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Abstract

In this paper, after introducing the notion of relative bi-ideals and relative quasi ideals
in ordered semigroups, some important properties of these bi-ideals and quasi ideals are
studied. Then relatively prime and relatively weakly semiprime bi-ideals are defined and
some vital results have been proved. We also define relative regularity and relative intra-
regularity of an ordered semigroup and prove some results based on the connection among
intra-regularity of an ordered semigroup, relative quasi and relative bi-ideals of that or-
dered semigroup. Finally some important results connecting relative regularity, relatively
prime bi-ideals and relatively weakly semiprime bi-ideals of an ordered semigroup have
also been obtained.
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1. Introduction and preliminaries

In 1952, Good and Hughes [6], first defined the notion of a bi-ideal of an ordered
semigroup. Thereafter, the concept of a quasi-ideal was introduced in 1953 by Steinfeld in
[18,19] for Rings and Semigroups. A.P.J. Van der Walt, in his paper [21], introduced the
notions of a prime and a semiprime bi-ideal of an associative ring with unity. Later H J
le Roux [15], proved various results by using prime and semiprime bi-ideals of associative
rings without unity while N. Kehayopulu [10] derived the notion of regularity of an ordered
semigroup. In 1978, S. Lajos and G. Szasz [12,13] characterized intra-regular semigroups
in terms of right and left ideals of semigroups and, in [11], N. Kehayopulu, S. Lajos and
M. Singelis derived the ordered version of intra-regularity in terms of left and right ideals.

In 1962, Wallace [22], introduced the notion of relative ideals (H-ideals) on semigroup
S. In 1967, Hrmova [16] generalized the notion of H-ideal by introducing the notion of an
(H1, Ho)-ideal of a semigroup S (H, Hy, Ho» € S). The notion of prime and weakly prime
ideals in semigroups had been considered by Szdsz in [20] and proved vital results. In
1992, Kehayopulu generalized these results in [8,9] for ordered semigroups.
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An ordered semigroup is a semigroup with (S, <) as an ordered set satisfying
(Vs1,82 € S)(Vr € S)(s1 < 52 = s1x < sox and xs; < x82).

Following definitions and results have been introduced by M.F. Ali et al. in [1], as
a generalization of notions studied by Wallace [22], Hrmova [16] and Kehayopulu [8,9].
For more details of ordered semigroups and their related notions, the reader is referred to
[2-5,7,14].

Definition 1.1. Let S be an ordered semigroup and let A,T be any non-empty subsets
of S. Then A is said to be a left T-ideal of SiIf TAC Aand T 3 x < y € A implies z € A.
Dually we can define a right T-ideal of S. Further A is said to be a T-ideal of S if it is
both a left T-ideal and a right T-ideal of S. If T = S, then the notion of a left T-ideal
(resp. a right T-ideal, a T-ideal) of S coincides with the notion of a left ideal (resp. a
right ideal, an ideal) of S and, thus, shall be called as such in the sequel.

Remark 1.2. An ideal A of an ordered semigroup S is a T-ideal for each subset T of S,
but the converse is not true in general.

Example 1.3. Let S = {a,b,¢,d, }. Define a binary operation (.) on S as shown in Table
1 of Section 5. Define an order on S as <= {(a,a), (b,b), (¢, ¢),(d,d), (a,b),(b,c),(a,c)}.
Clearly S is an ordered semigroup. Let A = {a,b}, B = {a,d} and C' = {c, d}. It is easy
to check that A is a B-ideal of S, but not an ideal of S.

Definition 1.4. Let A and T be any non-empty subsets of an ordered semigroup S. We
define
(Alp ={teT|t<a, for some a € A}.

The following lemma may easily be verified.

