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ABSTRACT. In this paper, we study the existence and multiplicity of positive
radial solutions for a class of local elliptic boundary value problem defined on
bounded annular domains. The existence and multiplicity of positive radial
solutions are obtained by means of fixed point index theory. We include an
example to illustrate our results.

1. INTRODUCTION

In this paper, we are interested in the existence of radial positive solutions to
the following boundary value problem (BVP)

{ ~Lu(z) = f |zl u(z), e

u(z) =0, x € 942, (1.1)

where 2 = {x ERY : Ry < |z| < Ry, N> 3} with 0 < Ry < R; is an annulus in
RM and f € C([0,1] x [0,00), [0, 0)).

The study of such problems is motivated by a lot of physical applications start-
ing from the well-known Poisson-Boltzmann equation (see [2, 26, 34]), also they
serve as models for some phenomena which arise in fluid mechanics, such as the
exothermic chemical reactions or autocatalytic reactions (see [31], Section 5.11.1).
The nonlinearity f in applications always has a special form and here we assume
only the continuity of f and some inequalities at some points for the values of this
function. However, we know that in the integrand should stay a superposition of u
with a given function (usually the exponent of « in applications) instead of u alone,
but we treat this paper as the first step in this direction. The method we use is
typical for local BVP. We shall formulate an equivalent fixed point problem and
look for its solution in the cone of nonnegative function in an appropriate Banach
space. The most popular fixed point theorem in a cone is the cone-compression
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and cone-expansion theorem due to M. Krasnosel’skii [25] which we use in the form
taken from [12], [19]. We also point out the fact that problems of type when
equation does not contain parameter A, are connected with the classical boundary
value theory of Bernstein [1] (see also the studies of Granas, Gunther and Lee [17]
for some extensions to nonlinear problems).

The existence and uniqueness of positive radial solutions for equations of type
(1.1)) when equation does not contain parameter A, were obtained in [5], [27], [36].
Wang [36] proved that if f : (0,00) — (0, 00) satisfies lzm f(z) = oo and lim L&) =

z—00 %

0 then problem when equation does not contaln parameter A, has a positive
radial solution in Q = {x eRN, N > 2}. That result was extended for the systems
of elliptic equations by Ma [24]. We quote also the research of Ovono el al. [32]
where the diffusion at each point depends on all the values of the solutions in a
neighborhood of this point and Chipot et al. [13] considred the solvability of a
class of nonlocal problems which admit a formulation in term of quasi-variational
inequalities. There is a wide literature that deals with existence multiplicity results
for various second-order, fourth-order and higher-order boundary value problems
by different approaches, see [8,9,10, 11,12, 14, 29, 30].

In 2011, Bohneure et al. [6] studied the existence of positive increasing radial
solutions for superlinear Neumann problem in the unit ball B in RY, N > 2,

—Au+u=a(lz]) f(u), in B,

u >0, inB,
Oyu = 0, on 0B,
where a € C'([0,1],R), a(0) > 0 is nondecreasing, f € C!([0,1],R), f(0) =
0, lim f( ) =0and lim £ > L
s—0+ s—+4oo 9 a(0)

In 2011, Haknni and Zertiti [22] studied the nonexistence of radial positive solutions
for a nonpositone problem when the nonliearity is superlinear and has more than
one zero,

Au(z) = Af (u(x)), €2,
():O x € 012,

where f € C ([0, +00),R).
In 2014, Sfecci [35] obtained the existence result by introduced the lim sup type
of nonresonance condition with respect to the first positive eigenvalue A; pro-

vided | llzm sup ( ) < A1 with a double limin f condition like the following one
u|—o0

2F(u)

lim sup? (u) < 7 2 *and lim in f=x* < {5z for the following Neumann prob-

U—>—00 Uu—>—+00

lems deﬁned on the ball B = {z € ]RN, |z < R},

—Au(z) = f (u(z)) +e(lz]), in Bg,
U(Jf) :O, O’I'I,aBR,
where f € C'(R,R), e € C ([0, R],R), F is a primitive of f and Q = (—2p,2p) C R.
In 2014, Butler et. al, [7] studied the positive radial solutions to the BVP
—Au+u=Aa(|z|) f(u), z € Q,
%—l—é(u)uzo7 || = 7o,
u(x) — 0, |x| = oo,
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where f € C([0,00),R), Q= {z € RY : N > 2, |z| > rowithrg >0}, A is a pos-
itive parameter, a € C ([rg,00),R") such that lima(r) = 0, % is the outward
77— 00

normal derivative and ¢ € C ([0, 00) , (0, 00)).

