa(z) + Aa(z) <1, by A = (u, A).

For any hypergroupoid (H, o), Cristea and Davvaz [18] defined an intuitionistic fuzzy

set A = (fi, ) in the following way: for any u € H, one considers:

1 1
a <z,y>ze;;><u> lwoyl <z,y>ze:@<u> eyl

(31)  alw) = U R = 0
where Q(u) = {(a,b) € H*> |u € aob},Q(u) = {(a,b) € H* | u ¢ aob}. If Q(u) =0, we
set fi(u) = 0 and similarly, if Q(u) = () we set A(u) = 0. Tt is clear that, for any u € H,
0 < jiu) + A(u) < 1.

Now, let A = (i, A) be an intuitionistic fuzzy set on H. One may associate with H two
join spaces (o H,0;,5) and <0H7 onvx), where, for any fuzzy set o on H, the hyperproduct
“o04 7, introduced by Corsini [4], is defined as

(32) =zoay={u€ H|alx)Aaly) <alu) <alz)Valy)}.

)

Using repeatedly the formulas (3.1) and (3.2), one obtains two sequences of join spaces
and intuitionistic fuzzy sets associated with H, denoted by (;H = (;H,0;,,5,);4i =
(fii, Ai))izo and ("H = ("H,05,yx,); Ai = (B, Ai))izo-

The lengths of these sequences are called the lower, and respectively, the upper intu-
itionistic fuzzy grade of H, more exactly:

3.1. Definition. (see [18]) A set H endowed with an intuitionistic fuzzy set A = (i, \)
has the lower (upper) intuitionistic fuzzy grade m, m € N*, and we write l.i.f.g.(H) =m
(resp. w.i.f.g.(H) = m) if, for any 4, 0 < ¢ < m — 1, the join spaces (;H,o0;,,5,) and
(i+1H, 05, Ax,4, ) (Tesp. ("H,o,,y5,) and ("T'H, Ofiis1VAs4, ) associated with H are not
isomorphic (where oH = (oH,0,,5) and "H = (°H,0,,5)) and for any s, s > m, .H is
isomorphic with ,,—1H (resp. *H is isomorphic with ™ *H).

It is important to know that, if we start the construction of the above sequences with
a hypergroupoid (H, o), and not with a set H endowed with an intuitionistic fuzzy set,
then we obtain only one sequence of join spaces because, in this case, the join spaces
(0H,0;,5) and ("H,o0,,5) are isomorphic (see [18]). In order to explain this situation,
one introduces a new concept.



3.2. Definition. (see [18]) We say that a hypergroupoid H has the intuitionistic fuzzy
grade m, m € N*, and we write i.f.g.(H) = m, if l.i.f.g.(H) = m.

A natural question appears: When are these join spaces non-isomorphic? It is clear
that it has to be answered for two consecutive join spaces in the built sequence, since in
the case of isomorphism, the sequence ends. In order to solve this problem one introduces
some notations. Let (;H = (;H, 0, ,5,); Ai = (fii, Ai))i>0 be the sequence of join spaces
and intuitionistic fuzzy sets associated with a hypergroupoid H. Then, for any i, there
are r, namely r = r;, and a partition II = {iCj}}':l of ; H such that, for any j > 1,z,y €
ICy <= fii(z) A Ni(z) = fi(y) A Ni(y). For 2 € H, we denote \(z) = ij, when z € “Cj.
On the set of the classes {C;}j_; we define the following ordering relation:

i; < iy if, for elements x € ‘C; and y € *Cy,

Fi(x) A Xi(z) < i (y) A Xi(y) (therefore A(z) < A(y)).
With any ordered chain (*Cj,,* Cj,,...," C},) one associates an ordered r-tuple of the
type (kj,, kjy, - - -, kj.), where k;, = |'C},|, for all [,1 <1 <r.

3.3. Theorem. (see [9]) Let ;H and ;+1H be the join spaces associated with H deter-

T1
mined by the membership functions fii A Xi and fis41 A Niy1, where "H = U ¢, "' H =
=1

ra
U Cy and (k1,ka,...,kr,) is the ri-tuple associated with ;H, (ki,kb, ..., k,) is the ra-
1=1

tuple associated with ;11 H. The join spaces ;H and ;41 H are isomorphic if and only if

r1 =712 and (ki ke, ... k) = (K1, k2, ... k) or (ki ke, .o key) = (Kry Ky o1, oo K.

Now we recall the formulas for the membership functions fi and X associated with a
complete hypergroup.
Let H = U Ay be a complete hypergroup of cardinality n. By Theorem 2.8, it is

geG
obvious that, for any u € H, there exists a unique g, € G such that u € Ay, . Moreover,

we define on H the following equivalence v ~ v <= dg € G : u,v € Ay. Thereby one
obtains that

. Q)| 1 Q@) 1
3.3 = = AMu) = L
( ) M(u) |Agu,| n2’ (’LL) zg; |Agv | n2
We end this section with a useful result concerning the complete hypergroups gener-
ated by a group G isomorphic with the additive group Zs.

3.4. Proposition. (see [18]) H = U Ay be a complete hypergroup of cardinality n. If
geaG
the group G is isomorphic with the additive group Zs, then i.f.g.(H) = 1.

