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ABSTRACT. We give a local classification of generalized (K # —1, ji)-paracontact
metric manifold (M, @, &, n, §) which satisfies the condition £(4) = 0. An ex-
ample of such manifolds is presented.

1. INTRODUCTION

The study of paracontact geometry was introduced by Kaneyuki and Williams
in [11]. A systematic study of paracontact metric manifolds started with the paper
[19], were the Levi-Civita connection, the curvature and a canonical connection
(analogue to the Tanaka Webster connection of the contact metric case) of a para-
contact metric manifold have been described. However such structures were studied
before [17], [4], [5]. Note also [3]. These authors called such structures almost para-
coHermitian. The curvature identities for different classes of almost paracontact
metric manifolds were obtained e.g. in [10], [18], [19]. The importance of paracon-
tact geometry, and in particular of para-Sasakian geometry, has been pointed out
especially in the last years by several papers highlighting the interplays with the
theory of para-Kéhler manifolds and its role in pseudo-Riemannian geometry and
mathematical physics (cf. e.g. [1],[2],[7],[8],[9]). Paracontact metric manifolds have
been studied under several different points of view. The case when the Reeb vector
field satisfies a nullity condition was studied in [7]. The study of three-dimensional
paracontact metric (&, fi, 7)-spaces were obtained in [15].

A remarkable class of paracontact metric manifolds (M?"1 5, & n, g) is that of
paracontact metric (&, fi)-spaces, which satisfy the nullity condition

(1.1) RX,Y)E=R(n(Y)X —n(X)Y) + fi(n (V) hX —1(X)hY),

for all X,Y vector fields on M, where 5 and [i are constants and h = %ﬁ{(ﬁ.
This new class of pseudo-Riemannian manifolds was introduced in [6]. In [7], the
authors showed that while the values of £ and i change the form of (1.1) remains
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unchanged under D-homothetic deformations. There are differences between a con-
tact metric (k,p)-space (M?"*1 o € n,g) and a paracontact metric (7, fi)-space
(M?"+1 3 €, m,G). Namely, unlike in the contact Riemannian case, a paracontact
(R, ft)-manifold such that # = —1 in general is not para-Sasakian. In fact, there are
paracontact (&, fi)-manifolds such that h? = 0 (which is equivalent to take & = —1)
but with & # 0. For 5-dimensional, Cappelletti Montano and Di Terlizzi gave the
first example of paracontact metric (—1, 2)-space (M?"+1 &, €, n, §) with h% = 0 but
h 0 in [6] and then Cappelletti Montano et al. gave the first paracontact metric
structures defined on the tangent sphere bundle and constructed an example with
arbitrary n in [7]. Later, for 3-dimensional, the first numerical example was given
in [15]. Another important difference with the contact Riemannian case, due to the
non-positive definiteness of the metric, is that while for contact metric (k, p1)-spaces
the constant k can not be greater than 1, paracontact metric (%, fi)-space has no
restriction for the constants < and fi.

Koufogiorgos and Tsichlias [14] gave a local classification of a non-Sasakian gen-
eralized (k, pu)-contact metric manifold with £(u) = 0. This has been our motivation
for studying generalized (kK # —1, i)-paracontact metric manifolds with &(&) = 0.
We would like to emphasize that, as will be shown in this paper, the class of general-
ized (K # —1, fi)-paracontact metric manifolds with £(f) = 0 is much more different
than the class of generalized (x, p)-contact metric manifolds with &(u) = 0.

By a generalized (R, fi)-paracontact metric manifold we mean a 3-dimensional
paracontact metric manifold satisfying (1.1) where & and i are non constant smooth
functions. In the special case, where % and ji are constant, then (M?2"*1 & €. n,3)
is called a (R, fi)-paracontact metric manifold.

In [15], Kupeli Erken and Murathan proved the existence of a new class of
paracontact metric manifolds: the so called (R, fi, 7)-paracontact metric manifolds.
Such a manifold M is defined through the condition

(12)  RX,Y)§ = ()X —n(X)Y)+a(n(Y)hX —n(X)hY)
+0(n (V) @hX —n(X) ghY),

where R, i and U are smooth functions on M. Furthermore, it is proved that these
manifolds exist only in the dimension 3, whereas such a manifold in dimension
greater than 3 is a (R, fi)-paracontact metric manifold.

The paper is organized in the following way. In Section 2, we will report some
basic information about paracontact metric manifolds. Some results about gen-
eralized (k£ # —1, i)-paracontact metric manifolds will be given in Section 3. In
Section 4, we shall locally classify generalized (k # —1, fi)-paracontact metric man-
ifold with &(z) = 0 (i.e. the function f is constant along the integral curves of
the characteristic vector field £). We will prove that we can construct in R* two
families of such manifolds. All manifolds are assumed to be connected.