In 2003, Stanzy [34], by using the norm-type cone expansion and compression
theorem proved that problem has at least one positive radial solution under
the following conditions

(By) for any M > 0 there exist a function pys € C'((1,+00),RT) with

o0

/s (1—s*) pa (s)ds < o0,
1
such that

0< f(s,u) <pu(s), forany (s,u) € (1,00) x [0, M],
(Bs) there exist a set B € ((1,400),R™) of positive measure such that

lim 15w

u——+o00 U

(B3) there exist a function p € C ((1,+00) ,R*) with [~ s (1 — s?") p(s)ds < oo

such that
L f (s
u—0+ up ()
In 2006, Han [21], replacing the conditions listed above (Bj), (Bz) and (Bs) by the
weaker ones

= 400, uniformly with respectto s € B,

= 0, uniformly with respect to s € B.

e fsu) , f(s,u)
l l
Jgond min = > 6 B st

<1,

uniformly with respect to s € (1,+00) for suitable positive numbers £ and 7, the
authors proved that problem (1.1)) still has at least one positive radial solution.

In 2014, Wu [37], studied problem (1.1]) under some conditions concerning the first
eigenvalues corresponding to the relevant linear operators, they obtained several ex-
istence theorems on multiple positive radial solutions of ([1.1]) in an exterior domain.

Inspired and motivated by the works mentioned above, we deal with existence
and multiplicity of radial positive solutions to the BVP (|L.1f), our approach is based
on fixed point index theory. The paper is organized as follows. In Section 2, we
changes problem into a sigular two-point boundary value problem and we
will state all the lemmas which will be used to prove our main results in the later
section. Setion 3 is devoted to the existence and multiplicity of positive solutions
and positive radial solutions for BVP (1.1)) and we give an example to illustrate our
results.

2. PRELIMINARIES
We shall consider the Banach space E = C'[0, 1] equipped with sup norm ||u|| =

maz |u (t)] and C'* [0, 1] is the cone of nonnegative functions in C [0, 1].
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Definition 2.1. Anonempty closed and convex set P C FE is called a cone of E if
it satisfies

(t) we P, r > 0 implies ru € P,
(i) u € P, —u € P implies u = 0, where 6 denotes the zero element of E.

Definition 2.2. A cone P is said to be normal if there exists a positive number N
called the normal constant of P, such that § < u <wv implies ||ul| < N |jv].

We are interested in finding radial solutions for problem (|1.1). We proceed
as in introduction. Since we are looking for the existence of nonnegative radial
solutions u (x) = z (]z|) of the problem (1.1)), where z : RT™ — R, one can substitute

1
v(t) = 2 (%) " for t € [0,1] ,n > 3, thus reducing the BVP (L.I) to the
following singular two-point BVP

V() = g (60 (), te (0,1),
{ 0 (0) = (1) =0, @1)

where
A\
g(t,v)=0()f (B—t) U (2.2)
(RoRy)" 2 RP2
= 7R71'L—2 — Rg_Q a,ndB = 7}3?_2 1_ RSL—Q’ (2.3)
and
—(n=2)  p—(n-2) 2
(1) = (Rl — ];0 ) (R;<"‘2> - (Rl_("_2) - Rg("‘2)) t) ,n>3.

we can reformulate g as

where

2 2(n—1)
oo Rl—(n—2) _ RE(n—Z) 1 A 5
¢( ) o n—2 2n— 2 n—2 n—2 2::22 B—t
A%=% (R = Ry™?)