4. Intuitionistic fuzzy grade of the complete hypergroups of order
less than or equal to 6

Cristea [14] listed all the forty complete hypergroups of order less than or equal to 6,
calculating their fuzzy grade. In this section we determine the intuitionistic fuzzy grade
of them. When the group which generates the complete hypergroup is isomorphic with
the additive group Zz, by Proposition 3.4 it follows that ¢.f.g.(H) = 1 and in this case
we do not list the table of the complete hypergroups (the reader may see it in [14]).

4.1. Theorem. Let H be a complete hypergroup of order n < 6.



(¢) There are two non-isomorphic complete hypergroups of order 3 havingi.f.g.(H)

1.

(#¢) There are five non-isomorphic complete hypergroups of order 4: for three of them,

one finds that i.f.g.(H) = 1, and for other two that i.f.g.(H) = 2.

(#7) There are twelve non-isomorphic complete hypergroups of order 5: nine of them
have i.f.g.(H) = 1, and three of them have i.f.g.(H) = 3.
(iv) There are twenty one non-isomorphic complete hypergroups of order 6: sizteen
of them with i.f.g.(H) = 1, three of them with i.f.g.(H) = 2 and for two of them

one finds that i.f.g.(H) = 3.

Proof. We will denote, in the following tables, for any s € {1,2,...,5},Bs = H \ {as}
and By = H \ {e}. Let H be a complete hypergroup of order n < 6, denoted by
H={e,ai,...,an}, with 3<n <5, that is H = U Ag.
geG

(7) If the hypergroup H is of order 3, then it is obvious that G ~ (Z2,+), so there
are only two complete hypergroups with the associated 2-tuple of the form [1, 2] or [2, 1].
Thus, by Proposition 3.4, it follows that i.f.g.(H;) = 1, for i € {1, 2}.

(#t) Let us suppose H of order 4.

(a) Setting G ~ (Z2,+), we obtain three complete hypergroups Hs, H4, Hs, and by
Proposition 3.4, it follows that i.f.g.(H;) = 1, for i € {3,4,5}.

(b) Setting G ~ (Zs, +), we distinguish two hypergroups, denoted by Hg, Hr.

(b1) For Hg represented here bellow

o al az as
e al A2 A2
a1 Az | e e

a al al
as ai

where Ao = {e}, A1 = {a1}, A2 = {a2, as}, we calculate that
a(e) =10/32,  p(ar) =12/32,

Xe) =17/32, Aar) = 15/32,

A(

Therefore the associated join space o(Hs) is as follows:

az)
Aaz)

(a3) = 5/32,

= EL as
= Aas) = 22/32.

OaAX ai az | as
e {e,a1} | B1 | B1
ai ai H H
a AQ AQ
as A2
and thus we obtain that
pa(e) = fir(az) = fir(as) = 13/48,  fa(a1) = 9/48,
)\1(6) = )\1(&2) = )\1(&3) = 9/4:87 )\1(CL1) = 13/48.

Therefore the associated join space 1(Hs) is the total hypergroup. Then, for any r > 2,

~(Hs) ~ 1(Hg) and thereby i.f.g.(Hg) = 2.
(b2) Taking the complete hypergroup Hr
e al a2 as
Ao AO a2 as
a1 Ao | a2 | a3
az az | Ao
as a2




with Ao = {e,a1}, A1 = {az2}, A2 = {as}, one gets that

Ale) = fiar) = 3/16,  fia2) = plas) = 5/16,
Ale) = Aa1) =10/16, A(az2) = A(as) = 8/16.

Therefore the associated join space o(Hr7) is as follows:

Oﬁ/\;\ e ail az as
e A() Ao H H
a1 Ao H H
a2 {az,as} | {az, as}
as {CLQ, a3}

and
pa(e) = fn(ar) = pa(az) = fir(as) = 4/16,
A1(6) = )\1(@1) = /\1(a2) = )\1(&3) = 2/16.
Therefore the associated join space 1(H7) is the total hypergroup and, for any r > 2,
T(H7) ~ 1([17)7 SO ng(H7) =2.
(#17) We consider now the complete hypergroups of order 5.
(a) There are five complete 1-hypergroups of order 5, denoted here by Hs, ..., Hi2.
(a1) For the first one Hg generated by the group G ~ (Z2,+), by Proposition 3.4, it
follows that 4. f.g.(Hs) = 1.
(a2) For Hy represented by the table

a1 asz as a4

ail AQ Az AQ
a1 Az | e e e
a2 al al ail
as al al
aq ai

with Ao = {6},A1 = {al},Ag = {ag,ag,a4}, we find that

f(e) = 21/75, ja(a1) = 33/75, f(az) = fias) = f(as) = 7/75,
Ae) = 40/75, A(a1) = 28/75, A(az) = Aas) = A(as) = 54/75.