2. PRELIMINARIES

The aim of this section is to report some basic facts about paracontact metric
manifolds. All manifolds are assumed to be connected and smooth. We may refer
to [11], [19] and references therein for more information about paracontact metric
geometry.
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An (2n+1)-dimensional smooth manifold M is said to have an almost paracontact
structure if it admits a (1, 1)-tensor field @, a vector field £ and a 1-form 7 satisfying
the following conditions:

)0 =1 @F=I-10¢

(ii) the tensor field ¢ induces an almost paracomplex structure on each fibre of
D = ker(n), i.e. the £1-eigendistributions, D* := Dz(£1) of ¢ have equal
dimension n.

From the definition it follows that ¢¢ = 0, n o ¢ = 0 and the endomorphism
¢ has rank 2n. When the tensor field N := [@, §] — 2dn ® £ vanishes identically
the almost paracontact manifold is said to be normal. If an almost paracontact
manifold admits a pseudo-Riemannian metric g such that

(2.1) 9(@X,¢Y) = —g(X,Y) + n(X)n(Y),

for all X,Y € I'(TM), then we say that (M, p,&,n,g) is an almost paracontact
metric manifold. Notice that any such a pseudo-Riemannian metric is necessarily
of signature (n + 1,n). For an almost paracontact metric manifold, there always
exists an orthogonal basis {X1,---,X,, Y1, - ,Y,, ¢} such that §g(X;, X;) = &,
9(Y;,Y;) = —d;; and Y; = @X;, for any 4,5 € {1,---,n}. Such basis is called a
p-basis.

If in addition dn(X,Y") = §(X, ¢Y) for all vector fields X,Y on M, (M, 3,&,n,q)
is said to be a paracontact metric manifold. In a paracontact metric manifold one
defines a symmetric, trace-free operator h := 3L¢@. It is known [19] that h anti-

commutes with ¢ and satisfies /~1§ =0, trh :triu,b' =0 and

(2.2) VE =~ +gh,
where V is th~e Levi-Civita connection of the pseudo-Riemannian manifold (M, §).
Moreover h = 0 if and only if ¢ is a Killing vector field and in this case

(M, ¢,&,m,g) is said to be a K-paracontact manifold. A normal paracontact metric
manifold is called a para-Sasakian manifold. Also in this context the para-Sasakian
condition implies the K-paracontact condition and the converse holds only in di-
mension 3. We also recall that any para-Sasakian manifold satisfies

(2.3) R(X,Y)é=—(n(Y)X — n(X)Y)

so that it is a (&, fi)-space with & = —1. To note that, differently from the contact
metric case, condition (2.3) is necessary but not sufficient for a paracontact metric
manifold to be para-Sasakian. This fact was already pointed out in [7].

As a natural generalization of the above para-Sasakian condition one can con-
sider contact metric manifolds satisfying (1.1) for some real numbers « and pu.
Paracontact metric manifolds satisfying (1.1) are called (g, fi)-paracontact metric
manifold. (7, fi)-paracontact metric manifolds were introduced and deeply studied
in [6] and [7].

By a generalized (R, fi)-paracontact metric manifold we mean a 3-dimensional
paracontact metric manifold satisfying (1.1) where & and [ are non constant smooth
functions. In the special case, where & and fi are constant, then (M?"*1 & £ n,q)
is called a (&, fi)-paracontact metric manifold.

Generalized (&, ji)-paracontact metric manifolds were studied by Kupeli Erken
and Murathan in [15]. A recent generalization of the (&, fi)-paracontact metric
manifold is given by the following definition.
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Definition 2.1 ([15]). A 2n + 1-dimensional paracontact metric (&, fi, 7)-manifold
is a paracontact metric manifold for which the curvature tensor field satisfies

(2.4)

R(X,Y)¢ = k(n(Y)X =n(X)Y)+a(n(Y)hX —n(X)hY)+0(n(Y)phX —n(X)phY),

for all X, Y € T'(T M), where R, fi, 7 are smooth functions on M.

A paracontact metric manifold whose characteristic vector field £ is a harmonic
vector field is called an H-paracontact manifold. Moreover, Kupeli Erken and Mu-
rathan [15] proved that & is a harmonic vector field if and only if £ is an eigenvector
of the Ricci operator. In the same study, they characterized the 3-dimensional H-
paracontact metric manifolds in terms of (&, fi, 7)-paracontact metric manifolds. In
particular, they proved the following theorem.