Lemma 1.5. Let S be an ordered semigroup. Then
(1) AC (Alr for all ACT.
(2) If AC BCT, then (Alr C (B]r.
(3) (Alr(Blr C (ABlr.
(4) ((Alr]r = (A]r.
(5) For each T-ideal A C T, we have (A]lp = A.
(6) IfA B are T-ideals ofS such that AN B # ¢, then (AB]p, AN B are T-ideals of

(7) IfT is subsemigroup of S, then (TaT|r is T-ideal of S for each a € S.

Definition 1.6. Let S be an ordered semigroup and let A, As be any non-empty subsets
of S. A non-empty subset A of S is said to be an (Aj, Ay)-ideal or a relative ideal of S if
A1A C A AAy C Aand A1 U Ay 3 x < y for some y € A implies z € A. If Ay = ¢ or
As = ¢, then the (A1, Ag)-ideal becomes one sided relative ideal of S. We denote the set
of all (A1, Ag)-ideals of S by I(A1, A2).

In Example 1.3, A is a (B, C)-ideal of S.

Remark 1.7. From the definition of the (A, A2)-ideal of S, it is clear that the notion
of an (Ap, Ag)-ideal is the generalization of the notions of a left, a right and a two sided
T-ideal of S.

The following lemmas may easily be proved.

Lemma 1.8. Let S be an ordered semigroup. Then the following are true:
(1) If Ay C A}, Ay C Al then I(A], AY) C I(Aq, A9).
(2) 1(A1, A2) = I(A1,0) N 1(, Ag).
(3) ¢ € I(A1, A2) if and only if A1 = ¢ and Ay = ¢.
(4) I(¢,0) ={A | AC S}
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Lemma 1.9. Let S be an ordered semigroup and Hy, Hy subsemigroups of S. Then the
following are true:

(1) (Hvralg € I(Hy, ) for each a € S.

(2) (aHa)mg € I(¢, Ha) for each a € S.

(3) (HiaH2)g € I(H1, Ha) for each a € S.

(4) If L € I(Hy,¢) and R € I(¢, Ha), then (LR|g € 1(Hy, H2).

(5) If A,B € I(Hy, Hs) such that AN B # ¢, then (AB]g, AN B € I(Hy, Hs).

Definition 1.10. Let S be an ordered semigroup and let Hy, Hs be any non-empty subsets
of S. Then a non-empty subset T of S is said to be an (Hy, Hy)-prime ideal of S if

(1) T is an (Hy, Ha)-ideal of S; and

(2) For any A, B C Hy U Hy such that AB C T, either ACT or BCT.

Definition 1.11. Let S be an ordered semigroup and let Hy, Hs be any non-empty subsets
of S. Then a non-empty subset T  of S is said to be an (Hy, Hy)-weakly prime ideal of S if
(1) T is an (Hy, Hy)-ideal of S; and
(2) For all (Hy, Ho)-ideals A, B C Hy U Hy such that AB C T, either AC T or BCT.

Definition 1.12. Let S be an ordered semigroup and let Hy, Hs be any non-empty subsets
of S. A non-empty subset T of S is said to be an (Hj, H2)-semiprime ideal of S if

(1) T e I(Hl,HQ); and

(2) A C Hy U Hy such that A? C T implies A C T..

2. Relative bi-ideals in ordered semigroups

In this section, we introduce the notion of relatively prime, weakly prime and semiprime
bi-ideals in ordered semigroups. We also give some characterizations of relative regular
ordered semigroups in terms of aforesaid bi-ideals of ordered semigroups.

Definition 2.1. Let .S be an ordered semigroup and let H, T be any non-empty subsets
of S. Then T is said to be an H-bi-ideal of S if

(1) THT C T; and

(2) forallte T, H>h< t = he T.
Definition 2.2. Let S be an ordered semigroup and H;, Hs be any non-empty subsets of
S. Then T'(# ¢) is said to be an (Hy, Hy)-bi-ideal or a relative bi-ideal of S if

(1) T(HHUH)T = THITUTH,T C T; and

(2) forallte T, HHUHs>h< t = he T.