Therefore the associated join space o(Hy) is as follows:

Oanx | € al as as a4
e e|{e,a1} | B1 | B | Bx
a1 ai H | H| H
az A2 A2 A2
as A2 A2
a4 A2

then

/ZLl(e) = 47/250, /}1(0,1) = 32/250, ,L:L1(a2) = EL1(a3) = ,L_741(a4) = 57/250,
)\1(6) = 40/250, )\1(0,1) = 55/250, )\1(&2) = )\1( ) )\1

Then, for any r > 1, »(Ho) ~ o(Hy) and therefore i.f.g.(Hg) = 1.
(a3) Set the complete hypergroup Hio as

e | ay az as aq

e el A | Al | Ax | Ay
al A2 Az e e
az As | e e
as Al | Ay

a4 A1



where Ao = {e}, A1 = {a1,a2}, A2 = {as, as}. Then, for any i € {1,2,3,4}, we calculate
that fi(e) =9/25, fa(a:) =4/25, Xe) =8/25, A(a;) = 13/25.
It result the following join space o(H1o)

and, for any i € {1,2,3,4}, fi1(e) = 13/125, fi1(a;) = 28/125, Ai(e) = 20/125, X1(a;)

OpAX al as as a4
e H|H | H|H
al B() B() B() Bo
as Bo | Bo | Bo
as Bo | Bo
a4 By

5/125. Therefore, we have, for any r > 1, ,(H10) ~ o(H10) and 4.f.g.(H1o) = 1.
(as) Let us consider Hii as

al a2 as a4

ail az A3 A3
a1 az | Az | e | e
as e ay ai
as a2 az
aq az

where Ao = {e}, A1 = {a1}, A2 = {a2}, A3 = {as3, a4} (i.e. the 4-tuple associated with
His [1,1,1,2]) and G ~ (Z4,+), for which we calculate

fe) = p(ar) = 6/25,  fi(a2) =7/25,  fi(as) = fi(as) = 3/25,
Ale) = Aa1) =16/25, A(az2) =15/25, X(as) = A(asa) = 19/25.
Therefore the associated join space o(H11) is as follows:
OnAX € ai az az | as
e |{e,ai} | {e,ai} | {e,a1,a2} | B2 | B2
al {6,0,1} {e,al,ag} B2 B2
az az H H
as A3 Ag
Qa4 AB
then
/:11(6) = /}1 (al) = 92/375, [}1(@2) = 47/3757 /:1,1 (llg) = /}1(@4) = 72/375,
Ai(e) = Ai(a1) =45/375, Ai(az2) =90/375, Ai(as) = Ai(aq) = 65/375.
Therefore the associated join space 1(H11) is as follows:
Ch1AX, e a1 az as as
e {e,a1} | {e,a1} | {e,a1,a2} H H
a1 {e,a1} | {e,a1,a2} H H
as as {az,as3,a4} | {az,as,as}
as A3 A3
aq As

for which we find that

p2(e) = fiz(a1) = fiz(as)
)\2 (6) = )\2(a1)

Xa(a3) = Aa2(as) = 65/375,

= f2(a4) = 74/3757

[}2((12) = 79/3757
)\2((12) = 60/375



Therefore the associated join space 2(H11) is as follows:

Oﬂz/\S\Q e al az as a4
e Bz Bg H Bg BQ
al BQ H BQ BQ
az as H H
as Bs | Ba
a4 Bo

then
fis(e) = fs(ar) = fs(as) = fiz(aq) # fs(az),
As(e) = As(ar) = As(as) = As(as) # As(az).
Then, for any r > 3, »(H11) =~ 2(H11) and therefore i.f.g.(H11) = 3.
(as) For the same 4-tuple [1, 1, 1, 2] associated with H, i.e. A9 = {e}, A1 = {a1}, A2 =
{a2}, A3 = {as3, a4}, but with G ~ (K, ) the Klein four-group, it results the following
complete hypergroup Hi2

o e | a1 az as Qg
e |elal | ax | As | A3
a1 e | A3 | a2 | a2
as e al ai
as e

a4

with
A(e) =7/25,  fi(ar) = f(a) = 6/25, fi(as) = i(as) = 3/25,
Me) =15/25, Ma1) = AMa2) = 16/25, X asz) = M(aa) = 19/25.
Therefore the associated join space o(Hi2) is isomorphic with o(Hi1) and thereby we
have that i.f.g.(H12) = 3.
(b) The following complete hypergroups, denoted by His, . .., H1g, are not 1-hypergroups.
(b1) There exist three complete hypergroups of order 5 (which are not 1-hypergroups)
such that G ~ (Z2, +), (corresponding to the 2-tuples [2, 3], [3,2], and [4, 1]); for each of
them we obtain, by Proposition 3.4, that i.f.g.(H;) = 1, with ¢ € {13,14, 15}.
(b2) Let us consider Hig as the following complete hypergroup

e al a2 as aq

Ao A() Ao as a4

ai Ao | Ao | as | aa
az Ao | a3 | aa
as aq | Ao
aq as

where Ag = {e,a1,a2}, A1 = {as}, A2 = {aa}, for which we find that
p(e) = plar) = fi(az) = 11/75,  [i(as) = ji(as) = 21/75,

Me) = Mai) = Maz) = 42/75, X as) = Maa) = 32/75.

Therefore the associated join space o(Hig) is as follows:

OaAX e a1 as as a4
e Ao A() A() H H
ai Ao Ao H H
az Ao H H
as {as,a4} | {as,a4}
as {as,as}




and
91(6) = f1
Ai(e) = M

(a1) = f1(a2) # pi(as) = f(aa),
(a1) = M(az) # Ai(as) = Ai(aq).