We observe that the existence of radial positive solutions of (|1.1)) is equivalent
to the existence of positive solutions of the problem (2.1).

In arriving our results, we need the following six preliminary lemmas. The first
one is well known.

Lemma 2.1. Let y(-) € C'[0,1]. If u € C?[0,1], then the BVP (2.1)) has a unique
solution

v(t)= [ G(t.s)y(s)ds, (2.5)
/
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where
o= {10 a2
Lemma 2.2. For any (t,s) € [0,1] x [0, 1], we have
0<G(t,s) <G (s,8)=s(l—3s).
Proof. The proof is evident, we omit it. ([

Lemma 2.3. (see [23]) For y(t) € C1[0,1]. Then the unique solution u(t) of
BVP (2.1) is nonnegative and satisfies

3 >
/0, Y (t) = c|lvll,

where ¢ = min {Rg,1 — Ry} and [Ro, R1] C (0,1).
If we let
P={veCt[0,1]: wv(t)>0, forte[0,1]},

and

— + . ; >
Q {v e C7[0,1]: R, v (t) > c|v||} ,

then it is easy see that P and @ are cones in E = C'[0, 1].
Let 2, = {u € E : ||ul]| < r} be the open ball of radius r in E and the operator
A : E — FE define by

1
(Av) (t) = /G (t,s)g(s,v(s))ds, t €[0,1]. (2.7)
0
Define a set H by
H= heC((O,l),R*):hyé(),/t(lft)h(t)dt<+oo : (2.8)
0

Now, we define an integral operators 7y, : £ — FE for h € H by

(Tho) (1) = / Gt s)h(s)v(s)ds, forve E. (2.9)
0

We have the following lemma.

Lemma 2.4. For any h € H we have
(1) Ty, is a completely continuous linear operator and the specteral radius r (Ty,) # 0
and Ty, has a positive eigenfunction p1p corresponding to its first eigenvalue Ayp, =
(r(Tw) ",
(1) Tn (P) C Q,
(iii) there exist 01, 62 > 0, such that

"G (t,s) < p1n(s) <0G (s,8), t, s €0,1], (2.10)

(iv) define a functional Jy, by Jj, (v) = fol h(t)o1n (t)v (t)dt for v € E. Then
In (Tho) = Afhth (v) forv e E,
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(v) let
Py={veP: J,(v) >\, 60|}, (2.11)
then Py is a cone in E and Ty, (P) C Py where 61 is defined by (2.10)).
To prove Lemma we need the following lemmas.
Lemma 2.5. (see [24]) Suppose that E is a Banach space, T, : E — E, n € N*
are completely continuous operators, T : E — FE and

lim mazx ||Tou—Tu| =0, Vr >0, (2.12)

n—+oo|jufl<r
then T is completely continuous operator.
Lemma 2.6. (see [25]) Suppose that E is a Banach space, T : E — E is completely

continuous linear operators and T (P) C P. If there exist v € E\ (—P) and a
constant p > 0 such that pT > 1, then the spectral radius v (T') # 0 and T has a

positive eigenfunction corresponding to its first eigenvalue A (r (T))fl.

Proof. Proof of Lemma [2.4] It follows from the definition of H that for any v € E
1

(Th) ()] < / G (t,5) h (s) v (s)] ds,

<Wm/cts s)ds < +00. (2.13)

Obviously, T}, (P) C P and T), : E — E is a positive linear operators.
We will show tha T, : E — E is completely continuous. For any natural number
n > 2, let

inf h(s), 0<t<i
tSsS%
ho (1) =< h(t), L<p<nsd (2.14)
inf h(s), "L<t<1

Mgsgl
Then h,, : [0,1] — [0, 00) is continuous and h,, (t) < h(t) for all ¢ € (0,1).
Let

(Th,,v) /G (t,s) v (s)ds. (2.15)