Theorem 2.1 ([15]). Let (M, $,&,n, ) be a 3-dimensional paracontact metric man-
ifold. If the characteristic vector field & is harmonic map then the paracontact
metric (R, i, V)-manifold always exists on every open and dense subset of M. Con-
versely, if M is a paracontact metric (R, i, v)-manifold then the characteristic vector
field € is harmonic map.

It is shown that condition (2.4) is meaningless for # # —1 in dimension higher
than three, because the functions &, i are constants and 7 is the zero function.

Given a paracontact metric structure (¢,&,7, ) and « > 0, the change of struc-
ture tensors

_ - 1 . _
(2.5) n=an, £=-& 9=¢ g=aj+ala—1)nen

is called a D, -homothetic deformation. One can easily check that the new structure
(¢,€,7,9) is still a paracontact metric structure [19]. We now show that while D,-
homothetic deformations destroy conditions like R xy& = 0, they preserve the class
of paracontact (&, fi)-spaces.

Kupeli Erken and Murathan analyzed the different possibilities for the tensor
field A in [15]. If h has

A0 0
(2.6) 0 =X 0

0 0 O
the form (2.6) respect to local orthonormal @-basis {X, X, &}, the authors called

the operator h is of b1 type.

0 0 O

1 0 0
0 0 0

{e1,e2,e3}. In this case, the authors called h is of by type.

If the matrix form of & is given by

If the tensor h has the form relative a pseudo orthonormal basis

. 0 -\ 0
(2.7) h=( X 0 o0
0 0 0

with respect to local orthonormal basis {X, X, £}. In this case, the authors said
that h is of h3 type.
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3. GENERALIZED (i # —1, fi)-PARACONTACT METRIC MANIFOLDS

In this section, we will give some basic facts about generalized (& # —1, fi)-
paracontact metric manifolds.

Lemma 3.1. Let (M,p,€,m,G) be a generalized (k # —1, fi)-paracontact metric
manifold. The following identities hold:

(3.1) h? = (1+&)@?,

(3.2) §(R) =0,

(3.3) Q¢ = 2i¢,

(3.4) Q:(%—~)I+(—%+3Fa)n®£+ﬂﬁ, R -1,

where Q is the Ricci operator of M, T denotes scalar curvature of M and [ =

R(.,€)¢.

Proof. The proof of (3.1)-(3.3) are similar to that of [15, Lemma 3.2]. The relation
(3.4) is an immediate consequence of [15, Lemma 4.4 and Lemma 4.14]. O

Lemma 3.2. Let (M,$,£,1n,G) be a generalized (K # —1, ji)-paracontact metric
manifold. Then, for any point P € M, with K(P) > —1 there exist a neighborhood
U of P and an h-frame on U, i.e. orthonormal vector fields &, X, $X, defined on
U, such that

(3.5) hX =AX, hgX =- \pX, hé=0, A=+1+k

at any point ¢ € U. Moreover, setting A = X\ and B = gZJXS\ on U the following
formulas are true :

(3.6) Vxé=A-1)gX, Voxé =—-(A+1)X,

(3.7) VeX = fgcﬁX, VepX = fgx,
. B - A

3.8 VxX = ——~@¢X, VoxpX = — =X,

(3.8) D'e 2)\@ PXP 5

- A - -~ B -

(39)  VoxX = —2pX — (A+1)6, VxpX = =X + (1 V)&,
2 2

(3.10) 6 X1=-A-Dpx, [eex]=(+1-5)x,

B A

3.11 X, 0X] = — =X + 2 pX + 2,

(3.11) [X, ¢X] % 557 3

(3.12) h gradi = gradr,

(3.13) Xji = 24,

(3.14) pXp = —2B,

(3.15) ) =0-3-5p,
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(3.16) §B)=(+1-5)A,
(3.17) [@(ﬁgradj\} —0.

Proof. The proofs of (3.6)-(3.11) are given in [15]. For the proof of (3.12), we will
use well known formula

3
1 - .
§grad T = Zsi(VXiQ)Xi,
i=1

where {X; = X, X5 = ¢X, X3 = ¢}. Using the equation (2.2), since trh = trhg =
0, we obtain

3 3 3
Zsi(ﬁxiQ)Xi = Z"fixi(g —R)X; Jrzé?z‘(Xz'(ﬂ)il Xi)
1=1 =1 =1

+ii ZS: &i(Vx,h )X,
i=1
(3.18) = %gradT — gradi + h gradji
. 1
+ii Zl eV h )X = SE(T)€

3.~ -
The relations (3.5), (3.8) and (3.9) yield > (Vx,h)X; = 0. Using the last relation
i=1

in (3.18), one has

1 1 ~ 1
(3.19) igrad T = ggradT — gradik + h gradfi — 55(7’)5
that is
~ 1
(3.20) —gradik + h gradpn — 55(7)5 =0.

