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ABSTRACT 

This study investigates the effects of rotary inertia and higher modes on the dynamic response 
of the axially loaded Timoshenko beams on two-parameter foundation with generalized 
elastic end conditions. A simplified modal analysis procedure is presented by using the 
conventional separation of variables method. The effect of rotary inertia on the solution of 
free vibration differential equation is discussed. A numerical example is presented to 
investigate the coupled effect of rotary inertia and higher modes on the bending moment and 
shear force responses.   

Keywords: Rotary inertia, higher modes effect, separation of variables method, two 
parameter-foundation. 
 

1. INTRODUCTION 

The dynamic behavior of axially loaded beams on elastic foundation has gained the attention 
of many researchers. The Winkler type foundation, which is the best known of the elastic soil 
models, has been widely used for the estimation of soil-structure interaction. A great number 
of studies exist in the literature regarding the dynamic response of Euler or Timoshenko 
beams on Winkler type foundations [1-2]. Çatal [3, 4] obtained the fourth order differential 
equations by using the separation of variables method for the beams partially resting on 
Winkler foundation with the axial force and rotary inertia effects. A particular case, in which 
the free vibration equation of motion has five different solutions depending on the subgrade 
modulus was highlighted. Yeşilce and Çatal [5] investigated the free vibration of the 
Timoshenko beams on Winkler foundation with different subgrade reactions. Differential 
transform method (DTM) was adopted by Çatal [6] to the free vibration equations of the 
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Timoshenko beams resting on Winkler type foundation and verified by the analytical results. 
Yeşilce et al. used the DTM for the free vibration analysis of axially loaded Reddy-Bickford 
beams [7-8]. Sapountzakis and Kampitsis [9] investigated the nonlinear behavior of the 
beams partially supported by tensionless Winkler foundation. Çatal [10] obtained the 
displacement response of forced Euler-Bernoulli beams on Winkler foundation by using the 
DTM. Öztürk and Coskun [11] obtained the analytical solution for the free vibration of beams 
on Winkler foundation with different support conditions. 

In the Winkler model, the elastic soil is represented by independent linear springs within an 
infinitesimal part of the beam. More realistic approaches such as the two-parameter elastic 
foundation approach was proposed by Pasternak [12], and Vlasov and Leont’ev [13], 
respectively. These type of foundation models suppose that an interaction is constituted 
between Winkler springs by the transverse displacement [12-13]. This interaction is defined 
by a second parameter which represents the shear coefficient of an incompressible shear layer 
on the soil surface. In Pasternak model, the influence of the soil to both sides of the foundation 
beam is ignored as opposed to the Vlasov Model. Despite this difference, the second 
parameter can be taken equal for both models by considering the soil layer as a semi-infinite 
elastic medium [14]. Various researchers studied the behavior of the beams on two parameter 
foundations. Yokoyama [15] obtained the stiffness and mass matrices for the free vibration 
of Timoshenko beam-columns on two-parameter foundation with the effect of rotary inertia. 
Arboleda-Monsalve et al. [16] analyzed axially Timoshenko beam-columns with generalized 
end conditions on two parameter elastic foundation with rotary inertia by using the dynamic 
stiffness approach. Balkaya et al. [17] analyzed the dynamic response of the beams on 
Winkler and Pasternak foundation by using DTM. Celep et al. [18] calculated the response 
of a completely free beam on a tensionless Pasternak foundation subjected to dynamic 
loading. Malekzadeh and Karami [19] analyzed the free vibration of thick beams on two-
parameter elastic foundations by using the differential quadrature and finite element method.  
Morfidis [20] obtained the exact finite element formulation for the dynamic analysis of beams 
on two and three-parameter foundations. Calio and Greco [21] investigated the exact free 
vibrations of Timoshenko beams and compared their results by Yokoyama [15]. Hassan and 
Nassar [22] obtained the dynamic displacement response of the axially loaded Timoshenko 
beams on two-parameter foundation.  

Most previous studies investigate the dynamic response considering a few modes (commonly 
3 or 5 modes). The effect of higher modes on the vibration is generally omitted. Although, 
the contribution of first 3-5 modes generally yield the exact results for displacement response, 
the bending moment and shear force response might be affected ultimately by the higher 
modes. Hızal and Çatal [23] mentioned that case and gave a small illustrative example. 
However, their study focused on the comparison of dynamic response of the Euler and 
Timoshenko beams on modified Vlasov foundation. In addition to the mentioned problems, 
the solution of the differential equation of free vibration might be affected by the rotary 
inertia in higher modes. For this reason, the required number of modes should be investigated 
considering the coupled effect of rotary inertia and higher modes.  