The set of all relative bi-ideals of S shall be denoted, in whatever follows, by B(H1, Ha).

Remark 2.3. It is easy to check that each bi-ideal B of an ordered semigroup S is an
(Hy, Hz)-bi-ideal of S for each subset Hi, Hy of S, but the converse is not true in general.

Example 2.4. Let S = {a, b, ¢, d, }. Define a binary operation (.) on S as shown in Table 2
of Section 5. Define an order on S as <= {(a, a), (b,b), (¢, ), (d,d), (a,d)}. Clearly S is an
ordered semigroup. Let B = {a, b}, H; = {a,c} and Hy = {b,c}. Then HiUHs = {a,b, c}.
It is easy to check that B is an (Hy, Hy)-bi-ideal of S, but not a bi-ideal of S.
Definition 2.5. Let S be an ordered semigroup and let Hy, Hy be any non-empty subsets
of S. Then T'(# ¢) is said to be an (Hy, Hz)-prime bi-ideal of S if

(1) T e B(Hl,HQ); and

(2) hl(Hl UHQ)hQ = h1H1hoU h1Hohy C T = either hy € T or hy € T.
Equivalently, C, D C H = Hy U Hy such that CHD C T implies either C CT or D C T.

Definition 2.6. Let S be an ordered semigroup and let Hy, Hy be any non-empty subsets
of S. Then T'(# ¢) is said to be (H;, H2)-semiprime bi-ideal of S if
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( ) T e B(Hl,HQ) and
(2) h(Hy U H)h = hHihU hHoh © T = he T.

Equivalently, C' C H = Hy U Hy such that CHC C T implies C C T

Definition 2.7. Let S be an ordered semigroup and H C S. Then S is called left H-
regular (resp. right H-regular) if Va € H 3 h € H such a < ha? (resp. a < a?h).
Equivalently,

(1) a € (Ha?]y (resp. a € (a®*H]y) Ya € H; and
(2) AC (HA?y (resp. AC (A?H]y) VA C H.

Definition 2.8. Let S be an ordered semigroup and H C S. Then S is called H-regular
if Vae H3dhe H such that a < aha. Equivalently,

(1) a € (aHalg Ya € H; and
(2) AC(AHA|y VACH.

Definition 2.9. Let S be an ordered semigroup and let Hy, H, C S. Then S is called
(Hy, Ho)-regular if V. a € H 3 h € (H; U Hy) such that a < aha. Equivalently,

(1) a € (aHalg Ya € H = (Hy U Hy); and
(2) AC(AHA|g YVACH.

The following example shows that an (H;, Ha)-regular ordered semigroup is not regular
in general.

Example 2.10. Let S = {a,b, c,d, e}. Define a binary operation (.) on S as shown in Ta-
ble 3 of Section 5. Define an order relation on S as <= {(a, a), (b,b), (¢, ¢), (d,d), (e, e), (a, b),
(a,c),(a,d),(a,e)}. Clearly S is an ordered semigroup. The covering relation and the fig-
ure of S (as shown in Figure 1 of Section 5) is given as follows: <: {(a,b),(a,c),(a,d),(a,e)}.

As for e € S, P any x € S such that e < ewe, S is not regular. But, for H; = {a, b} and
Hjy = {c,d}, it may be easily checked that S is an (H;, Ha)-regular ordered semigroup.

Theorem 2.11. Let S be an ordered semigroup and let H be a subsemigroup of S. For
any H-ideal T of S, the following are equivalent:

) T is H-weakly prime.
2) Ifa,b € H such that (aHblg C T, then eithera € T orbe T.
3) If a,b € H such that Ig(a)Ig(b) C T, then eithera € T orbe T.
4) If A, B are left H-ideals of S such that AB C T, then either ACT or BCT.
5) If A, B are right H-ideals of S such that AB C T, then either ACT or BCT.
6) If A is a right H-ideal and B is a left H-ideal of S such that AB C T, then either
ACT orBCT.