Since the vector field —gradi + h gradji is orthogonal to . So, we get (3.12). The
equations (3.13) and (3.14) are immediate consequences of (3.12).
By virtue of (3.2) and (3.10), we have

€A) = EXA=[6 XA+ Xeh=(1-A-E)px)

2
< Qi
- 1-i-%B
a-3-5
The relation (3.16) is proved similarly. Using (3.2), we have
(3.21) grad\ = —AX + BgX, @pgrad\ = —A@X + BX .

From the relations (3.21), (3.10), (3.15) and (3.16) we obtain

[g, @gradj\} = [6,—A@X + BX]
= —(fA)pX — A5, ¢X]+ (B)X + B[{, X] =0.
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Lemma 3.3. Let (M,p,€,m,3) be a generalized (kK # —1, i)-paracontact metric
manifold. Then, for any point P € M, with &K(P) < —1 there exist a neighborhood
U of P and an ﬁ—fmme on U, i.e. orthonormal vector fields &, X, pX, defined on
U, such that

(3.22) hX =2gX, hgX =-2X, hé=0, A=+vV—-1—&

at any point ¢ € U. Moreover, setting A = X\ and B = @X:\ on U the following
formulas are true :

(3.23) Vxé=—¢X + X, Voxé =X — \pX,

(3.24) VeX = —g@(, VepX = —%X,

(3.25) v X——E~X+X§ Vs ~X——£X+;\§
. X - 2‘)*\410 ) X P - 25\ )

(3.26) ' Xffé”ng v ~Xf—EXH
' XTI A ’

(3:27) 6, X] = =X + (1 - £)8X, [6,¢X] = (1- D)X + 25X,

B A

3.28 X, 3X] = ——=X + —=3X + 2,

(3.28) (X, 0X] = -2 X+ 59 3

(3.29) h gradfi = grads,

(3.30) Xji = 2B,

(3.31) GXfi = —24,

(3.32) EA) =M+ (1- g)B,

(3.33) €B)=(1— g)A +AB,

(3.34) [5, @gmdﬂ} —0.

Proof. The proofs of (3.23)-(3.28) are given in [15]. The proof of (3.29) is similar
to proof of Lemma (3.2), equation (3.12). The equations (3.30) and (3.31) are
immediate consequences of (3.29).

By virtue of (3.2) and (3.27), we have

E(A) = EXA=[6XIA+XEA = -AX A+ (1—-5)pX A

N | =2

= “M+(1- g)B
The relation (3.33) is proved similarly. Using (3.2), we have
(3.35) grad\ = —AX + B¢X, ¢gradk = —ApX + BX .
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From the relations (3.35), (3.27), (3.32) and (3.33) we obtain
(€ ggradd| = [€,~A3X + BX]
= —(§A)eX — A[5,¢X] + (€B)X + B[, X] =0.
(]

4. GENERALIZED (& # —1, fi)-PARACONTACT METRIC MANIFOLDS WITH (i) =0

We shall give a local classification of generalized (kK # —1, i)-paracontact metric
manifolds with & > —1 which satisfy the condition £(i) = 0.
Theorem 4.1 (Main Theorem). Let (M, $,&,1n,9) be a generalized (k # —1, fi)-

paracontact metric manifold with & > —1 and £(fi) = 0. Then
1) At any point of M, precisely one of the following relations is valid: i =

20+ V1+4+k), or i=2(1—-+1+RF&)
2) At any point P € M there exists a chart (U, (z,y,2)) with P € U C M, such
that
i) the functions i, i depend only on the variable z.

i) if p=2(1+ V1 —FR), (resp. i =2(1 —+/1—K&)), the tensor fields n, &,

o, g, h are given by the relations,

0
f—a—x, n =dxr — adz

1 0 —a 1 0 —a
g= 0 1 —b resp. g = 0 -1 —b ,
—a b —1+a*+¥b° —a —b 14+a®>+0b?
0 a —ab 0 a —ab
p=1 0 b 1-0b? resp. ¢=| 0 b 1-—0b? ,
0 1 —b 0 1

T’

with respect to the basis (ai a@, 8@) , where a = =2y+ f(z) (resp. a =2y+ f(2)),
A

Yy
b= 47 —20r(2) +5(2), A =

smooth functions of z.
Proof of the Main Theorem: Let {£, X, X} be an h-frame, such that
hX =X, hgX =-\gX, A=V1+#r
in an appropriate neighbourhood of an arbitrary point of M. Using the hypothesis
&(f1) = 0 and equations (3.13)-(3.17) and (3.21) we have the following relations,

(2) =r(2) and f(2), r(2), s(z) are arbitrary

(4.1) (pgrad)\)ji = 4AB,
(4.2) (€, GgradA] fi =0,
(4.3) §(AB) =0,
(4.4) AEB + BEA =0,
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(4.5) AQ(X+1—%)+BQ(1—X—g)=o.