Now, we show that 7}, : E — E is completely continuous. For any r > 0 and
v € §2,., according to (2.14]), (2.15)) and the absolute continuity of integral, we have

nlJ)T |Th, v —To| = ngthrerL[ggf /G (t,s) (hn(s) —h(s))v(s)ds

< ol tim_| [ G (5,9) (o (5) = i 5)) ds
0

< ||| lim G (s,8)(h(s) —hn(s))ds

n—-+o0o

e(n)
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<ol tim_ / G (s5,5)h(s)ds =0, (2.16)
e(n)
where e (n) = [0, 1] U [2L,1].
Therefore, by Lemma Ty, : E — E is a completely continuous operator. It
is obvious that there exists ¢; € (0,1) such that G (t1,t1) h (¢t1) > 0. Thus there is
[a1,b1] C (0,1) such that t; € (a1,b1) and G (t,s) h(s) > 0 for all ¢, s € [ay,b1].
Take ¢ € P such that ¢ (t1) > 0and ¢ (t) = 0 for all ¢t ¢ [a1,b1]. Then, fort € [a1, b1]

(Thg) (t) = / G (t,5) h (s)C (s) ds
0

b1
> /G(t,s)h(s){(s) ds > 0. (2.17)
a1
So, there exist a constant u > 0 such that u (7,¢) (t) > ¢ (¢) for all ¢ € [0, 1]. From
Lemma we have that the spectral radius r (T,) # 0 and T} has a positive
eigenfunction corresponding to its first eigenvalue Ay, (r (T},)) .
(#4) To prove Ty, (P) C Q, we only need to show
min  (Tpv) (t) > min{Ro,1 — R1}||Tpv|| for v e P. (2.18)
te[Ro,R1]
In fact, for every v € P, from 0 < G (t,s) < G (s,s) =s(1 —s) for t, s € [0, 1], we
have

(Tho) (t) = | G(t,8)h(s)v(s)ds

< [s(1—=s)h(s)v(s)ds,

O\H O\H

so, for any v € P, we have

IThol| < /s (1= 8)h(s)v(s)ds. (2.19)

Notice that, for ¢t € [Ry, R1],

) s(I—=t)>s(1-Ry), s<t,
G(t’s){t(l—s)zRoa—s), t<s. (2.20)

Thus, for (¢,s) € [Ro, R1] x [0, 1], we have
G (t,s) > min{Ryp,1 — R1}s(1—s). (2.21)
It follows, from (2.19)) and (2.21]) that for all v € P

(Tho) (t) = /G (t,s)h(s)v(s)ds
0
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2min{Ro,l—Rl}/s(l—s)h(s)v(s)ds
0

> min {Ro, 1-— Rl} ||Th’U|| , t € [Ro, Rl] . (222)

So, holds. Thus, T} maps P into Q.

(4i1) Since 1), is a positive eigenfunction of T}, we know from the maximum prin-
ciple (see [18]) that o1, (t) > 0 for all ¢ € (0,1).

Note that G (0,s) = G (1,s) =0 for s € (0,1), we have @15 (0) = 915 (1) = 0.

This impleis that ¢/, (0) > 0 and ¢}, (1) < 0 (see [18]).

Define a function @5, on [0, 1] by

Spllh (0)7 s=0,
Dy (s) =4 G2 5e(0,1), (2.23)
-, (1), s=1.

Then, it is easy to see that @5, continuous on [0,1] and @, (s) > 0 for all s € [0, 1].
So, there exist d;, do > 0, such that

01G (t,8) < 015(1 —8) < p1p (8) < d2s (1 —5) < 62G (s,5), (2.24)

for all ¢, s € [0,1].
(tv) From (2.10)), for all v € E, we have

T (v) = / B (1) oun (t) v (1) di

Sdg/t(l—t)h(t)v(t)dt<+oo.