Then, for any r > 1, »(His) =~ o(H1s) and therefore i.f.g.(H1s) = 1.

(b3) There exist two complete

hypergroups Hi7 and ng of order 5 generated by a

group of order 4 and characterized by the 4-tuple [2,1,1,1]. Setting Ao = {e,a1}, A1 =

{az}, A> = {as}, As = {as}, if G ~

one

(Z4,4), then the hypergroup Hi7 is the following

€ al az as aq

Ao A() az as a4

a1 Ao | a2 | as | a4
az az | as | Ao
as Ao | a2
a4 as

and if G ~ (K,-) the Klein four-group, then the hypergroup His is represented by the

table

e al az as Qg

Ao | Ao | a2 | a3 | a4

a1 Ao | a2 | a3z | aa
as Ao | as | a3
as Ao | a2
Qa4 AO
In both cases one finds that
() = i(a) = 7/50,  fi(az) = fi(as) = i(as) = 12/50,
Me) = Mai1) = 36/50, M(az) = Aas) = A(aq) = 31/50.
Therefore the associated join space o(H17) =0 (His) is as follows
Oﬁ/\j\ e al a2 as a4
e Ao Ao H H H
ai Ao H H H
as {az,a3,a4} | {a2,a3,a4} | {a2,as3,a4}
a3 {az,a3,a4} | {as, a3, a4}
a4 {a27 as, a4}
and then
pa(e) = fir(ar) # fir(az) = fir(as) = fir(as),
Ar(e) = Ai(ar) # Ai(az) = Ai(as) = Ai(as).

It follows that, for any r > 1, ».(H;) ~ o(H;), with ¢ € {17, 18}, and therefore i.f.g.(H17) =

(64) For ng

e} e ay az as aq
e AO AO az A2 A2
a1 Ao | a2 | A2 | Az
as Az | Ao | Ao
as az az
ay az

where Ao = {e,a1}, A1 = {az2}, A2 = {as, a4}, one finds the following membership func-

tions

/:J,(CLQ) = 16/507 ,l:l,(ag) = E(a4) = 9/507
A((IQ) = 17/507 A A



Therefore the associated join space o(H1g) is as follows:

OﬁAX e al as as a4
e Ao | Ao | H Ba Ba
ail Ao H BQ BQ
a2 a2 {ag,ag,a4} {ag,ag,a4}
as AQ A2
Qa4 A2

and

(e) = E’l(al) = T72/375, /}1((12) = 47/375, ,L:L1(a3) = EL1(a4) = 92/375,
= )\1(@1) = 65/375, )\1((12) = 90/3757 )\1((13) = )\1((14) = 45/375.

It is clear that the associated join space 1(Hig) is isomorphic with 1(Hi1) and thus we
obtain that i.f.g.(H19) = 3.

(iv) Now we study the complete hypergroups of order 6. We denote the twenty one
non-isomorphic complete hypergroups of order 6 by Hso, Ho1, ..., Hao.

There are sixteen complete hypergroups of order 6 with the intuitionistic fuzzy grade
equal to 1, listed in the sequel.

(a1) Let us consider the complete hypergroup Hao

ai az as a4 as

al az A3 Ag A3
ai ax | Az | e e e
az e al ai ai
as az az asz
a4 az as
as az

where Ag = {e}, A1 = {a1}, A2 = {az2}, A3 = {as,a4,a5} and G ~ (Z4,+). In particular,
Hyp is an 1-hypergroup. Then

fie) = fi(ar) = 24/108,
p) Xai) = 68/108,  A(

Therefore the associated join space o(Hazo) is as follows:

ag) = 36/108, ;:L(ag) = ;}(a4) = ;_Z(a5) = 8/108,
az) = 56/108, )\(ag) = )\ )\

Op,AX e al a2 as a4 as
e {e,a1} | {e,a1} | {e,a1,a2} | B2 | B2 | B
al {6,0,1} {e,al,ag} BQ BQ B2
a2 as H | H| H
as Az | A3 | A3
as Az | As
as A3

We obtain that

1((11) = 101/540, /}1(0,2) = 50/5407 /}1(0,3) = /}1(0,4) = /:L
1((11) = 60/540, )\1((12) = 111/540, )\1((13) = )\1 )\

Then, for any r > 1, »(Ha2o) =~ o(H20) and therefore i.f.g.(Ha) = 1.



(a2) Let us see the complete hypergroup Ha1

al as as aq as
ay | az | Az | Az | A3
al e A3 a2 az a2
a2 e ay | ar | ai
as e
a4
as

(e) = 36,108,
(e) = 56,108,

)
)

(
(

) = 24/108,
) = 68/108,

o fa1) = fi(az
A )\(CL1 =\ az

(

fas
)\(ag

)
)

with G ~ (K, -) the Klein four-group, Ao = {e}, A1 = {a1}, A2 = {a2}, A3 = {as, a4,as5}.
Hos; is an 1-hypergroup, too. Then

It follows that the associated join space o(H21) is isomorphic to o(Hz0) and thereby we

have that i.f.g.(H21) = 1.

