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INVERSE SPECTRAL PROBLEMS FOR DISCONTINUOUS
STURM-LIOUVILLE OPERATOR WITH EIGENPARAMETER
DEPENDENT BOUNDARY CONDITIONS.

BAKI KESKIN, A. SINAN OZKAN AND NUMAN YALCIN

ABSTRACT. In this study, Sturm-Liouville problem with discontinuities in the
case when an eigenparameter linearly appears not only in the differential equa-
tion but it also appears in both of the boundary conditions is investigated.

1. Introduction.

Let us consider the boundary value problem L :

ly = —y" +q(x)y =My, z¢€(0,d)U(d,n) (1)

U(y) := Ay (0) + hoy(0)) — h1y'(0) — hay(0) = 0 (2)

V(y) = Ay (m) + Hoy(r)) — Hiy'(7) — Hoy(m) =0 (3)
y(d+0) = ay(d —0)

{ y/(d+0) = a y/(d—0) )

where «, d, h;, H;, i = 0,1,2, are real numbers, « € R*, p; := hy — hohy > 0,
py = HoHy — Hy > 0, d € (0,7), g(x) is real valued functions in L5(0,7), A is
spectral parameter.

Spectral problems for Sturm-Liouville operator with eigenvalue dependent bound-
ary conditions were studied extensively. [2] and [3] are well known example for works
with boundary conditions depend on eigenvalue parameter linearly. Moreover, [5],
[16] and [18] are also interested in linearly conditions. Nonlinearly conditions were
considered in [4], [7], [9]- [12] and [17]. These works have been on Hilbert and Pon-
tryagin space formulations, expansion theory, direct and inverse spectral theory. In
[2] and [20] an operator-theoretic formulation of the problems without discontinuity
conditions (4) and with spectral parameter contained in only one of the boundary
conditions has been given.
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Boundary value problems with discontinuities inside the interval are extensively
studied ([6], [13]) These kinds of problems are often appear in mathematics, me-
chanics, physics, geophysics and other branches of natural properties. Discontin-
uous inverse problems also appear in electronics for constructing parameters of
heterogeneous electronic lines with desirable technical characteristics [14],[24] and
[19]. It must be noted that some special cases of the considered problem (1)—(4)
arise after an application of the method of separation of variables to the varied as-
sortment of physical problems. For example, some boundary-value problems with
transmission conditions arise in heat and mass transfer problems (see, for example,
[21]), in vibrating string problems when the string loaded additionally with point
masses (see, for example, [22]) and in diffraction problems (see, for example, [23]).

Inverse problem for discontinious Sturm-Liouville operator with Dirichlet condi-
tions were given in [15]. In the present paper, not only differential equation, but
also both of the boundary conditions of the problem L contain spectral parameter.
In this case, inverse problem according to the Weyl functions [8] and the spectral
data, i.e. (i): the sets of eigenvalues and norming constants; (ii): two different
eigenvalues sets, is studied.

2. Operator Treatment.
Let the inner product in the Hilbert Space H = £2(0,7) @ C? be defined by

- 1 _ 1 J—
<F, G> = /Fl(x)Gl(x)dx + ;FQGQ + ;FgGg
1 2

0
Fi(z) G1(z)
F = Fy , G= Gy € H.
Fy G

Define an operator T acting in H with the domain D(T) = {F € H : Fi(x)
and Fj(x) are absolutely continuous in [0,d) U (d, 7], £F) € L5(0,7), Fi(d+0) =
aFi(d—0), F{(d+0) = o~ F{(d—0), F; = F{(0)+hoF1(0), F3 = F{(m)+HoF1 ()}
such that,
—FY'(z) + q(x) F1 ()
T(F):= h1F{(0) + haF1(0)
HlFl/(ﬂ') + H2F1(7T)

Theorem 2.1. The linear operator T is symmetric.