So, J : E — R is well defined.
For all v € E, we have

1

Jp (Tpo) = /h (t) 1 (%) /G (t,s)h(s)v(s)ds | dt
0

0

:/h(s)v(s) /G(s,t)h(t) oun () dt | ds
0 0

1

= /h (s)v (s) (rinwin (s))ds
0
AT ) (2.25)

for v € E. Then Jy, (T,v) = A7y, (v) for v € E.
(v) It is easy to verify that Py is a cone in E. It follows from (2.10) and (2.25]) that

I (Tho) = A / h(s)pin (s)v(s)ds
0
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> 51A;;/h(s)a(t,s)v(s) ds

=51\, (Two) (), forv e P. (2.26)
The proof is completed. O

3. EXISTENCE RESULTS

3.1. Positive solutions of singular two-point boundary value problems.
The following Lemma is a well-known result of the fixed point index theory, which
will play an important role in the proof of our main results.

Lemma 3.1. (see [18])Let £2 be a bounded open set in E with§ € 2,A : PN — P
a completely continuous operator, where 6 denotes the null element of E. Assume
that A has no fized point on P N OS2.

(1) (Homotopy invariance) If w # puAuw for all pn € [0,1] and uw € P N OS2, then the
fized point index i (A, PN 2, P) =1,

(i7) (omitting a direction) if there exists an element 1y € P\ {0} such that u #
Au+ pbg for allu € PN OS2 and >0, then i (A, PN, P)=0,

(71) (cone expansion) if ||Aul| > |lu|| for alluw € PN OS2, theni(A, PN 2, P)=0,
(iv) (additivity) suppose §21 is an open subset of 2 with 6 € 1 and v # Au for
u € PNOf, then
i(A,PNQ2,P)=i(A,PN2,P)+i(APN(2\2),P),
(v) i (A, PN, P)#0, then A has at least one fized point in PN 2.
Denote

M, min /Gts , = max/GtS . (3.1)

te€[Ro,R1] te[0,1]

The following condltlons holds.
(Hy) g € C((0,1) x RT)RT) and for any M > 0 there exists a function hy; € H
such that

g(t,v) <hp(t), V(tv) € (0,1) x[0,M], (3.2)
(Hs2) there exists a function h € H such that
t
Ulivz)asupi((g)z) < A1, uniformly with respect tot € (0,1), (3.3)
(H3) there exists a function h € H such that
t
szTwsup%(<£)v) < Ap, uniformly with respect tot € (0,1), (3.4)

(Hy) liminf min g(tv) > M,

v—0t  t€[Ro,R1]

Hs) | 9t o Af
(Hs) ngpmmfte@%ﬂ - 1,
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(Hg) there exists a number [ > 0 such that
g(t,v) >nl, for (t,v) € [Ro, R1] x [min{Ro,1 — R1}1,1], (3.5)

where 7 defined in (3.1)),
(H7) there exists a function h € H such that

g(t,v)

v—=0t h(t)U
(Hg) there exists a function h € H with h(t) # 0 for t € [Ro,R;] and ¢ €
C (R*,R") such that

> A1, uniformly with respect tot € (0,1), (3.6)

g(t,v) >h(t)q(v), Y(t,v) € (0,1)xR", (3.7)
vlzﬁn;}znf@ > Ap- (3.8)

Lemma 3.2. Assume (Hy) holds. Then A : Q — Q is a completely continuous
operator.

Proof. The proof is similar to that of Lemma 3.1 in [21]. O

Lemma 3.3. assume (Hy) holds.
(2) If (Ha) holds. Theni(A,QN 2,.,Q) =1 for sufficiently small positive number r.

(i3) If (Hs) holds. Theni(A,QN Ng,Q) =1 for sufficiently large positive number
R.

(¢i1) If (Hy) holds. Theni(A,Q N 2., Q) =0 for sufficiently small positive number
T

(tv) If (Hy) holds. Theni(A,QN Ng,Q) =0 for sufficiently large positive number
R.

(v) If (Hg) holds. Theni(A,Q N (2,Q) =0.

(vi) If (H7) holds. Theni(A,QN 2., Q) =0 for sufficiently small positive number
r.