(a3) Setting now G =~ (Z2,+), it results five non-isomorphic complete hypergroups

111227 ..

3.4, it follows immediately that i.f.g.(H;) = 1, for ¢ € {22,...,26}.

., Hag corresponding to the 2-tuples [1, 5], [2,4], [3, 3], [4,2], [5,1]. By Proposition

(a4) For the complete hypergroup Hs7, which is also an 1-hypergroup,

al az as a4 as

as A1 A1 Al A1
ai A | e e e e
a2 as | as | as | Aas
asz as | as | as
Qa4 as as
as as

A(a1)

Aa1)

Therefore the associated join space o(Haz7) is as follows:

where Ay = {e}, A1 = {a1,a2,as3,a4}, A2 = {as}, we calculate that

iz
A

O;]/\X al a2 as a4 as
e Bs B5 B5 85 {e, a5}
al Al Al A1 Al H
az Al | Ar | Ay H
as A1 A1 H
a4 Al H
as as
We find
pa(e) = 74/540,  pa(ar) = fr(az) = fia(as) = fa(aa) = 104/540,
Mi(e) =75/540, Xi(a1) = Mi(az) = Mi(az) = Ai(as) = 45/540,

Then, for any r > 1, »(Ha7) ~ o(H27) and therefore i.f.g.(Ha7) = 1.

(
(

) = 72/144,
) = 45/144.

as
as

1 (CL5) = 50/54:07

)\1 (as) = 99/540.



(as) For the complete hypergroup Has represented here bellow

ai az as aq as
e Al Al Az A2 A2
ai As | As | e e e
as As | e e e
as A | A | Ay
a4 Al | Ay
as Ar

with Ag = {e}, A1 = {a1,a2}, A> = {as,a4,as5} (in particular, Hos is an 1-hypergroup),
we obtain that

fi(e) = 78/216, fi(a1) = fi(az) = 39/216, fi(as) = fi(
Ae) = 59/216, A(a1) = Aaz) = 98/216, A(as) = A(

Therefore the associated join space o(Hazs) is as follows:

a4) ﬁ(as) = 20/216,
as) = Mas) = 117/216.

oﬂ/\:\ e al az as Q4 as
e e | {e,a1,a2} | {e,a1,a2} | H | H | H
ax Ax Ay Bo | Bo | Bo
a2 Ay By | Bo | Bo
as A2 Az Az
a4 AQ A2
as A2

and

/}1(6) = 50/5407 /}1(@1)
)\1(6) = 111/5407 )\1(CL1)

(

as (as) = 96/5407
(a2) = 60/540,  A1(a3)

) =S 101/540, ﬂ1(a3) = /}1(@4) = {1
= Ai(as 1(as) = 65/540.

(as) =
Then, for any r > 1, ,(Has) =~ o(Ha2s) and therefore i.f.g.(H2s) = 1.
(ag) Taking the complete hypergroup Hag

=i p
=\ A

e ay | a2 | a3 | a4 | as
e Ao AO az A2 AZ A2
a Ao | az | Az | Az | Ao
az A2 Ao Ao Ao
as az az az
Q4 a2 az
as az

with Ag = {6, 0,1}7 Al = {az},AQ = {ag, CL4,CL5}7 we calculate that

) = fia1) = 15/108, f(az) = 39/108, flas) = fi(as) = fi(as) = 13/108,
=2

(as) = 54/108.

a(
g )= Xa1) = 52/108, X(az) = 28/108, A(az) = A(as)

(

Therefore the associated join space o(Hag) is as follows:

€
(&

OﬁAX e al a2 as a4 as
e Ao Ao {6, ai, az} B2 Bz Bz
ax Ao | {e,a1,a2} | B2 | B2 | Ba
a2 a H H H
as A2 A2 A2
a4 AQ A2
as A2




We obtain that

fi(e)

pale) =
)\1(6) = )\1

(a1) = 101/540,
(a1) = 60/540,

gl(ag) = 50/540,
A1(az) = 111/540,

,L}1(a3)
)\1(0,3) =

Then, for any r > 1, »(Hag) ~ o(H29) and therefore i.f.g.(Ha9) = 1.
(a7) If we take the complete hypergroup Hso as

o e ai as as a4 as
e Ao Ao Al Al A2 A2
a1 Ao | A1 | A1 | Aa | Az
as As | Az | Ao | Ao
as A2 Ao Ao
a4 Al A1
as Al

with Ag = {e, a1}, A1 = {a2,a3}, A2 = {aa, as}, then it results that

1((15) = 96/5407
1(0,5) = 65/540.

(as) = 6/36,

filas) = fi(as) =
A Xas) = 12/36.