Proof. Let F,G € D(T). Since,
d T

(TF,G) —(F,TG) = /TFl(x)a(x)dx + /TFl(x)a(x)dx

0 d
g

d
1 — 1 — N ___
+;TF2G2 + ;TF3G3 — /Fl(l‘)TGl(.’L’)ddf - /Fl(.’L’)TGl(l‘)dl’
1 2
d
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1 1
—— TGy — —F3TGs
1 P2
by two partial integration, we get

(TF,G) - (F,TG) = (~F{(@)G1(z) + Fi(2)G{(x)) (|4 + 1)

+pi (h F{(0) + h2F3(0)) (GF(0) + hoGa(0))
1

o

X P ) + By () (Gim) + HoGi ()
P2 ! !

- (G )+ B () (F{(7) + HoF ()

Use the domain of the operator T and p; > 0, p, > 0 to see that, (T'F,G)
(F,TG). So T is symmetric.

(mGL0) + haGir(0)) (F{(0) + hoFi (0))

Ol

Corollary 1. All eigenvalues of the operator T' (or the problem L) are real and
two eigenfunctions o(x, A1), @(x, A2) corresponding to different eigenvalues A1 and
Ao are orthogonal, i.e.,

Ky

[t 2T R + - ((0.00) + hop(0, ) (70, %2) + B0, )
0

+i (¢'(m, A1) + Howp(m, A1) (W(% A2) + Hop(, )\2)) =0
P2

Let us denote the solutions of (1) by ¢(z,\) and t(x, A) satisfying the initial
conditions

(Z)on = () (o) 5 ) ©

respectively and the jump conditions (4). These solutions satisfy the relation

! >\'n h >\n
U (z, ) = B0 (z, \y) for any eigenvalue \,,, where 3, = ¥ (0, An) —; o (0, )
1

Theorem 2.2. The following asymptotics hold for sufficienly large |k|

1
—coskaz:—b—0<|k|exp|T|:1:)7 x <d,

1
—at coskz + a” cosk(2d — x) + O (|k| exp | 7| cc) ,x>d

o(z, k)

k2 (6)
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—at cosk(m —z) —a” cosk(z +m—2d) +

1
’IJZ) I,k +O 11,1 - ) < da
(k2 ) _ i exp|T|1(7r x) x ()
—cosk(r —z)+ O <|l€|exp|7'| (77—:5)), x>d

1 1
where, k =V, 7 =Imk andai2<a:|:).
o)

Proof. 1t is clear that the functions ¢(z, k) and 9 (x, k) satisfy the following integral
equations,

g2
oz, k) = —w sinkx + (hy — k?) coskx
+%/sin k(x —t)q(t)p(t, k)dt x <d,
; 2
oz, k) = ffm_TkhO(oﬁ' sinkz + o~ sink(2d — z))

+(h1 — k*)(aT coskx + a cosk(2d — x))
d

+l/(a+ sink(z —t) —a” sink(z +t — 2d))q(t)e(t, k)dt

k
0
L[
+%/s1n k(x —t)q(t)p(t, k)dt z>d.
¢
v(z, k) = W(oﬁ sink(m —z) + o~ sink(z + 7 — 2d))

+(Hy — k?)(at cosk(m — x) —a™ cosk(x + m — 2d))

+%/(a+ sink(t —z) + o~ sink(x + ¢t — 2d))q(t)¥(t, k)dt

d
d

+%/Sin E(t — x)q(®)w(t, k)dt z <d,
W@, k) = HQ_TICQHO sin k(r — z) + (Hy — k2) cos k(r — z)
+%/Sin E(t —x)q(®)w(t, k)dt x >d.