(ii) If (Hg) holds. Then i (A, QN Ng,Q) =0 for sufficiently large positive number
R.
Proof. (i) By (Hz) there exists r > 0 such that

g (t,v) < Aph (t)v, V(t,v) € (0,1) x [0,7]. (3.9)

Define Spv = A\pTho for v € E, then S, : E — FE is a bounded linear operator
with Sp, (P) C @ and the spectral radial r (Sy) = 1. For every v € Q N 912, it
follows from (3.9)) that for ¢ € [0, 1],

(Av) (t) = / G (t.5) g (s,v(s)) ds
0
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< Alh/G(t,s)h(s)v(s) ds
0

< Aip (Tho) (t) = (Spo) (). (3.10)
So,

Av < Spv, Yo e QNOL2,.. (3.11)

If there exist v; € Q@ N A2, and py € [0, 1] such that v; = pg Avy, then it is easy

to see that uy € (0,1).
Thus 71 = ,ul_l > 1 and mv; = Avy; < Spv;. By induction, we have 7{'v; = Avy <
Spvi, n=1,2,.... Then mf'v1 = Sjvy < ||Sk| |v1]| and taking the sepremum on
[0,1] gives 7{* < [|S]]|. By the spectral radius formula, we have

r(Sh) = tm {/ISpl =7 > 1, (3.12)

which is contradiction.
According to the homotopy property invarience of fixed point index, we have

i(A,QN2,,Q) = 1.
(73) By (Hs3) there exists o > 0 and g € (0, 1) such that

g (t,v) <egAph (t)v, ¥ (¢,v) € (0,1) X [0, 4+00) . (3.13)
From (Hy) there is h, € H such that g (t,v) < h, (t) for all (t,v) € (0,1) x [0, d].
Hence
g (t,v) <egAph(t) v+ he (t), V(t,v) € (0,1) x [0, +00) . (3.14)
Define Spv = egAipIpv, for v € E, then S, : E — FE is a bounded linear
operator with Sy, (P) C Q. Let C; = fol t(1—1t)hy (t)dt < 4o00. Set
W={veQ :v=pAv, pe[0,1]}. (3.15)
Next, we prove that W is bounded. For any v € W. From (3.14)), we have

v (t) = p(Av) (1) < (Av) (1)

= /G(t,s)g (s,v(s))v(s)ds

< epAin / G (t,s)h(s)v(s)ds + / G (t,s)he (s)ds
0 0

< eoAin (Tho) (t) + Cy
= (Spv) (t) + C1, t € [0,1].
Thus
(I=8p)v)(t)<Ci, YveW,telo,1]. (3.16)
Since A1y, is the first eigenvalue of Sy, r (Sh)_1 > 1. therefore, the inverce operator
(I —S,)"" exists and
(I—8p) ' =T+, +Sp+-+Sp+- (3.17)
It follows from T}, (P) C @ that (I —S,)~" (P) C Q. Hence, we have from (3.16)
that
v(t) < (T —Sp) " C, YoeW, telo,1] (3.18)
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that is W is bounded. Choose R > {p, supW}, then v # g Av for all o € [0,1] and
v € QN 2x. By the homotopy property invarience of fixed point index, we have
P(4,QN02R,Q) = 1.

(#4i) — (v) have been proved in [21], so we skip it.

(vi) By (H7) there exist r > 0 such that

g (t,v) > Mph(t)v, V(t,v) € (0,1) x [0,7]. (3.19)
For any v € Q N £2,., we have

(Av) (t) = /G (t,s)g(s,v(s))ds
0

> Alh/G(t,s)h(s)v(s) ds
0

= \in (Tho) (t), t € [0,1]. (3.20)

Without loss of generality, we can suppose that A has no fixed point on Q N 992,.
Suppose that there exist v1 € @ N A2 and py > 0 such that v; = Avy + p1P1h-
Then py > 0 and vy = Avy + p1p1p > p1@in. Let

p=sup{p>0: v >ppin}. (3.21)

Then p* > py > 0 and vy > p*p1p.
Since T}, is a positive linear operator, we have