(as)

Therefore o(Hso) is a total hypergroup. Then, for any r >
therefore i.f.g.(Hso) = 1.
(as) Let us consider Hsi given by the following table

~

17 T(H30) 0(H30) and

e ai as as Qa4 as

AO AO AO as AQ A2

al A() Ao as AQ A2
a2 Ao as AQ A2
as AQ Ao Ao
a4 as as
as as

with Ag = {e,a1,a2}, A1 = {as}, A2 = {a4,a5}. We calculate that

pe) = fi(ar) = fi(az) = 26/216, fi(as) = 60/216, [(as) = fi(as
Ale) = Aar) = Maz) =99/216, A(as) = 65/216, A(as) = A(as
Therefore the associated join space o(Hs1) is as follows:
OaAx e al az as aq as
e A() A() AO H B3 B3
ai Ao Ao H B3 Bg
as Ao | H Bs B3
a3 as | {as,a4,a5} | {as,as,a5}
a4 AQ AQ
as A2
Then
El(e) =i (a1) = /Etl(ag) = 96/540, ,L_741(a3) = 50/540, ,L_741(a4) =1
)\1(6) = )\1(0,1) = )\1(&2) = 65/540, )\1(&3) = 111/540, )\1(&4) = )\1

Then, for any r > 1, »(Hs1) ~ o(Hs1) and therefore i.f.g.(Hs1) = 1.

(as) = 101/540,
(as) = 60/540.



(ag) Let us consider the following complete hypergroup Hsso

o e ai az as Qg as

e Ao Ao Ao Ao a4 as
a1 Ao | Ao | Ao | aa | as
a2 Ao | Ao | a4 | as
as Ao | as | as
a4 as AO
as a4

with Ao = {e, a1, a2,a3}, A1 = {asa}, A2 = {as}. One gets that

le) = () = f(as) = fias) = 9/72,
Ale) = Aar) = Maz) = Mas) = 36/72,

i
Al

Therefore the associated join space o(Hsz) is as follows:

with

a
a

4):EL
1) = A(

OﬂAX e al a as a4 as
e Ao A() Ao Ao H H
al Ao Ao Ao H H
az Ao Ao H H
as Ao H H
aq {a4,a5} | {as,a5}
as {as,as}
pa(e) = fi1(ar) = fir(a2) = fir(as) # fa(as) = fir(as),
A1(6) = )\1(0,1) = /\1(a2) = )\1((13) 7& )\1(0,4) = )\1(0,5).

Then, for any r > 1, »(Hs2) ~ o(Hs2) and therefore i.f.g.(Hsz2) = 1.
(a10) Let us consider Hsz given by the following table

al a2 as a4 as
al A2 A2 A3 Ag
al e A3 A3 A2 AQ
as e e al al
as ai ai
a4 e
as

(G‘S) = 18/727
(15) = 27/72.

with Ag = {e}, A1 = {a1}, A2 = {az,a3}, As = {as,as} and G ~ (K,-) the Klein
four-group. It is obvious that Hss is an 1-hypergroup. It results that

fi(e) = fi(a1) = 10/36,

Ae) = Maz) = 18/36,

Therefore the associated join space o(Hzss) is as follows:

fi(az) = fi(as) = fi(as) = fi(as) = 4/36,
Maz) = A(as) = Mas) = Aas) = 24/36.

Oﬂ/\;\ € ay a2 as aq as

e {e,a1} | {e,a1} H H H H

ay {e,a1} H H H H

az {as,as3,a4,as5} | {az,as,as,as5} | {az,as,a4,a5} | {az,as,as,as}
as {az2,a3,a4,0a5} | {az2,as,a4,as5} | {az,as,a4,as}
a4 {az,a3,a4,as} {ag,a37a4,a5}
as {ag,ag,a4,a5}

and



Then, for any r > 1, »(Hss) ~ o(Hs3) and therefore i.f.g.(Hss) = 1.
(a11) Let us consider the following complete hypergroup Hs4

e al as as aq as

e | Ag | Ao | a2 | a3 | As | A3
ax Ao | a2 | a3 | Az | A3
as Ao | Az | a3 | a3
as Ao | a2 | a2
as Ao | Ao
as AO

with A9 = {e,a1}, A1 = {a2}, A2 = {as},As = {as,a5} and G ~ (K,-) the Klein
four-group. We calculate that

(e) =
(¢)

i
A

>ITI

ai
ai

)
)

Therefore the associated join space o(Hss) is as follows:

0/3./\5\ e al as as a4 as
e {e,a1,a4,as5} | {e,a1,a4,as5} H H {e,a1,a4,a5} | {e,a1,a4,as5}
a1 {e,a1,a4,as5} H H {e,a1,a4,as} | {e,a1,a4,a5}
a2 {az,ag} {(12,(13} H H
as {a27a3} H H
aa {e,a1,a4,a5} | {e,a1,a4,as5}
as {e,a1,a4,a5}
then
fir(e) = fir(ar) = fir(as) = fir(as) # fir(az) = fir(as),
A1(e) = A1(a1) = Ai(aa) = M(as) # Ai(az) = Ai(as)

Then, for any r > 1, ,(Hs4) =~ o(Hs4) and therefore i.f.g.(Hsza) =

(a12) For the complete hypergroup Hss

e al az | as aq as

Ao | Ao | a2 | a3 aq as

ai Ao | a2 | a3 | aa a5
az as | as | as | Ao
a3 as | Ao | az
a4 az a3
as Qay

with Ag = {6, 0,1}7 AL = {az},AQ = {U,g}, Az = {CL4}7 Ay = {a5}, we calculate that

We notice that o(Hss) is isomorphic to o(Hss) and therefore, for any r > 1, .(Hss)

A(a1) = 4/36,
Mai1) = 28/36,

o(Hss) and so i.f.g.(Hss) = 1.

fi(az)
Aaz)

A

f(a
Q

3) = Mas) =

~

Now we present the complete hypergroups of order 6 which have the intuitionistic
fuzzy grade equal to 2.



