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SOME GENERALIZED HERMITE-HADAMARD TYPE
INEQUALITIES BY USING THE HARMONIC CONVEXITY OF
DIFFERENTIABLE MAPPINGS

M. A. LATIF AND S. HUSSAIN

ABSTRACT. In this paper, a general identity involving a differentiable mapping
is established. By using mathematical analysis, Holder inequality and some
auxiliary results, new generalized Hermite-Hadamard type inequalities for dif-
ferentiable harmonically-convex functions are established. It is expected that
the results established in this paper contain previously established results as
special cases.

1. INTRODUCTION

A function p : ¥ C R — R is stated convex function (in the classical sense) if
the inequality

p(rur + (1= 7)ug) < 7p(ur) + (1 —7) p(uz)

holds for all uy, ug € ¥ and 7 € [0, 1].

The historically the theory convex functions very old. The initiation of the theory
of convex functions began at the end of the nineteenth century. The backgrounds
of the theory of convex functions can be found in the major contributions of Hélder
[], Hadamard [5] and Stolz [I5]. Jensen [§] was first mathematician who realized
the prominence of the convex functions and started the symmetric study of the
convex functions in the beginning of the twentieth century. In the subsequent years
this research evolved in the emergence of the theory of convex functions as an
independent domain of mathematical analysis.

Inequalities have been proven to be a vital tool in the development of new results
in almost all the branches of mathematics as well as in the other areas of sciences.
The theory of convex functions provides a dynamic role in the growth of the theory
of inequalities and hence it has been a subject of broad research over the past few
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decades. A number of interesting results have been proved by using the concept of
classical convexity but the most widely studied result for convex functions is stated
as follows:

If i : [a, 2] C R — R is a convex function, the following inequality

a1+ @ 1 2 p(a1) + p (o)
u( ! )sagal/m p () du < #1002 (L1)
holds. The double inequality is well-known in literature as Hermite-Hadamard
inequality which is considered an independent discovery of the legendary mathe-
maticians, J. Hadamard and Ch. Hermite, see for instance [5] and [6].

The concept of classical convexity has been extended and generalized in sev-
eral directions. One of the generalizations of classical convexity is the harmonic
convexity stated in the definition below.

Definition 1. [7] Let ¥ C R\ {0} be a real interval. A function p: 3 — R is said
to be harmonically convez, if

" (m) < () + (1—7) (). (1.2)

where ¢, (ur,uz) = Tur + (1 — 1) ug for all uy, us € ¥ and 7 € [0,1]. If the
inequality in 18 reversed, then p is said to be harmonically concave.

The properties which explain how the usual convexity and the harmonic convex-
ity are connected are studied in [7].

In recent years, a number of researchers have contributed to generalize and to ex-
tend the notion of harmonic convexity. Currently, a number of findings on Hermite-
Hadamard type inequalities and their applications have been the result of applica-
tions of different generalizations and extensions of harmonic convex functions, see
for example [11 2, [3] [8] [10L [T, 12} 13} 14, 17] and [18].

In Section 2, we present some new generalized Hermite-Hadamard and Simpson’s
type inequalities differentiable harmonically-convex mappings.

2. MAIN RESULTS

In order to present the main results of this paper, we first establish the following
lemmas. Throughout this manuscript, we will use the notation kay 4+ (1 — k) e =
¥, (a1, a9) for our convenience

Lemma 1. Let p: X C R\ {0} — R be a differentiable mapping on 3° such that

¢y = %, where oy, g € X° with ay < ay. If 5 € Lo, s, u € [a1,as)]

and p1, p2 € R, then the following equality holds
Zu (plap2)