Differentiating the relation (4.5) with respect to £ and using the equations (3.2),
&(R) =0, (3.15), (3.16) and (4.5), we obtain

(4.6) (14+X—

N | =2

J(=A+1- g)AB —0.

We put F = (1 + X — %)(—5\ +1- %) and consider the set N = {p € M |
(gradj\)(p) # 0}. We will prove that F = 0 at any point of N. Let p € N be
such that F(p) # 0. From (4.6) we get (AB)(p) = 0. We consider cases {A(p) =
B(p) = 0 },{A(p) # 0, B(p) = 0} and {A(p) = 0, B(p) # 0}. Now we will
examine the first case. In this case, by (3.2), we get (£(A))(p) = 0. As a result we
obtain (grad))(p) = 0 which is a contradiction with (grad)(p) # 0. So, the first
case is impossible. We assume that {A(p) # 0, B(p) = 0}. Since the function F
is continuous, we find that a neighbourhood V' C N exists, with p € V such that
F # 0 at any point of V. Similarly, due to the fact that the function A is continuous
on its domain, a neighbourhood W of p exists with p € W C V, such that A # 0
at any point of W, and thus B = 0 on W. From (4.5), we have (1 — A — %) =0 at
any point of W and thus F' = 0 on W, which is a contradiction. Since the last case
is similar to the second case we omit it. Therefore, F' = 0 at any point of N. In
what follows, we will work on the complement N of set N, in order to prove that
F=0on M. If N =0, then F =0 on M. Let us suppose that N # (). Then
we have gradj\ =0 on N and thus the function of X is constant at any connected
component of the interior (N¢)°. From the constancy of A and the relations (3.13)
and (3.14), £(f1) = 0, the function fi is also constant. As a result we find that F
is constant on any connected component of (N)°. Because M is connected and
F=0o0n N and F = constant on any connected component of (N¢)° we conclude
that F' = 0, or equivalently (1 + X — %)(—5\ +1- %) = 0 at any point of M.

Now we consider the open disjoint sets Uy = {p € M | (A +1 — %)(p) #0 } and
Uy={peM|(1-X- 2)(p) # 0 }.We have Uy U Uy = M. Due to the fact that M
is connected, we conclude that {M = Uy and U; = 0} or {Uy = 0 and U; = M}.
Regarding the set Uy we have fi = 2(1—|—5\), or equivalently i = 2(1++/1 4+ ) at any
point M. Similarly, regarding the set Uy we obtain i = 2(1 — A) = 2(1 — /1 + &).
Therefore, (1) is proved. Now, we will examine the cases i = 2(1 + /1 + &) and
fi=2(1-Ita).

Case 1. i1=2(1++1+ k).

Let p € M and {¢, X, 9X} be an h-frame on a neighborhood U of p. Using the
assumption & = 2(1 4+ +/1+ &) and (4.5) we obtain B = 0 and thus the relations
(3.10) and (3.11) are reduced to

(4.7) 6, X] = —2)@X,

(4.8) £, ¢X] =0,

(4.9) X, pX] = —%@( +2€.
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Since [¢, 9 X]| = 0, the distribution which is spanned by £ and ¢X is integrable and
so for any ¢ € V there exist a chart (V, (z,y,2)} at p € V C U, such that
0 0 0 0 0

4.10 9 x—a 299 sx= 9
(4.10) ¢ Ox’ a8x+ 6y+08z7 v oy’
where a, b and ¢ are smooth functions on V. Since £, X and ¢X are linearly
independent we have ¢ # 0 at any point of V. By using (4.10), (3.2) and B =0 we
obtain

1)) )\

4.11 — =0 d —=0.
( ) or o dy
From (4.11) we find
(4.12) A =17(2),

where r(z) is smooth function of z defined on V. By using (4.7), (4.9) and (4.10)
we have following partial differential equations:

oa 0b ~  Oc
4.13 — =0, — = =2\ — =0
(4.13) =" B 5 =0

b A

(4.14) ga _ 5, O __ A O,

Ay dy 2\ Oy
From % = % = 0 it follows that ¢ = ¢(z) and because of the fact that ¢ # 0,