Since the proof of the equalities (6) and (7) are similar, let us prove only (7). Divide
both sides of last integral equality by k2 and put
2

H, —
\I/(O)(SL‘,I{I) = kQ

K (at cosk(m —x) — a™ cosk(z + 7 — 2d))
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Hy — k2H,
%(oﬁ sink(m —z) + o~ sink(z + 7 — 2d))
1 s
Visr) (2, k) = %/(cﬁ Sink(t — @)+ a- sink(z + ¢ — 2d))q(t) ¥ o (£, k)dt
d
d
+% / sink(t — 2)g(O) Tyt K)dt, 0> 1.

xr
If we use the Picard’s iteration method to above integral equations, we get

S Uiy (@k)| <D [V (@, k)| < Cexp{Co(x)},

n=0 n=0

W (2, k)| =

where € = (a* +[a” [)(|Hol + |Ha| + [Ha| + 1), o(2) = [ la(0)]ds

Last inequality gives ¢(z, k) = O (k2 exp |7| (7 — w)) . From this equality and inte-
gral equations of ¥ (z, k), we get equality (7) O

3. Properties of Spectrum.

In the present section, properties of eigenvalues, eigenfunctions, and the resolvent
operator of the problem L are investigated.
It is obvious that the characteristic function A(X) of the problem L is as follows

A()‘) = W(Q@ "zz)) = )‘(90/(777 )‘) + HO‘P(”? )‘)) - Hl@/(ﬂ-v )‘) - H230(7r7 )‘) (8)

The roots of A(X) = 0 coincide with the eigenvalues of problem L.
We define norming constants by

s

ap = /902(*% An)dz + pi1 (99/(0’ An) + how(0, A"))2 (9)
0

1
+;%¢WAM+HWWJMf
2

Lemma 3.1. The eigenvalues of the problem L are simple and seperated.

Proof. Let us write the following equations,

=" (@, \)+q(2) (2, X) = M (2,0), —¢" (2, M) +q(2)p (2, An) = Anip (2, An) -
If we multiply the first equation by ¢ (z, A,) , second by v (z, A) and subtract, after
integrating from 0 to m we obtain

[ (2, An) ¥ (2, A) =" (2, A) @ (2, An)] (I + 17) = (A = An) /z/} (@, A) ¢ (, An) d.
0

Let ¢ (2, A,) be an eigenfunction and use initial conditions (5), to get



20 BAKI KESKIN, A. SINAN OZKAN AND NUMAN YALCIN

AN
A= Ao

Pass through the limit as A — A, and using the equality v (x, \,) = B,¢ (z, \n),
to get A'(A,) = B, It is obvious that A’(),,) # 0. So eigenvalues of the problem
L are simple.

Since, A()) is an entire function of A, the zeros of A(\) are seperated. So lemma
is proven. O

/w z A)‘P(x A )d.’L‘+( (71— A )+H0<p (7T )\n)) ( (07)‘71) +h0¢ (07)\71))

One can easily prove the following theorem using same methods in [1].

Theorem 3.2. The operator T (or problem L ) has a discrete spectrum. Moreover,
the resolvent operator of T is defined as follows ;

Gl(l’) Fl(l’) 7T
R)\ (T) = (T — )\I)_l G2 = F2 s with F1 = /G(Z’,t,A)Gl(t)dt,
Gs F3 0

Fy = F{(0) + hFy(0) and Fs = F!(r) + HF(r)

where G(x,t,\) is defined by G(z,t,\) = ﬁ}\) {

The following theorem gives knowledge about the behaviour at infinity of the
eigenvalues, eigenfunctions and normalizing numbers of L.

o, N(t,\), x<t
ot NY(z,N), t<z

Theorem 3.3. The eigenvalues Xy, eigenfunctions p(x, A,) and normalizing num-
bers oy, of the problem L have the following asymptotic estimates for large n;

VA, = kn:k2,3+6—”+c—” (10)
noon
- (k2—3)2 coskf) sz + O <l> ) T <d,
oz, kn) = " (11)
(k273)2 [—at coskd_sz+ o~ coskd_s(2d — z)] + O <n) ,z>d
—d d
o = () <” (@) + (a7)?) + ) fom) (1)
2 2
where, ¢, = o(1), 6, € loo, kO are zeros of
Ao(\) : ( blnfﬂ' a_smx/i(/?d”)) and kO =n+ hy,, hy € o

Proof. Using (6) in (8), we get,
a+smf7r _sinvA(2d — )