In this study, a general solution for the dynamic behavior of axially loaded Timoshenko 
beams on two-parameter foundation with generalized end condition is presented. To the 
knowledge of the authors, the effect of higher modes on the dynamic response incorporated 
with the rotary inertia effect is not investigated in the literature. Different from the previous 
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researches, a comprehensive study is presented to show the coupled effect of higher modes 
and rotary inertia on the dynamic response. The effect of the rotary inertia on the solution 
procedure is discussed. Modal variations in the bending moment and shear force responses 
of Euler and Timoshenko beams with respect to the foundation type, axial force and rotary 
inertia are presented. 

 

2. GOVERNING EQUATIONS 

In Fig. (1), the free body diagram of an infinitesimal part of an axially loaded Timoshenko 
beam element is presented. Here, the transverse force and moment equilibrium of the given 
infinitesimal part can be written as below according to the non-dimensional coordinate, 
z=x/L. 

 
Figure 1 - (a) Timoshenko beam resting on two-parameter elastic foundation (b) Free 

body-diagram of infinitesimal element obtained from the beam 
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In the equations above, y(z,t), θ(z,t), M(z,t), T(z,t), and f(z,t) denote the transverse 
displacement, angle of rotation, bending moment and shear force functions, and the dynamic 
external load, respectively. Further, N, m, r and L are the axial compressive load, distributed 
mass, radius of gyration and length of the beam element. In addition, the coefficients of CS 
and CG represent the elastic spring coefficients of the soil. According to the Timoshenko 
beam theory, with the effect of axial deformation, the first and fourth order derivatives of 
transverse displacement with respect to z are written as below [16];    

     
AG

tzTtz
z

tzy
LAG

N





,,,11 









   (3) 

3

3

32

2

24

4

4

),(11),(11),(11
z

tzT
AGLz

tzM
EILz

tzy
LAG

N


















 

   (4) 

where E, I, G, κ and A denote the modulus of elasticity, second moment of inertia, shear 
modulus of the beam material, shear correction factor and area of the beam cross section, 
respectively. In addition, EI and κAG denote the bending and shear rigidity of the beam cross 
section. Substituting Eq. (3) into Eq. (2) and taking the first order derivative with respect to 
z leads to 
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Substituting Eq. (5) into Eq. (4) gives 

4 2 2 4
2

4 2 2 2 2 2

3 3

2 3

( , ) ( , ) 1 ( , ) 1 ( , )1 1

1 1 ( , ) ( , ) 0
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T z t L T z t
κAG L t z κAG z

 (6) 

Finally, the equation of motion can be written as below by substituting Eq. (1) into (6), 
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3. MODAL ANALYSIS PROCEDURE 

3.1. Free Vibration Analysis  

In Eqs. (1-7), deformations and internal forces of the beam element are defined as 
depending on the location and time variables. These parameters can be divided into two parts 
with the implementation of the method of the separation of variables as follows; 
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where i denotes the mode number and 𝑌(𝑧), 𝛩(𝑧), 𝑀ഥ(𝑧), 𝑇ത(𝑧) and q୧(t) are the 
displacement, angle of rotation, bending moment, shear force shape functions and the normal 
coordinate function, respectively. In the free vibration case (for f(z,t)=0), the normal 
coordinate function can be taken as qi(t)=sin(ωit+𝜑). Thus, the Eq. (7) can be written in the 
following form. 
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where ωi and φ denote the natural angular frequency of ith mode and the phase angle. Then, 
the shape functions of the bending moment, shear force and angle of rotation are obtained as 
[23]. 
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In Eq. (13), it is seen that the displacement shape function is required to obtain 𝑀ഥ(𝑧), 𝑇ത(𝑧) and  𝛩(𝑧). For this reason, the displacement shape function should be obtained at first. 
For this purpose, Eq. (12) can be written as; 
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The roots of the differential equation given in Eq. (14) are obtained as;  
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Although the differential equation given in Eq. (14) involves six different solutions 
depending on the sign of λ1

2 and λ2
2, only three of them, Case-I: λ1

2 < 0 and λ2
2 > 0, Case-II: 

λ1
2 < 0 and λ2

2 = 0, and Case-III: λ1
2 < 0 and λ2

2 < 0 are physically possible. If the beam rests 
on a uniform elastic soil and the rotary inertia is considered, the lower modes satisfy Case-I 
for ωi

2 < κAG/(mr2). However, this case is violated for higher modes and case-II and III is 
satisfied for ωi

2 = κAG/(mr2) and ωi
2 > κAG/(mr2), respectively. In the case that the rotary 

inertia is neglected, the Case-I will satisfy all modes since the κAG/(mr2) will be infinite. 
Thus, the shape functions are obtained for Case-I, Case-II and Case-III as follows.  