© y

we can assume that ¢ = 1 through a reparametrization of the variable z. For the
sake of simplicity we will continue to use the same coordinates (z,y, z), taking into
account that ¢ = 1 in the relations that we have occured. From % =0, g—‘; = -2
we obtain

a=alz,y,z)=-2y+ f(2),

where f(z) is smooth function of z defined on V. Differentiating X with respect to
X and using (4.11) and (4.12) we have

(4.15) A=1r(2),
where 1/(z) = 9. By using the relations % = -2\, g—z = —% and (4.12) we get
!/
b= f% Z(f)) — 2ar(2) + s(2).

where s(z) is arbitrary smooth function of z defined on V. We will calculate the
7 o 0 0

tensor fields 7, ¢, g and h with respect to the basis 5, TRGER For the components
gij of the Riemannian metric, using (4.10) we have

. .0 0 5 . 0 0 o~
g1 = g(%7 %) =1, 9 =1, goo= g(afy, Fy) =g(pX,pX) =1,

_,0 0
912 = 921 = 9(%’ 87) =0,
- 5 ., 0 0 0
g1z = 931—9(£7X—a%—b8*y)
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0 0 0

Gos = G =g, X —ae — b
923 g32 g(aya a@:c 8y)
= 9(¢X,X) —agiz — bz = —b,
-1 = §(X,X) = a’gu1 + 2ag13 + b*Jaz + 2abgr2 + 2bja3 + G3z = —1

= a%?—2a% +b% — 20 + §33 = G33 — a® — b2,

from which we obtain gs3 = —1 + a2 + b2.
The matrix form of g is given by

1 0 —a
0 1 —b .
—a —b —1+a®>+0b?

The components of the tensor field ¢ are immediate consequences of

g

- _, 0 ., 0 0 0 0
€)= 8(G0) =0, P50 =X =az-+br+ 5
_, 0 . 0 0 . ., 0
Ply,) = eX —ag-— b@) =¢X —ap(-) - bw(afy)
0 0 0
= ¢X b(aa —&-ba—yﬁ-&)
0 0 5 0 0
B 0 9 0 0
The matrix form of ¢ is given by
0 a —ab
p=10 b 1-0?
0 c —b

The expression of the 1-form 7, immediately follows from n(¢) = 1, n(X) =
n(¢X) =0
n =dz — adz.

Now we calculate the components of the tensor field h with respect to the basis %,

9 0
oy’ 0z"

~ ~ 0 ~ 0 0
hO =hi) =0, h()=-Aa,
~ 0 ~ 0 0
I N
= ax e
v, 0 0 0] 0

= X %+b5y+&)+bA5y’

~ 0 ~0 0
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The matrix form of A is given by

i 0 0 ak
h=10 —-X 2
0 0 A

Thus the proof of the Case 1 is completed.
Case 2. i=2(1—+1+k).

As in the Case 1, we consider an h-frame {£, X, 9X}. Using the assumption

i =2(1—+1+k&) and (4.5) we obtain A = 0 and thus the relation (3.10) and
(3.11) is written as
(4.16) £, X] =0,
(4.17) €, 6] = 20X,
_ B
(4.18) X, pX] =~ =X + 2%
Because of (4.16) we find that there is a chart (V', (z,y, z)) such that
0 0
= @ X=—=
¢ ox’ Ay
on V’'. We put
0 0 0
PX = a4 bo et
7 “or T dy T

where a, b, c are smooth functions defined on V’. As in the Case 1, we can directly

calculate the tensor fields n, ¢, g and h with respect to the basis a%, a%v %. This

completes the proof of the main theorem. O

Now, we give an example of a generalized (& # —1, fi)-paracontact metric mani-
fold with &(jz) = 0 which satisfy the conditions of Main Theorem (Case 1).

Example 4.1. We consider the 3-dimensional manifold
M = {(xasz) € R37Z 7é O}
and the vector fields

0 0 0 Y 0 0
= =, X =, X=(-2+1)— 4 (L — 2wz +2)— + —.
¢ or ¢ oy’ (=2y+ )8m+( 2z vEt )8y+82
The 1-form 1 = dz—(—2y+1)dz defines a contact structure on M with characteristic
vector field £ = 6%. Let g, ¢ be the pseudo-Riemannian metric and the (1, 1)-tensor
field given by
1 0 2y — 1
g = 0 1 = +2xz — 2 ,
2y—1 £ 4+202-2 -1+ (2y+1)?+(—£ —222+2)?
0 —2y+1 —(—2y+1)(—£ — 222 +2)
o = 0 —£ 22242 1— (£ — 22z +2)? ,
0 1 2= + 2wz — 2
~ 0 O (—2y+1)z }
h = 0 —z 2z(—4£ —222+4+2) |, A=z,
0 0 z
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with respect to the basis %, a%v a%' Finally, we deduce that M is a generalized
(22 — 1,2(1 + 2)) paracontact metric manifold with £(ji) = 0.
Let {£, X, 9X} be an h-frame, such that
hX =2AgX, hpX =-AX, A=+v—-1-k&

in an appropriate neighbourhood of an arbitrary point of M. Using the hypothesis
&(f1) = 0 and equations (3.30)-(3.34) and (3.35) we have the following relations,

(4.19) (@grad\)ii = 2(A* 4+ B?),
(4.20) €, pgradA] i = 0,

(4.21) £(A?2+B?*) =0,

(4.22) AEA + BEB =0,

(4.23) —M\A? +2AB(1 — %) + AB% =0.