=~ [ + (1= pn o)+ (a = py ) - 222 [0

o9 — o u?
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— cnas (0 — a1) /C“ P — K i ( a1 > dre
o wila, )" \¢, (1, az)
1
P2 — R ' [e3)e%)
—|—/ ( ) de p. (2.1
o, @ (an,00" \ oy (ar,a) @1)
Proof. By integration by parts, we have
/C“ P1— K '< Q10 >
B I
0 P (a17 0[2) SON aq, a2
sy o ()]
= (p1—k)d |p
[e5Ke%) 042 - 041 0 Pr (061,042)
Cu ¢
—K o 1 u oo
__ (m ),u< 12)+ /M( 12>d/@
5K (042 - 041) Pr 061, 042 0 [e5KeD) 042 - 041) 0 Pr (0417 042)

(P1—Cu) e5Ye%) _ p1p (o)
¥¢

10 (CYQ - al) “ (041, CYQ) 5o’ (012 - Oll)

a0 () o
-G pple) 1 ) /CM<¢QQ)>d

ajop (o — o) ajog(ag —oy)  ajos (o —og (a1,
(2.2)

dk

and
/1 P2 — K M/< Q12 )dlﬁ:
¢, P (a,2)" \ g, (o1, 02)
o o (5]
= — —K)d —_—
araz (a2 — aq) /u (p: Jd]n o, (1, 02)
1 1
- 1
_ (p2 — k) B ( a0 ) + / i < o > dre
[e5Ke%) (042 - 041) (2 (Ch, 042) ¢ [e3ReD) (042 - 041) ¢ Pr (@1,042)
_a=Dplas)  P2=C)n() 1 /1 ( aray >
= - p| ——— | dk.
ara (az —a1) s (@ —a1)  agas (e —aq) ¢ ¢, (a1, a2)

u
u

(2.3)
Adding 1) and 1) making use of the substitution u = % and multiply-
ing the resulting equality by ajas (e — aq), we get the required identity. ([

Lemma 2. Let £>0,¢>0,0< 1 < 29 withl—%>% and o, 8 € R. Then

A(Oé,ﬁ;$1,$2,§,c)
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_ / (at+pBu)lg—ul
0 P (xh ‘732)
clazi§—ziwa(a(26=1)+B(c+8))+z2 (a(§=1)+B(c+£=2))]
zo(z1—2)2(T1c—T2C+T2) S
_ [e2(at26-BE)+a1 (—a+59)] (i) £>e,

(z1—m2)°
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i

_dmaf—mi@s((26—1)+B(c+E))+@a ((§—1)+B(c+£—2))]
zo(x1—22)2(z1c—220+T2)
[e2 (- 28—BE)+1 (—a+BE)] In s 0<¢{<ec
3 )

(z1—72)

Proof. The proof follows by straightforward computations.

Lemma 3. Let&, ¢ >0, a,8 € R, r € {0} UN. Then the following equality holds
B(mﬁ;f,cﬂ“)

/Oc(wﬂumwdu

O

€ (r+2)a488)—(§—o)" T (r+2)a+B(cter+8))
(r+1)(r+2) ’ 5 z ¢
(=)™ (r42)a+BE)+(c—&)" T (r4+2)a+B(c+cr+£)) 0<¢<e.

(r+1)(r+2) ’
Proof. 1t can be easily proved using properties of absolute value and simple inte-

gration techniques. ([l

Lemma 4. Letc> 0, o, €R, r>2 and 0 < z1 < x2. Then

C(Oé,ﬂ7£€1,1'2;077")

[ latp
_/0 EACRDN
1
N Ty lawy (1 —=2) + a2 (f —a(r—2
($1*ZL’2)2(7’*1)(T72){[ (r=2)+ a2 (8 —a(r—2))
+ (z2 + 10— .’EQC)lfr [(azy (r—2)+cB(r—1))+ao (1+c—cr) —a(r— 2))]}'

O

Proof. The proof follows by using simple integration techniques.
We are now in position to set up the results of this paper.

Theorem 1. Let p: ¥ C (0,00) — R be a differentiable mapping on X° with
ay, ag € X° and oy < ag. If ,u, € Loy, as] and ‘M/‘U is harmonically-convezr on
[a1, ag] for o > 1, then the following inequality holds true for all u € [y, ] and
p1, p2 €[0,1]

[ (p1,p2)| < @102 (a2 = en) {[A (1,0 01, 02,91, )]
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1

, o
0 (al)‘

i)' e

where A (o, p; o, a2, €, ¢) is defined in Lemma and ¢, is defined in Lemma .