—_ )3 @
A(N) = A At 5

) +0 ()\2 exp || )
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for sufficiently large value of |\|. Denote

invA invA(2d —
a+smxf7r+ _sinvV/\( 77))’

e
VA VA
Gp:={ eC: A=k |k = |k2| — 4},
where ¢ is sufficiently small and k2 are the zeros of Ag(\) except 0.
5

Since, |Ag(A)] > Cexp(A2 exp|7|7) and |[A(X) — Ag(A)| = O(N\? exp|r| ) for
A € G, and large values n, using the Rouche’s theorem, we establish that, the
functions Ag(A) and A(X) have the same number of zeros inside the contour G,,.
Consequently, in the annulus between G, and G,y1, A has precisely one zero,
namely k2. Therefore, for the eigenvalue \,, the equality A, 3 = k2 is true. On
the other hand, by using again the Rouche’s theorem in v, := {)\ : |)\ — kg’ < 8} ,
for sufficiently small ¢, we get the asymptotic formulae k, = k + ¢,,, (e, = o(1))

Ag(N) :== A3 (

1
is valid for large n. Finally, the equality €, = O(—) is taken from the well known
n

formulae Ag(kY +e,) = Ay(k2).€, + o(ey). This fact proves the equality (10). By
using (10) in (6) and (11) in (9) we get (11) and (12) , respectively. O

4. Inverse Problems.

In the present section, we study the inverse problem recovering the boundary
value problem L from its spectral data. We consider three statements of the in-
verse problem of the reconstruction of the boundary-value problem L fom the Weyl
function, from the spectral data {\,, &, }n>0 and from two spectra {An, i, }n>0-

Let the functions x(z,k) and ®(z,k) denote solutions of (1) that satisfy the
conditions x(0,k) = —1, x'(0,k) = ho and U(®) = 1, V(®) = 0, respectively and
the jump conditions (4). Since W [x,¢] = p; # 0, it is clear that the functions
¥(x, k) can be represented as follows

bk = 28y g, k) - OB TR OR)
or P1 P1
7/}(*7;7]{7) X(CC,/{J) 'L//(Oak) +h01/}(0’k)
AR~ m bk 2O 19)
Denote
M(k) _ w/(ov k) + h0¢(0’ k) (14)

p1A(k)

It is clear that.

Oz, k) = %”“)—M(m@(z,m (15)

1
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The function ®(x, k) and M (k) are called the Weyl solution and theWeyl function,
respectively for the boundary value problem L.
The Weyl function is meromorphic in A with simple poles in the points A,.
Relations (13) and (15) yield
U(z, k)

(k) = N (16)

To study the inverse problem, we agree that together with L we consider a boundary

value problem L of the same form but with different coefficients a(x)7&',67,i~zi,ﬁi,
1=20,1,2.

Theorem 4.1. If M(k) = M(k), then L =L, i. e., q(z) = (), a.e. and d = d,
a:&, hZ:hz, HZ:HZ,ZIO,LQ

Proof. Let us define the matrix P(z, k) = [P;;(z, k)] by the formula

1,j=1,2

Pz, k) Pio(w k) _ pd — 0P p— P (17)
Pgl({E, k) P22 ({L’, k) (pl@/ — (I)IQZ?/ (I)/(:D — (plq)

and inversion formula

( g((z:g > _ ( Pll(x,k)g(x,k)+P12(x,k){0’(x,k) > (18)

Py (x, k) ®(z, k) + Pyo(z, k) (z, k)
It is easy to see that the functions [P;;(2, k)], ;_, , are meremorphic in k . Moreover,
if M (k) = M(k) then from (15) and (17) Py1(x, k) and Py2(x, k) are entire functions
in k. Denote