Differentiating the relation (4.23) with respect to £ and using the equations (3.2),
&(R) =0, (3.32), (3.33) and (4.23), we obtain

(4.24) (A(1 - §> +AB)? 4 (B(1 — %) — ) =0.
From (4.24), precisely following cases occurs.

(4.25) eA = 0Oand B=0.

(4.26) A # Oand N>+ (1— %)2 =0.

(4.27) B £ 0and X%+ (1— g)Q —0.

(4.28) oA — Oand 324 (1— g)Q £0

(4.29) eB = Oand A2+ (1 — §)2 40

We now check, case by case, whether (4.24) give rise to a local classification of
generalized (kK # —1, fi)-paracontact metric manifolds with # < —1. From (4.25) we
get Kk and fi constants. So the manifold returns to a (%, fi)-paracontact metric man-
ifold. But we want to give a local classification for generalized (&, i)-paracontact
metric manifolds. So we omit this case. (4.26) and (4.27) hold if and only if & = —1
and 1 = 2. But this is a contradiction with & < —1. If we use (4.28) in (4.24) we
obtain B2?((1 — %)2 + A2) = 0. But the solution of this equation contradicts with
the type of manifold and choosing of &.

So we can give following corollary.

Corollary 4.1. There is not exist any generalized (kK < —1, fi)-paracontact metric
manifolds which satisfy the condition &(f1) = 0.

In the following theorem, we will locally construct generalized (&, ji)-paracontact
metric manifolds with & > —1 and £(jz) = 0.
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Theorem 4.2. Let kK : I C R — R be a smooth function defined on an open
interval I, such that R(z) > —1 for any z € I. Then, we can construct two families
of generalized (R;, i;)-paracontact metric manifolds (M, ;,&,ni,0:), 1 = 1,2, in
the set M = R? x I C R3, so that, for any P(z,y,2) € M, the following are valid:

R(P) = Ra(P) = A(2),
p1(P) = 2(1++/1+Fk(2)) and [2(P)=2(1 -1+ E(2))

FEach family is determined by two arbitrary smooth functions of one variable.

Proof. We put A(z) = \/1+ &(z) > 0 and consider on M the linearly independent
vector fields

0 0 0 0 0
(4.30) S lea%era—era and Ylfafy,

?

where a(w,y,2) = =2y + f(2), b(a,y,z) = —45 2 = 22A(2) + s(2), f(2), s(2) are

arbitrary smooth functions of z and —g1(X1,X1) = 1(Y1, Y1) = 1(&,&) = L
The structure tensor fields 71, g1, 1 are defined by m = dx — (—2y + f(2))dz, g1 =

1 0 —a 0 a —ab
0 1 —b and @1 = 0 b 1—-0b® |, respectively. From
—a —b —1+a®+0? 01 -b
(4.30), we can easily obtain
(4.31) 6, X1] = —2\(x\1, [&, Y] =0,
N(2)
4.32 X1, = —=Y1+2¢.
(4.32) [X1,Y1] i) &1

Since m Adn; = 2dzAdyAdz # 0 everywhere on M, we conclude that 7 is a contact
form. By using just defined g1 and @1, we find n; = §(.,&1), 91 X1 = Y1, 91 Y1 = X7,
161 = 0 and dn (Z, W) = g1(Z, 01 W), §1(61Z, 51 W) = —g1(Z, W)+ (Z)m (W)
for any Z, W € I'(M). Hence M(n1,&1,¢1,01) is a paracontact metric manifold.
From the well known Koszul’s formula 2§1(@ZI/V, T)=ZgW,T)+Wq(T,Z) —
Ty (Z,W) — g1(Z,[W,T)) + g:(W, [T, Z]) + §:(T, [Z,W]) and (2.2), we have the
following equations

(4.33) Vx. &= (\2) = D)Y1, Vy& = —(1+A(2))X1,

(4.34) Ve & =0, VeXi=-(A=)+ DY, Ve¥i=—(1+Az)Xy,

= 0 ey NG
(435) leXl - 0) VYlyvl - 25\(2) 1,
S (C P

(4.37) Vx, V1 = (1-X2))¢,
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ﬁl¢1X1 = —X(z)@le and h1 X| = S\(Z)Xl, where V is Levi-Civita connection of
J1. By using the relations (4.33)-(4.37) we obtain

R&,&)a = 0,

R(X1,&)& = Xy +jnhi Xy,

R(Y1,6)& = mYi+ Y,
R(X1,X1)6 = 0, R(Y1,Y1)é =0
R(XLYl)fl = 0.