’

p (az)

X (A (1, *1;a1,a2apla<u)

_1
+ [A(170;a27a17 1 — P2, 1- Cu)]l ¢ (A (07 1;0{2,0{1, 1 — P2, 1- Cu)

"(an)| A0, 1501, 02,p1,€,)

+A (1, —1;0{2,@1, 1 — P2, 1- Cu)

Proof. Taking the absolute value on both sides of the result in Lemma applying

the power-mean inequality and using the harmonic-convexity of ‘ wl| ,o>1, we

Cu Ipr —
D1 fi| 4 [e5KeD)
Eu ) S -
| (p1 p2)| (e5e% (@2 CV1) {/0 @% (a17a2> H <<Pn (al,a2)>
1
|p2 - K‘ ’ < Q109 )‘
+ dr p < ajag (s — o
Jéu<pz<a1,a2> o (ana2) 102 (@2 = o)
1
_1 ’ 4 ’ g -
S o Cu [p1 — K| [(1—5) ‘u (041)‘ —s—n’u (az) }
S () i i
o ¢ (a1, ) 0 2 (o1, )

1
_1 ’ 4 ’ o a
Vopeenl N e =l [ k) i (an)| 4 | (2]
+ / 5 dk / 5 dk
¢ P (o1, a2) ¢ ©Z (a1, az)

u

have

dk

By applying Lemma [2, we observe that

Cu ‘ _
P1 /f|

d :A ]‘70; ) b b wu/
/O ‘Pz (alaOCQ) " ( 02, P1 C )

1
_ 1—py—
/7“’2 K|)dn:/ 7| P2l A(L,0;a0, 01,1 —pa,1—C,),
¢ 0

AL 7 (02, 01)

Cu K |pr —
D1 fﬁ\
————drk = A(0,1; a1, a2, p1, ,
/0 QO% (Oél,OéQ) ( 1 2,P1 Cu)

Cu (1 — _
/ ( H) |p1 Ii'dli:A(l’_l;alaQQaplaCu)v
0

¢z (a1, az)

/ K|p2 — Kl /*“( w)[1—p2— |
— K— H
¢, 2 (a1, a2) 0 @2 (ag, o)

= A(la _1;a27a17 1 — P2, 1-— Cu)
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and
S D e B P
T2 (o o) = e oy K
¢u Pr (o1, 2) 0 ¢ (a2, 1)
= A(O,].;OQ,OQ,]. _p271_Cu) .
By using the above integrals in (2.5)), we get the required inequality. O

Corollary 1. If 0 < p; < % <p<l,c=1andu= % m Theorem the
following inequality holds valid

() + (1= o) aa) + (=)o (2522 ) = 102 [P 2,

2 — Q1 U

< ajas (@ —aq)

X A 1,—1;041,0427171, = +A Oal;QQaalvl_an &= 1%
a1 + az a1+ Qg

(%) aq 4
+|A0,1; a1, s, p1, + A1, -1;a0,1,1 — po, Q@ ‘ ,
[ ( 1, G2, P1 a1+a2) ( 2,01 b2 a1+a2)]u(2)}
(2.6)
where A (o, p; a1, a9, &, ¢) is defined in Lemma .
Proof. Since for u = al;”, Cu = g5 and 1 — ¢, = %'5-. Hence the proof
follows from the result of Theorem [l O

Corollary 2. Ifp; =0 and po = 1 in Corollary[l], the following Hermite-Hadamard
type for harmonically convex functions holds

oy + oy 109 2 (u)
I 5 — 5 du
ay—ay Jo, U
X {|:A <1,—1;O[1,052,0, &2 ) +A<071;a27a1707m>:|
ay + a2 Qi + o

(0% g !
A Oalv ) 707 A 17_17 ’ 707 ’ ‘ ’
+{ < o1, Q2 a1+a2> + ( Q2,0 a1+a2>} o (a2) }
2.7)