AnThvr 2> p* MpThpin. (3.22)
Hence, by (3.20) we have
v1 = Avy + pap1n > MpThor + e > wrein + 1o, (3.23)

which is contradiction. Thus according to the homotopy property of omitting a
direction for fixed point index, we have i (A, Q N 2,.,Q) = 0.
(vii) From (3.8) there exist there exists o > 0 and ¢¢ € (0,1) such that

q(v) > (1 +ep) A1pv, Yo € [0, +00) . (3.24)
Since ¢ is bounded on [0, o], there is a constant Cy > 0 such that
q(v) > (1+e0) Mpv—Ca, Yo €]0,0]. (3.25)
Thus
q(v) > (1+e9) AMipv — Cy, Y € [0, +00).
Hence, by , we have
g (t,v) > (14 e9) Mipvh (t) — Coh (t), YV (t,v) € (0,1) x [0,400). (3.26)
Let C3 = fol h(t) p1n () (fol G (t,s)h(s) ds) dt < +o0o. Then C3 > 0 is a finite

constant. Take
-1

Ry
R > C3 [ egmin{Ry,1 — R1} / h(t) o1n (t) dt . (3.27)
Ro
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Suppose that there exsist v; € Q@ N 2z and 1 > 0 such that v; = Avy + p1P1h-
Then

Jn (v1) = J (Av1) + pad (¢1n)
> J (Avy)
> [ h(t) o () | Mn(1+e0) [ Gt ds — CoT), (1) | dt
O/ (1) 1 (1) / v (5) 1)
=Mn (1 +¢0) Jn (Thv1) — Cs
— (14 &0) I (v1) — Cs. (3.28)
Hence

Jp (v1) < 03861.
On the other hand

1
/h golhvl dt
0
R

1

\%

h (plh’Ul dt

Ro

> Rmin{Ry,1 — Rl}/ ) -p1ndt. (3.29)

By the maximum principle, @15 (t) > 0 for all t € (0,1). By h(t) # 0 for t €
[Ro, R1], we have

Ry

/h (t) prndt > 0.
Ro

Thus, from ([3.28)) and ( -, we have

-1

R< min{Ro,l—Rl}/h(t)<p1hdt T (01)

Ro
-1
< Cy [ min {Ro,1 - Ry} / h(t)omdt | . (3.30)
Ro
This is contradiction. So, by the property of omitting a direction for fixed point
index, we have i (A,Q N 2r, Q) = 0. The is completed. O

Now, we are in position to present our main results of this subsection.

Theorem 3.4. Assume (Hy) — (Hs3) and (Hg) hold. Then the singular boundary
value problem (2.1)) has at least two positive solutions.
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Proof. According to Lemma[3.3] we can choose sufficiently small positive number r
and sufficiently large positive number R satisfying0 < r <! < R,i(A, PN Q,.,P) =
1,i(A, PN g, P) =1. From i (A, PN, P) = 0 and additivity property of the
fixed point index, we obtain

(A PN (2\T2),P)=0-1=1,

i(A,PN(2r\2),P)=1-0=1

Hence, A has at least two fixed points, one in §2; \ {2, and another in 25\ ;. That
is the singular boundary value problem (22.1]) has at least two positive solution. The
proof is completed. O

Theorem 3.5. If (Hy) and one of the following conditions are satisfied, then the
singular boundary value problem has at least one positive solution.

(¢) (Hz) and (Hs) holds,

(#4) (Hz) and (Hg) holds,

(#i1) (Hz) and (Hg) holds,

(iv) (Hs) and (Hy) holds,

(v) (Hs) and (Hg) holds,

(vi) (Hs) and (H7) holds.

Proof. By the property of the fixed point index, we only need to choose suitable
positive numbers » and R. This completes the proof. ]

We present an example to illustrate the applicability of the results shown before.