(b1) The complete hypergroup Hse is the following one

e ai as as | a4 as

Ao Ao Ao as a4 as

ai Ao | Ao | a3 | a4 | as
az Ao | a3z | a4 | as
as as | as | Ao
[N Ao | a3
as a4

where Ao = {e,a1,a2}, A1 = {as}, A2 = {as}, As = {as}, and G ~ (Z4,+). Then

fi(e) = plar) = filaz) = 4/36,  flas) = fias) = fias) = 8/36,
Ale) = Aa1) = Aaz2) =24/36, A(as) = A(asa) = Mas) = 20/36.

Therefore the associated join space o(Hzsg) is as follows:

OEL/\S\ e ail az as a4 as
e A() Ao Ao H H H
al A() AO H H H
a2 Ao H H H
as {as,a4,a5} | {as,a4,a5} | {as,a4,05}
aq {ag,a4,a5} {a37a4,a5}
as {as, a4, as}

We find that

pa(e) = pa(ar) = fpa(az) = fir(as) = pa(as) = pa(as) = 6/36,
)\1(6) = )\1((11) = )\1((12) = )\1(&3) = )\1((14) = )\1(@5) = 3/36

It follows that 1(Hsg) is a total hypergroup. Then, for any r > 2, .(Hss) = 1(Hss) and
therefore i.f.g.(Hses) = 2.
(b2) The complete hypergroup Hs; has the following table

e a1 as as ag as

Ao | Ao | Ao | a3z | as | as

a1 Ao | Ao | a3 | as | as
az Ao | a3 | as | as
as Ao as a4
a4 Ao as
as AO

with G ~ (K, .) the Klein four-group, Ao = {e,a1,a2}, A1 = {as}, A2 = {as}, A3 = {as}.
We obtain the same membership functions as in the previous case. So, i.f.g.(Hs7) = 2.
(b3) Taking the complete hypergroup Hss as the following 1-hypergroup

al as as a4 as

a1 | az | a3 | Ag | As
a1 a2 | a3 | As | e e
az As| e | a1 | a
as ai az as
ay as | as
as as

},Al = {(11}7142 = {CLQ},Ag = {ag},A4 = {CL4,CL5}7 then
ji(e) = filar) = fi(az) = 14/72,  fi(as) = 16/72, ji(as) = fi(as) = 7/72,
Ae) = A A(

az) =51/72, X as) =49/72, X as) = Mas) = 58/72.



Therefore the associated join space o(Hss) is as follows:

OaAX e ai az as a4 as
e {e,a1,a2} | {e,a1,a2} | {e,a1,a2} | {e,a1,a2,a3} | B3 | Bs
a1 {e,a1,a2} | {e,a1,a2} | {e,a1,a2,a3} | Bs | Bs
az {6,&1,0,2} {67111,0,2,(13} Bg Bg
as as H H
a4 As | Ay
as A4
and we obtain that
,Litl(e) = E,l(al) = ,L:Ll(ag) = 227/10807 E,l(a:g) = 95/1080, ,L:Ll(azl) = /}1((15) = 152/1080,
Al (6) = )\1(0,1) = Al (ag) = 90/1080, )\1((13) = 222/1080, )\1(0,4) = )\1(@5) = 165/1080.

Therefore the associated join space 1(Hss) is as follows:

Oﬂ1/\il e al a2z as a4 as
e {e,a1,a2} | {e,a1,a2} | {e,a1,a2} | {e,a1,a2,as} H H
a1 {e,a1,a2} | {e,a1,a2} | {e,a1,a2,as} H H
as {e,a1,a2} | {e,a1,a2,a3} H H
as as {ag,a4,a5} {a37a4,a5}
a4 Ay Ay
as A4

for which we find

/}2(6) = Ez(al) = ,l:tz(az) = 39/216, /}2(0,3) = 35/216, /:1/2((14)
)\2(6) = AQ(GJ) = )\2((12) = 26/216, )\2(&3) = 30/216, Az(a4)

Then, for any r > 2, »(Hss) ~ 1(Hss) and therefore i.f.g.(Hss) = 2.

/}2((15) = 32/2167
A2 (as) = 33/216.