<aja (@ —aq)

()

where A (o, p; a1, a9, &, ¢) is defined in Lemma @
Proof. Tt is a direct consequence of Corollary [I} O

Corollary 3. If we set p1 = ps = % in Corollary the following Hermite-
Hadamard type for harmonically convex functions holds

plon) +p(e)  aran /"‘Qu(“)du

5 oo 2 <ojas (@ —ag)
2 —Qq

@1
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1 (6% 1 aq 4
A 13_1; ) PP A 0717 ) 550 ‘ ‘
x {[ ( a1, 2, 5 a1+a2> + < 2,01, 5 041+052>:| o (a1)

1 (%) 1 a1 4
A Oalv ) Yo | A 17717 ’ [P ’ ‘ ’
+{ < o a220¢1+0z2>+ ( a2, 01, 5 a1+a2>} H(az)}
(2.8)

where A (o, p; a1, a9, &, ¢) is defined in Lemma @

Proof. Tt follows from Corollary O
Corollary 4. Suppose p1 = % and py = % in the result of C’orollary the following
Simpson type inequality holds for harmonically-convex functions

‘1 [Man tals) |, (m)] oo / u(u)du’

2

3 2 2 ag —ay Jo, U
< ( ydla(1,-1 L@ ) a(o1 1 _a
Q10 (G — & , —15 0,02, =, y L3 G2,y =y
< ajag (oo 1 L% e T 2% 6 0T o
X ‘// (Oél)’
]. (6%) ]. (6751 ’
A Oala ’ YAy T A 1’71; ’ s ay o ) ‘ ’
+{ < L, 6 041-|—042>+ ( a2 H 6 a1+a2>} a (OQ)}
(2.9)
where A (o, p; a1, a9,&, ¢) is defined in Lemma @
Proof. Proof directly follows from the result of Corollary O

Theorem 2. Let p: ¥ C (0,00) — R be a differentiable mapping on X° with
ay, ag € 3° and ay < ag. If [L/ € Llay,as] and ‘,u') is harmonically-convex

on [aq,az] for o > 1, the following inequality holds true for all u € [aq, 2] and
p2,p1 € [0,1]

[Zu (prop2)] < @102 (2 = 1) { {B (1,0;2?17(1“ {UD} e

oc—1
1

X (C (1,-1; 1,0, ¢y, 20) ‘,u/ (al)‘a +C(0,1;1,2,(,,20) ‘u/ (042)’0)

o

11 ,
+ |:B <]—aoa 1 — P2, 1- Cu, {OLJ)} (C (07 1;&2,0&1, 1- Cu’QU) ’/”L (0[1)

+C(1,-1;a9,01,1 — ¢, 20) ‘ul (a2)‘0>;} , (2.10)

where B (a, u; &, ¢, ) is defined in Lemma@ C (a, p; a1, aa, ¢, 1) is defined in Lemma
¢, is defined in Lemmall] and |u] is the floor function.
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Proof. From the result in Lemma [ applying the Holder inequality and using the

[eg
, 0 > 1, we have

. . /
harmonic-convexity of ‘u

Cu | _
p1 — K / a1

Yy (p1,p2)| L o (a2 — @ / < >

| ( 1 2)| 1 2( 2 1){ 0 @z(al’a2) H SOH (CY]_,O[Q)

1
|P2 - ’f‘ / (5 Yo%)
d < —
+/cu 02 (a1, a) | \ gy (an,az) )| [ =1 (o2 = n)

c. N e a0 @] el @2 ] T
X / lp1 — k|7 T dk / 5 dk
0 0 P (o, az)

) R N (S A e R
+</<up2—fi|“1d/£> /C{l ‘Mcpig(ll:@‘u ]dﬁ

dr

=

u

(2.11)