For Case-I: λ1
2 < 0 and λ2

2 > 0;  
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For Case-II: λ1
2 < 0 and λ2

2 = 0;  
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and 
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An iterative computer program that determines the natural angular frequencies and mode 
shapes for the beam on an elastic foundation has been prepared by the authors. This program 
obtains the natural angular frequencies, and mode shapes for generalized end conditions. 
Here, the end conditions are defined by elastic supports with the coefficients of Cy0, Cθ0, Cy1, 
Cθ1 as below; 
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Then, the coefficient matrix is obtained as follows; 

for Case-I; 
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The coefficients of C2, C3 and C4 can be obtained as below by setting, C1 = 1. 
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Once, C2, C3 and C4 are obtained, Yi(z) can be normalized so that its maximum value will be 
equal to 1.  

 

3.2. Forced Vibration Analysis 

Once the natural angular frequencies and free vibration mode shapes are obtained, the rest of 
the problem can be easily solved numerically. The forced vibration case can be handled as a 
set of linear algebraic equations by deriving the uncoupled equations of motion. Finally, a 
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linear dynamic analysis can be performed. For this propose, the separation of variables 
method can be applied to the Eqs. (1) and (2).  

2
1

1 1( ) ( ) ( ) ( ) ( ) ( ) ( , )ıı ı
i i S i G i i i

i
mY ξ q t C Y z C Y ξ T z q t f z t

L L





         
   (40) 

2

1

1 1( ) ( ) ( ) ( ) ( ) ( ) 0ı ı
i i i i i i

i
mr z q t M z NY z T z q t

L L
Θ





         
   (41) 

Multiplying the both sides of Eq. (40) by Yj(z), and Eq. (41) by Θj(z), and integrating them 
along the beam length, the following equation is obtained according to the rule of the 
orthogonality of modes.  
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Assembling Eqs. (42) and (43) yields, 
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where Mj, Kj, and Fj(t) denote the generalized mass, stiffness, and load at the jth mode, 
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Substituting Kj=Mjωj
2 into Eq. (44) leads to the following equation 
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Thus, the normal coordinate function can be obtained by the solution of Eq. (46).  
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4. CALCULATION OF SOIL PARAMETERS 

The first parameter of the elastic soil which represents the modulus of transverse deformation 
can be evaluated by using the formulas given for the Winkler foundation model. On the other 
hand, the calculation of the second parameter is directly related to the type of the two-
parameter elastic soil model. Vlasov and Leont’ev [13] proposed a formula for the calculation 
of the first and second parameters for rectangular beams on an elastic soil layer. These 
formulas were simplified by Zhaohua and Cook [24] for a semi-infinite elastic medium as 
given below. 

l
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where, 𝑏ത denotes the width of the beam. The parameter of �̅� is defined by Vlasov and 
Leont’ev as a coefficient that characterizes the decrease of deflections with depth and 
commonly taken as �̅� = 1. Parameters of l, Eo, υo are given in the following equation. 
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where Es, υs and υ denotes the modulus of elasticity and Poisson’s ratio of the soil and the 
beam, respectively.  

 

5. NUMERICAL RESULTS AND DISCUSSIONS 

5.1. Verification Example 

A numerical example which was previously studied by Yokoyama [15], and Calio and Greco 
[21] is presented to verify the presented solution procedure. The free vibration of the axially 
loaded hinged-hinged and fixed-hinged beam on Winkler and Pasternak foundation is 
investigated and analysis results are compared with those of the Yokoyama [15], and Calio 
and Greco [21]. The beam and soil properties are calculated according to the non-dimensional 
parameters below [25].  
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EI
LCc G

g 2

2
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Where 𝑛ത, 𝑐௦̅ and 𝑐̅ denotes the dimensionless axial force, the first and second parameters of 
the elastic soil. The dimensionless frequency parameters, Ωi = EI /(L4ωi

2m) of the first three 
modes obtained for the hinged-hinged and fixed-hinged beam are presented in Table-1 and 
2, respectively. In Table-1, the frequency parameter obtained by the present study is found 
to be very close to the results presented by Yokoyama [15]. A small difference is obtained in 
second and third mode due to the fact that Yokoyama [15] presents a finite element solution 
by using 16 bar elements. Note that the difference with the Yokoyama solution [15] decreases 
for Vlasov type foundation as given in Table-2. In addition, a good agreement is obtained 
with the exact analytical results presented by Calio and Greco [21].  