Gs=A{k:|k—Fky>6 n=12..}
and

é(g:{k:‘k—En

> 4, n:1,2,...},

where ¢ is sufficiently small number and k;, and En are square roots of eigenvalues
of problem L and L, respectively. ®®)(z, k) < Cj|k|" ™% exp(—|r|z) is valid for
k € G5, v=0,1, Thus we get

|Pii(z,k)| < O, |Pia(z,k)| < Csk|™", k€ GsnGs (19)

from (17). According to the last inequalities, if M (k) = M (k) then from well known
Liouville’s theorem Pi1(x, k) = A(z), Pia(z, k) = 0. Using (18), we take

oz, k) = Alz)p(z, k), ®(z,k) :A(x)(f)(:c,k) (20)
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From
w [q)(xv )‘)7410(‘7’" )‘)] = (I)(Oa )‘) ()‘hO - h2) - (I)/(Oa )‘) (hl - /\)
_ (0,0 (o = ho) =40, 0) (= A) _
A(N) B

and similarly W 5(1’,)\),&(%,)\)} = 1, we have A(z) = 1, i.e. p(z,k) = p(x, k),
®(z, k) = d(x, k) and Y(z, k) = O(z, k). Therefore we get from (1), (4) and (5) that
q(z) = q¢(z), a.e. and d = d, o« = &, and h; = h;, H; = H;, i = 0, 1, 2. Consequently
L=1L. U

Lemma 4.2. The following equality holds:

o0

1
M) = _— 21
™ = Yooy (21)
Proof. 1t follows from (14) the residues of M(X) at A, are

_ Tb/(O? )\n) + h0¢(07 An) ’l/)/ (Oa /\n) + h(ﬂﬁ (Oa )‘n)

Res M () , . If we use equalities 8,, = —
A=An plA()‘n) P1
and A'(\,) = 6,0,

1

is obtained. Denote I'y, = {k : |k| = k,, +¢}, ¢ is sufficiently small number. Consider
the counter integral

1 M
F.(\) = —/ (k) dk, A € intT,,, Since, the estimate A(k) > |k|> Cs exp(|7| 7)

2wt ) (k= M)
F’VY,
C
holds for k € G, using this inequality and (14) we get, |M (k)| < ﬁ, k € Gs.
= 1
Hence, nli_{I;OFn()\) = 0, consequently, M(\) = ;m is obtained by
residue theorem and (22). O

Theorem 4.3. If k, = En and o, = &y forn =0,1,..., then L = Z, i e.,

q(z) = q(z), a.e. andd=d, a =&, h; = h;y, H; = H;, 7 =0,1,2. Thus, the problem
L is uniquely defined by spectral data.

Proof. If k, = En and o, = &, forn = 0,1,..., then from Lemma2, we get

M) = ]/\\4/()\) Hence, Theorem6 gives L = L. O

Let us consider the boundary value problem L; which is the problem that we
take the condition y'(0,k) — hoy(0,k) = 0 instead of the condition (2) in L and
{u2}n>0 be the eigenvalues of the problem L;.
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Theorem 4.4. If k, = kn and Wy, = [y, for alln € N, then
L(q,d,a, ho, h1, ho, Hy) = L(G, d, &, ho, hy, ho, Hy),i = 0,1,2.

1
Proof. Since, A()) is entire in A of order 3 by Hadamard’s factorization theorem

AQ) = Cf[o (1 - Q) (23)

Where, C' is a constant which depends only on {A,}, . It follows from (23) that
the specification of the spectrum {\,},>¢ uniquely determines the characteristic
function A(X). Analogously, the function v'(0,k) — ho(0, k) is uniquely deter-
mined by {ji, }nz0. Thus AQ\) = A(X), ¢/(0,k) — hotp(0, k) = 9 (0, k) — ho(0, k)
and consequently by (14), M(\) = M (M\). Hence from Theorem6 , the proof is
completed. (]

OZET: Bu cahsmada, sadece denklemin degil, her iki simr kogu-
lunun da spektral parametreye bagh oldugu, aralikta siireksizlige
sahip Sturm-Liouville problemi ele almmistir. Oncelikle bu prob-
leme karsilik gelen operator tanimlanmig ve bu operator yardimiyla
problemin spektral 6zellikleri aragtirilmigtir. Daha sonra,

spektral karakteristiklere gére problemin tek olarak belirlenebile-
cegini gosteren ters problemin teklik teoremleri ispatlanmigtir. Bu
teoremler galigmanin temel sonuglaridir.
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