By applying Lemma [3] and Lemma [ we have that

Cu - Cu - o
/ ‘pl —[{|ﬁd/@§/ |p1 _Hl\'ﬁj dﬁ":B (170;])1741” \‘J) )
0 0 o—1

1 i 1-¢, .
/ \pg—iﬂﬁdn:/ |1 —po — k|71 dk
Cu 0

SB(Lo;l—p%l—cu,{ U1J>’
p—

¢ .
P k=00, 101,00,C,,20),
/o % (a1, az) ( 102, )

Cu 1—
0 QOKU (04170[2)

1 1-¢, _
/ %d,ﬁ:/ &dn20(17_1;042,041,1—(“,20)
0

@27 (ag, 1)

1 1-¢
1— u
) " dk=0C(0,1;00,01,1—C,,20).
20 20 u
¢, Pr (Oél,Olg) 0 P (OlQ,Oél)

By using the values of the above integrals in (2.11)), we get the required inequality.
O
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Theorem 3. Let pn : X C (0,00) — R be a differentiable mapping on X° with
ay, ag € X° and a1 < ag. If ul € Llay,as] and ‘,u/)o is harmonically-convex
on [a1,as] for o > 1, the following inequality holds true for all u € [a1,as] and
p2,p1 € [0,1]

1—1

o

g
|Zu (p15p2)| S Qa2 (a2 - O[l) { |:C (1,0;0{1,042,€u, O'—].):|

Al

)

1 ()

% (B (L =1 o)) i ()| + B0 1, lo]) |4 (a)

o

-3
+[0<1,0;a2,a1,1—<u,ac_’1>] (BOL1=Cylo])

+B(L-11-C, o)) | <a2>\”)3’} . (212)

where B (a, u; &, ¢, ) is defined in Lemma@ C (o, p; a1, g, ¢, 1) is defined in Lemma
¢, is defined in Lemmal[1] and |u] is the floor function.

Proof. Taking the absolute value on both sides of the result in Lemma |1} applying

g

the Holder inequality and using the harmonic-convexity of ‘,u' , 0 > 1, we have

1—1
Cu dk v
|Xu (p1,p2)| < @10 (a2 — o) —_—
0 (pg*l

(alaa2)
Cu
x (/ oy =17 [(1 = ) ()
0

o . ! dk e
]dﬁ> +</Cu e (ahO@))
x ( / pe [ [ ()
Cu

’ g} dm) . (2.13)

+ K
By applying Lemma [3] and Lemma [f] and using similar arguments as in proving
Theorem |2, we get the desired result. O

o

+ K

1 (a)

al-

i (a2)

Theorem 4. Let pn : X C (0,00) — R be a differentiable mapping on X° with
ay, as € X° and oy < ag. If u/ € Loy, as] and ‘u/‘ is harmonically-convex on

[a1, 2] for 0 > 1 and 0 < p < o, then the following inequality holds true for all
u < [O[l,CVQ] and D2,p1 € [07 ]-]

1—1
o— 2(0c — °
|Zu (p15p2)| S [03Ke%) (a2 —Oll) { |:D (170;a17a25plagu7 \‘U—Z].’)J ) (O'— 1p)>:|
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(a)|')’

X(D(l 1041702,P1,Cu7LPJ 2p ’/L al) +D(0,1,061,042,p1, i) LpJ )

P -7
+ |:D <170;a270¢1,1p271<u7 {Z_pJ7 (U p)>:|

1 oc—1

g

X (D (Oa 1;05230417 1 — D2, 1- Cua LpJ 52p) ‘/LI (al)

1
e

+D (17 —1,0&2,@1, 1 — P2, 1- Cua LpJ a2p) ‘M/ (QQ)’U) } (214)

Proof. Using Lemma [I applying the Holder inequality and using the harmonic-

convexity of ‘,u ‘ o > 1, we have

1—

Q=

Cu =
p1— K
X0 (p1,p2)| < a1z (a2 — ax) / 2|<01,p)—|d/€
,  fe=p

o7 ()
, a , o % 1—1
ol = [(1 =) |u' ()| 4 |u (02)]"] dn U lpy — 5[5 de
U V=
0

o (a1, ) 2e=p

Cu QOK07 (alan)

o

} de | . (2.15)