 

Table 1 - Frequency parameters obtained for 𝑛ത=0.6, 𝑐௦̅=0.6π4 and 𝑐̅=0 (κ=2/3 and 
L/r=10.0) 

 
Mode Number 

Hinged-Hinged Fixed-Hinged 
Present 
Study 

Yokoyama 
[15] 

Present 
Study 

Yokoyama [15] 

1 8.22 8.22 10.46 10.49 
2 20.59 20.67 22.20 22.30 
3 35.86 36.25 36.50 36.90 

 

Table 2 - Frequency parameters obtained for 𝑛ത=0.6, 𝑐௦̅=0.6π4 and 𝑐̅=1 (κ=2/3 and 
L/r=10.0) 

 
Mode 

Number 

Hinged-Hinged Fixed-Hinged 
Present 
Study 

Yokoyama 
[15] 

Calio and 
Greco [21] 

Present Study Yokoyama [15] 

1 12.64 12.64 12.64 14.42 14.42 
2 28.03 28.10 28.02 29.30 29.34 
3 45.92 46.34 45.92 46.70 46.74 

 

The variation of dimensionless eigenvalues µ1 = λ1
2
 EI /(L4ωi

2m) and µ2 = λ2
2
 EI /(L4ωi

2m) for 
the hinged-hinged and fixed-hinged support conditions are given in Figures 3-4, respectively. 
When the rotary inertia is neglected, Case-I is satisfied for all modes. For the hinged-hinged 
beam, when the rotary inertia is considered, Case-I is violated starting from the 4th and 5th 
modes, for the Winkler and Vlasov foundations, respectively. However, the higher modes 
satisfy Case-III. For the fixed-hinged beam, Case-I is satisfied up to the 3rd mode.  
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Figure 2 - Normalized mode shape functions obtained for first three modes 

 
Figure 3 - Normalized eigenvalues for the hinged-hinged beam 

 
Figure 4 - Normalized eigenvalues for the fixed-hinged beam 
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Figure 5 - Variation of the number of modes satisfying Case-I versus slenderness ratio 

 

Figure 5 shows the variation of the number of modes that satisfy Case-I versus the 
slenderness ratio, L/r. It is seen that the number of modes that satisfy the Case-I is 
proportional to the slenderness ratio while some differences are observed according to the 
boundary conditions and soil model. 

 

5.2. Comprehensive Example  

In this numerical analysis, the dynamic response of an axially loaded 1m×1m square beam on 
Vlasov foundation is investigated. The beam has distributed mass and elasticity, and it is 
subjected to a concentrated dynamic load f(z,t) = δ(z-1/2)F(t). The material properties of the 
beam: E = 28,000 MPa, G = 11,666.67 MPa, m = 2.548 kN.s2/m, r = 0.2887m and κ = 2/3. 
Elastic soil properties are calculated as CS = 17,470 kN/m2 and CG = 68,688 kN (for sand and 
gravel, Es = 100,000 MPa, υs = 0.25). In the analysis, four different boundary conditions; 
free-free (Cy0 = Cθ0 = Cy1 = Cθ1= 0), hinged-hinged (Cy0 = Cy1 ≈ ∞ and Cθ1= Cθ0 = 0), fixed-
hinged (Cy0 = Cθ0= Cy1 ≈ ∞ and Cθ1= 0), and fixed-fixed (Cy0 = Cθ0= Cy1 = Cθ1 ≈ ∞) are 
considered. Axial compressive load of the beam is calculated by Euler critical buckling load 
formula, Nb = π2EI/Lb

2, for all boundary conditions (see Table-3).  

 

 
Figure 6 - Timoshenko beam on Vlasov foundation and time dependent load function 
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Table 3 - Effective length and critical buckling loads according to the end conditions 

End Conditions Effective Length, Lb Buckling Load, Nb (kN) 
Free-Free L 23029 

Hinged-Hinged L 23029 
Fixed-Hinged 0.7L 46998 
Fixed-Fixed 0.5L 92116 

 