From the above relations and by virtue of the linearity of the curvature tensor R,
we conclude that

R(Z,W)& = (Fr] + firh1)(m(Z)W — (W) Z)

for any Z,W € T'(M), i.e. (M,$1,&1,m,01) is a generalized (&1, fi1)-paracontact
metric manifold with (i) = 0 and thus the construction of the first family is
completed. For the second construction, we consider the vector fields

(4.38) E=pr X g,
(439)  Ya= <2y+f<z)>£+<§§(f)) P + () 5+ 5

and define the tensor fields 72, g2, P2, hs as follows:
n2 =dx — (2y + f(2))dz

1 0 —a 0 a —ab
go = 0 -1 —b s Pa=1[ 0 b 1-0% |,
—a —b 1+a®+0b? 01 —b
00
ho={ 0 X2 —23eb
0 0 —A2
with respect to the basis (8893’ E?y, 6Z) where a = 2y+f(2), b= (— g)\ B —22\(2)+

s(2)) and —g2(Xa, Xa) = §2(Ya,Ys) = g2(&2,&2) = 1. As in first construction, we
say that (M, Pa,&a,1m2,d2) is a generalized (Ko, fiz)-paracontact metric manifold
with £(fiz) = 0, where Ro(2) = A(2)2 — 1 and fig(z,y, 2) = 2(1 — /1 + k2(z)). This
completes the proof of the theorem. O

In the following theorem, we give an analytic expression of the scalar curvature
7 of generalized (kK # —1, i)-paracontact metric manifolds. It is interesting that
the same formula holds both for the case £ < —1 and & > —1.

Theorem 4.3. Let (M, p,€,n,§) be a generalized (k # —1, fi)-paracontact metric
manifold. Then,

(4.40) AN = —X(A)+@X(B) + %(AQ — B?)
and
(1.41) r = 2(8%) - 57 || gradh | +2(5 + )
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where AX is Laplacian of .

Proof. We will give the proof for & > —1. The proof for K < —1 is similar to
Rk > —1. Using the definition of the Laplacian and equations (3.2) and (3.8) we

obtain

—XX(A) +@XEX(\) + ()
H(VxX)A = (Vax X)X — (Ve
—X(A)+¢X(B)+%(A - B?).

In order to compute scalar curvature 7 of M, we will use (3.6)-(3.9). Defining

the curvature tensor R,

R(X,pX)pX

VxViex ¢X —VioxVyx ¢X — @[X@X

after some calculations we get

1PX
B

) ~ Vix (_25\X +(1— 5\)5) - @7%)@%@“25@4}(

+EX(NE— (1= MV ax€+ 3 VX<PX ~wx $X — 2V ¢X
A A B B B ~
= -X X+ — X + X X+ — X A+1
(2)\> 2)\ )\<p 4 (2)\> 2)\( 4 ( )§>

FEX(VE+ (1+3)(1 = 2)X + % (—£X+ (1 —X)g) T

A B B2  A? <
= +pX - — 4+ (=N +1 +*}X
( ) i <2>\> 402 4)2 ( Jr i

[ 1 >\ A? @X(B)S\—BQ 1 . i

= - Y — (A2 - B*) + (=M +1 X
2( iz +4/\2( )+ (=N +1)+ 4

B 1 ~X(A +¢X 1 = 1o o 5o )
= 3 +72X2(A B*) + X2(A B+ (=N+1)+ap| X

and namely

GR(X, pX)pX, X) =

1 1
A) + pX(B) + 2;\(A2B2))+ -

52 (A2 = B?) + (=22 +1) + ﬂ] X

—H—‘ru]X

1 -
———= A+
2\

24Rk—h
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By using definition of scalar curvature, i.e. 7 =TrQ = —g(QX, X)+3(QoX, pX )+
g(QE,€), and using (3.3), we have

T = —25(R(X,3X)3X, X) + 2(Q¢,€)

1, 1 -
= fA)\fﬁ||grad/\\|272(k—ﬁ)+4fi

A
LA L gradd 2 4265 + 1)
= = — = Ta K .
3 32 g 14
The last equation gives (4.41). O
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