/1 Ip =" [(1=m) [ (@)] + 5[ (02)
Cu 0P (1, arg)

Let

D (aa:u';aha%gaca T, H)

[atmle=ut,
o #h(ar,az)
fo (atpu)(E—u)" du, &>,

pr(ar,az)

fowdu 0<¢<e,

e (a1,02)

where k, a,p ER, 0 < a3 < @z, &, ¢ > 0 and r € {0} UN. The above integral can
be solved numerically by using the software Matlab or Mathematica. By using this
integral, we have the following observations

Cu _ |t — 20 —
/ %dﬁ < D (LOa a17a2aplaCu> \fj pJ ) (U p)> )
0 To=1 o—1 o—1

Pk B (alaa2)

1 o—p 1—¢ o—p
|p2_,{|a1 u‘l_pz_ﬁt/lal
/ 2(0—p) dr = 2o—p) dr
¢ o—1 0 o—1

Pk (a1, az) Pr (az,aq)
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_ 2 (g —
SD(].,O;CY%OZM]-_anl_Cua {Z_TJ’ fj.a_lp))’

¢ P

v Ipp —k|" (1 —kK

/ %dﬁgD(l,—l;al,ag,pl,(ju,|_pj,2p),
0 pr (a1, q0)

Cu P
/ K/2Lp1 K/| dk S D(Ovl;a17a2apla<-u7 |_pj 72p)a
0 ¢ (a1, az)

1 P
1— _
/ ( 25) |p2 K‘ dﬂgD(Ovl;O‘?valvl_p?al_Cua|_pJa2p)
o (o, az)

u

and

bk lp2 — k[

21)7606 S D (17 _1;042’@17 1 — P2, 1-—- Cua I_pJ 72p) )

¢, pr (a1, a2)
where |u] is the floor function. By using the above inequalities in (2.15), we get
the inequality (2.14)). O
Theorem 5. Let p: ¥ C (0,00) — R be a differentiable mapping on X° with
ay, ag € X° and ay < ag. If ,u, € Lo, 9] and ‘,u/‘ is harmonically-conver on
[a1, aa] for o > 1, then the following inequality holds true for all u € [y, as] and
p2,p1 € [0,1]

Q=

1—1
o o
12w (p1,p2)| < a1z (a2 — 1) { {D (170;0417042,]91,Cu7 LT—IJ )}

To—1

al-

1 ()

1—1
+|:D<170;a27a171p231Cu7{ d J, ? >:|
c—1] o—-1

X (C (07 11 Q2, 01, 1 — D2, 1- Cu7a) ’:u’/ (al)

X (0(1771;04170@71)17 u,O’)‘,U,, (al)‘ +C(071§O¢17a27p1’ u’o')

1
o

} (2.16)

Proof. From Lemma (1] applying the Holder inequality and using the harmonic-
g

+C (1, -1 a0, 1,1 — po,1 — (,,,0) ‘ul (042)’ )

convexity of ) ul‘ , 0> 1, we have

|p1—/€| li/< [e5KeD) )
©2 (a1, az) ¢, (a1, a2)

//( a1az )‘d/{ < ajag (a2 —ai)
¢, (a1, a2)

dk

C'U,
|Zy (p1,p2)] < anas (@2 — o) {/
0

/1 lp2 — K
+ 2
¢, P (a1, a9)
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1 o o 1
7\ [A= R | e | (e2)]]
0 gp,g_l (0417042) 0 Pr (Oé1,0é2)
_1 ’ 4 ’ 4 %
Vw0 [ m | @] el (o) ]
+ /7L dk / 5 dk
Cu it (0, a2) ¢ ©7 (a1, az)
(2.17)

By applying Lemma [4] and using similar arguments as in proving Theorem [ we
get the result given in (2.16)). O

Remark 1. If0 < p; < % <ps<l,o=1andu= %, one can derive some
interesting Hermite-Hadamard type and Simpson type inequalities form Theorem
3 Theorem [3.
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