The last two complete hypergroups of order 6 have the intuitionistic fuzzy grade equal
to 3.
(1) For the 1-hypergroup Hsg

a1 az as aq as

a1 | A2 | Az | Az | A3
ax Ay | A3 | As | e | e
az e ai ai
as ai ai
a4 Az | Ao
as A2

where Ag = {e}, A1 = {a1}, A2 = {a2,as}, A3 = {a4,as}, and G ~ (Z4,+), we find that

() = 18/72, fi(ar) =20/72, fi(az) = filas) = 9/72,  fi(as) = ilas) = 8/72,
Ae) =37/72, Xa1) =35/72, M az2) = Aas) =46/72, M aa) = X as) = 47/72.
Therefore the associated join space o(Hso) is as follows:

I8N ai az as a4 as
e e | {e,a1} {e,az,as} {e,az,as} B B
a1 a1 {e,a1,a2,a3} | {e,a1,a2,a3} H H
as As As {az,as3,a4,as5} | {az,as,a4,as}
as A2 {a27a3,a4,a5} {ag,ag,a47a5}
n As As
as As




and

1(e) = 87/540,
1(e) = 105/540,
i1(as) = p1(as) = 82/540,

Therefore the associated join space 1(Hsg) is as follows:

/:11(0,1) = 55/540,
)\1 (al) = 137/5407

f(e fir(az) =
A

H fi1(az) = 117/540,
L Ai(az) = Ai(a3) = 75/540,
M (as) = Xi(as) = 110/540.

Oﬁl/\xl e al a as Qa4 as
e e| H B B {e,a4,as5} {e,as,as5}
ay ai {al,az,ag} {a17a2,a3} Bo Bo
as A A {a2,a3,a4,as5} | {a2,a3,a4,0a5}
as Ay {a2,a3,a4,as5} | {a2,a3,a4,0a5}
a4 Az As
as AS
and

Mz(e) EL (a1) = 52/540, ,1:1/2(&2) = /}2((13) = /}2(@4) = /}2((15) = 109/5407
)\2( ) A (al) = 137/540, AQ(GQ) = )\2(@3) = AQ(CL4) = )\2(&5) = 80/540

Therefore the associated join space 2(Hsg) is as follows:

Oﬁ2/\x2 e al az as Qa4 as
e {e,a1} | {e,a1} H H H H
a1 {e,a1} H H H H
a2 {ag,a37a4,a5} {ag,a3,a4,a5} {az,ag,a47a5} {ag,ag,a4,a5}
as {ag,a37a4,a5} {ag,ag,a4,a5} {ag,ag,a4,a5}
as {a2,as,a4,a5} | {a2,a3,a4,05}
as {az,as3,a4,as5}

for which we calculate

s(a1) # ps(as) = fis(as) = fis(as) = p3(as),

fis(e) = ps(a Il P Iz
As(€) = As(a1) # As(az) = As(as) = As(as) = As(as).
Then, for any r > 3, »(Hsg) ~ 2(H39) and therefore i.f.g.(Hsg) = 3.

(c2) Let us consider Hag as the following complete hypergroup

e al a2 as a4 as

Ao | Ao | a2 | a3 | Az | As

a1 Ao | a2 | as | As | As
as az | Az | Ao | Ao
as Ao | a2 | a2
a4 as as
as as

with Ao = {e,al},Al = {az},AQ = {a3}7A3 = {a47a5}7 and G ~

(Z47

+) (the 4-tuple

associated with Hag is [2,1,1,2]). Then, we obtain the following membership functions

fi(as) = 18/72,
Aas) = 35/72,

Et( e) =p(a) =9/72,  p(az) =16/72,
Me) = Mar) = 44/72,  Maz) = 37/72,
flas) = fi(as) = 10/72, X aa) = Mas) = 43/72.

It is clear that the associated join space o(Hao) is isomorphic to the join space o(Hsg)

and therefore i.f.g.(Ha0) = 3.

d



Making a short comparison with the fuzzy grade of the same hypergroups, we notice
that there are no complete hypergroups of order less than or equal to 6 with the fuzzy
grade equal to 3, instead there are 5 such hypergroups with the intuitionistic fuzzy grade
equal to 3. Moreover, for the complete hypergroups of order 3 or 4, the fuzzy grade
coincides with the intuitionistic fuzzy grade.

5. Conclusions and future work

In this paper, we have presented the join spaces and the membership functions of the
intuitionistic fuzzy sets associated with all forty non-isomorphic complete hypergroups
of order less than or equal to 6, determining their intuitionistic fuzzy grades. A similar
work has been done by Cristea [14], regarding the fuzzy grades of the same hypergroups.

The fuzzy grade of a complete hypergroup H constructed from a group G does not
depend on the group G, but only on the m-decomposition of n = |H|. More exactly,
if G1 and G2 are non-isomorphic groups of the same order m, and H; and Hy are
the correspondent complete hypergroups of order n, then f.g.(H1) = f.g.(Hz). This
is an immediate consequence of Theorem 2.3 [14]. In this paper, we noticed that the
intuitionistic fuzzy grade of a complete hypergroup does not have the same property. For
example, let H be a complete hypergroup of order 6 such that [1,1,2,2] is the 4-tuple
associated with it. Therefore, there exist two non-isomorphic hypergroups of such type:
the hypergroup denoted in this article with Hszg (obtained with the group G ~ (Z4,+))
and the hypergroup H3s (obtained with the group G ~ (K, -) the Klein four group). We
have obtained that i.f.g.(Hsg) = 3 and i.f.g.(Hss) = 1. Thereby the intuitionistic fuzzy
grade of a complete hypergroup depends also on the group G. It seems interesting to
find conditions connected with the group G ( with |G| = m) such that ¢.f.¢g.(H) depends
only on the m-decomposition of n = |H|. This theme will be discussed in a future work.
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