In Figures 7-8, the variation of the maximum bending moment at z ≈ 0.5 versus the number 
of considered modes is presented. 95 % convergence to the exact value is observed by the 
contribution of first 5-6 for all boundary conditions. In addition, it is observed that the 
maximum bending moment is less affected by the rotary inertia when the axial compressive 
force effect is omitted. An increase about 4%, however, is observed for hinged-hinged beam 
on Winkler foundation with the rotary inertia effect. In addition, the bending moment 
response for the Winkler foundation is observed to be larger than Vlasov type foundation 
about 15, 8 and 7.5 % for hinged-hinged, fixed-hinged and fixed-fixed cases, respectively. In 
the case where the axial compressive load is considered, the convergence speed of the 
bending moment response does not change significantly except for the free-free and hinged-
hinged beam on the Vlasov foundation. For this case, the exact response can be obtained by 
the first mode only. However, an increase 125, 312, 324% in the bending moment response 
is observed for the free-free, hinged-hinged and fixed-hinged beam on Vlasov and Winkler 
foundations, while no difference is detected for the fixed-fixed beam. 

 
Figure 7 - Variation of maximum bending moment at z = 0.5 versus considered number of 

modes for N = 0 
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Figure 8 - Variation of maximum bending moment at z = 0.5 versus considered number of 

modes for N = Nb 

 

In Figures 9-10, the variation of the maximum shear force at z ≈ 0.5 versus considered mode 
number is presented. At first, it appears that the shear force responses with and without the 
rotary inertia are the same in lower modes for both Winkler and Vlasov foundations. 
However, a difference is observed with the contribution of higher modes. The exact shear 
force responses have similar values for Winkler and Vlasov foundations. The convergence 
to the exact value is obtained with less number of modes without the effect of rotary inertia.  
For the free-free and hinged-hinged beam, it is observed that taking of first 25-30 modes into 
account gives 90-95% convergence to the exact value without the rotary inertia effect. This 
convergence value, however, is satisfied by taking 40-45 modes into account if the rotary 
inertia is considered. For the fixed-hinged and fixed-fixed beam, this convergence is obtained 
by 15-20 and 25-30 modes without and with the rotary inertia effect, respectively. On the 
other hand, in the case that the axial compressive load is considered, these convergence ratios 
are obtained for free-free and hinged-hinged beam without rotary inertia by the contribution 
of 35-40 modes and 55-60 modes with rotary inertia. For the fixed-hinged and fixed-fixed 
beam, 90-95% convergence is obtained by the contribution of 40-50 modes except the fixed-
fixed beam on Vlasov type foundation. If the axial compressive load is neglected, a small 
decrease occurs in the maximum shear force response for Winkler and Vlasov type 
foundations with rotary inertia.  
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Figure 9 - Variation of maximum shear force at z ≈ 0.5 versus considered number of modes 

for N=0 

 
Figure 10 - Variation of maximum shear force at z ≈ 0.5 versus considered number of 

modes for N= Nb 
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In the case when the axial compressive load contribution is considered, an increase about 
4.50%, 20.50% for Winkler, and 3.50%, 28% for Vlasov foundation is observed by the effect 
of rotary inertia for the hinged-hinged and fixed-fixed beams, respectively. In addition, a 
decrease is observed about 19.25% for the fixed-hinged beam on Winkler foundation. Vlasov 
type foundation causes an increase about 11% and 38% in the shear force response for fixed-
hinged beam with and without the rotary inertia, respectively. On the other hand, a negligible 
difference is observed for free-free, hinged-hinged and fixed-fixed beams. 

 

6. CONCLUSIONS 

In this study, a comprehensive analysis on the effect of rotary inertia and higher modes on 
the dynamic response of Timoshenko beams on two-parameter foundation with generalized 
end condition is presented. The results are summarized below. 

 In case of the consideration of rotary inertia, the solution of the differential equation 
for the free vibration case may change depending on the slenderness ratio, L/r. Here, 
three different cases (Case- I, II and III) are possible due to the slenderness ratio. In 
most researches in the literature, only the Case-I is considered as the solution. When 
the higher modes are considered, however, Case-II and/or III may arise. 

 According to the numerical results, it is seen that the number of modes which satisfy 
Case-I increases with the slenderness ratio. In addition, it is seen that the number of 
modes that satisfy Case-I not only depends on the slenderness ratio but are also 
affected by the boundary conditions and elastic soil model.  

 Numerical results indicate that the required number of modes increases by the effect 
of rotary inertia. On the other hand, the exact solution may be obtained by the 
contribution of less number of modes as depending on the number of constrained 
degrees of freedom at the ends.  

 For the fixed-hinged beam on Winkler foundation and fixed-fixed beam on Winkler 
and Vlasov foundations, the axial compressive load causes a significant difference in 
the shear force response of the beam by the rotary inertia. In addition, the axial force 
increases the required number of modes for the shear force response except the fixed-
fixed beam with rotary inertia. 
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