Example 3.1. Let

)
7 (581) te(0,1), ve 0,5,
cvl l—4v 161(8v—1
= ) e () 01y, ve [,
161, te(0,1), ve [i,1],
161 + tv/v — 1, te(0,1), vell,4o00),

cvl
(g, te(0,1),ve0,%l],
4 () (1%;5 % l7l4v n 16cul(ls;u—z)>7 te(0,1),ve [%l&l},
v) =
16¢vl, te(0,1), ve [31,1],
16cvl 4+ tv/v — 1, te(0,1),vell,+o00),

Since A = 22 < 16, if lim v) 3%8 < Aip and lim 29 = 16¢l < A\ip, then g
v—0t Y v—+4oo Y

satisfies all the conditions of Theorem[3.]) thus we infer that the singular boundary
value problem (2.1)) has at least two positive solutions.

3.2. Positive radial solutions of elliptic boundary value problems.

Define a set
K= {p € C((Rle) ,RJr) : p# 0,
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Ry

Bs"™2 - A Bs"2 — A\ [ (n—2) As"3
J(F=) (- 25 (s pds < voc
R

0

where A and B are deﬁn_ed above .
Denote C = (ﬁ) and d = (B%R]) .
For p € K, let

we can reformulate h as

where

2
RO - R | JRpT—
¢ (t) B 2 2n_2 oy 5 .
n= A= (R;l_2 _ R8—2) 2 — S

For convinience, we let

2
A (BT R 1
2n—2
n—2 AQ,:”:; (R?_Q _ R('I)L—Q) n—2

Then h € H. As in and Lemma h confirms an operator T} and its first
eigenvalue A1,. To emphasize their relation with p, we use the notations hy, A1p,
and ¢1p,,-

According to , we formulate the following conditions which correspond to
those in Section 3.1.
(C1) f € C((Rp, R1) x RT,RT) and for any M > 0 there exist a function py € K
such that

f(s,u) <puy(s), ¥V(s,u) € (Ro, R1) x [0, M],

(C2) there exist a function p € K such that
f(s,u)
u—=0t  p(s)u
(Cs) there exist a function p € K such that
lim supf (5, u)
umtoo T p(s)u

(Cy) lim inf min @ > 27IMAM;,

< A1n,, uniformly with respecttot € (Ro, R1),

< Ath,, uniformly with respect tot € (Ro, R1) ,

u—0+ s€le,d]
C li ; o f(s,u) > 272V AM,,
(Cs) ugqloomf!en[% > 1

(C6) there exist a number [ > 0 such that
f(s,u) > AMN, for (s,u) € [¢,d] x [min{Ro,1— R1}1,1],
(C7) there exist a function p € K such that

lim inff (5, u)
u—0t  p(s)u

> Aip,, uniformly with respect to s € (Ry, Ry),

p?
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(Cy) there exist a function p € K with p(s) # 0 for s € (¢,d) and ¢ € C (R*,R™)
such that
f(ssu)=p(s)q(u), V(s,u)€ (Ro,Ry) xR,

u
lim me > An,-
u—>+00 u

Now, we are ready to state our main results for the elliptic BVP ([1.1)).

Theorem 3.6. Assume (C1) — (C3) and (Cg) hold. Then the singular boundary
value problem (1.1) has at least two positive solution.

Proof. The proof is similar to proof of Theorem 4.1 in [21] and from the proof of
Theorem [3.4 O

Theorem 3.7. If (C1) and one of the following conditions are satisfied, then the
singular boundary value problem has at least one positive solution.

(1) (C3) and (Cs) holds,

(1) (C2) and (Cs) holds,

(7i1) (Cq) and (Cg) holds,

() (C3) and (Cy) holds,

(v) (C3) and (Cs) holds,

(vi) (C5) and (C7) holds.

Proof. The proof is similar to proof of Theorem 4.1 in [21] and from the proof of
Theorem 3.5 O

CONCLUSION

In this contribution, we studied the existence and multiplicity of radial positive
solutions for elliptic BVP in the ball. The interest of such problem came from
the lack of the existence of the multiple solutions by using bifurcation theory for
shown that many local branches of solutions existe while, among them, only one
is global and has no bifurcation point implies a considerable difficult to prove the
existence of bifurcation point interior the ball. The main scope of these paper is
the imposing some conditions on the nonlinearity f to prove the multiplicity of the
solutions of problems (1.1) in smooth domains via fixed point index theory.
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