(1
(
(
(
(
(

Proof. (1) = (2) Let T be H-weakly prime. Take any a,b € H such that (aHbjg C T.

(HaH)p(HbH) g (HaH?*bH) g
(H(aHb)H]y
(H(aHb pH]n
(HTH|g

(

lu=T

NN 1NN N

S
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Since T is H-weakly prime, either (HaH|y C T or (HbH|yg C T. Let (HaH|yg C T.
Then

(Ir(a))? aUHaUaH U HaH]3,
(aUHaUaH U HaH)?|g(aUHaUaoH U HaoH]y

(
(
(HaoUHaH)g(aUHaUaH U HaH| g
(
(

(HoUHaH)(aUHaUaH U HaH)|g
HaH|g CT.

NN 1NN

So, we have

((Ir(a))]1IR(a) = ((Ir(@))*]a(Ir(a)]n € ((Ir(a))’]n € (T)n =T.
Since T is H-weakly prime and ((Ig(a))?]y is an H-ideal of S, either ((Ir(a))?|g C T or
Ig(a) CT. If Ig(a) C T, then a € Ig(a) C T. Let ((Ir(a))?|g € T. Then (Ig(a))? C T.
Since T' is H-semiprime, Igr(a) C T and, so, a € T. Simlarly we may prove that if
(HbH]y C T, then b € T.
(2) = (3) Take any a,b € H such that Ir(a)Ir(b) CT. Then

(a]g)(Hblg € ((aeUHaUaH U HaH]g)((bUHbUVH UHbH] ) CT.
and so
(aHblg € (((a]n)(Hbaln € (T]a =T.

By (2), we have either a € T or b € T, as required.
(3) =(4) Let A,B C H and A, B be right H-ideals of S such that AB C T and A € T.
Let a € A,a ¢ T and b € B. Then
Ir(a) = (@aUHaUaHUHaH]g
C (AUHAUAHUHAH|y

Similarly Ir(b) C (BU HB]g. Now
Ir(a)Ir(b) < ((AUHA]x)((BU HBlu)
((AUHA)(BUHB)|g
(ABUAHBUHABUHAHB|g
(ABUHAB)y
By (3), either Ir(a) C T or Ir(b) C T which implies that b € T' and, hence, B C T.
(3) = (5) The proof follows on the lines similar to the above proof.
(3) = (6) Take any right H-ideal A and any left H-ideal B of S such that AB C T, but
A ¢ T. Take any a € A such that a ¢ T. For any b € B, as Ig(a) C (AU HA]y and
Ig(b) C (BUHBUBH U HBH|y C (BU BH]y, we have
Ir(a)Igr(d) € ((AUHA)(BUBH)|g
(ABUABH UHABU HABH]y

N

NN

C (TUTHUHTUHTH]y

C Ty =T.
By (3), either Ir(a) C T or Ir(b) C T which implies that b € T" and, hence, B C T.
(4),(5) and (6) = (1) are obvious. O

Theorem 2.12. Let S be an ordered semigroup and let H be a subsemigroup of S. An
H-ideal of S is H-weakly semiprime if and only if one of the four equivalent conditions
holds in S.
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(1) For every a € H such that (aHalg C T, we have a € T'.

(2) For a € H such that (Ir(a))> C T, we havea € T .

(3) For right H-ideal A of S such that A2 C T, we have A C T.
(4) For left H-ideal B of S such that B> C T, we have B C T.

We shall, in the followings, extend the results proved, in [15], for an associative ring
without unity and, in [17], for an ordered semigroup.

Proposition 2.13. Let S be an ordered semigroup and let Hy, Ho be subsemigroups of S
such that HoHy C Hy U Hy. Let T € I(Hy, Hs) and T € B(Hy, Ha), Then the (Hi, Ha)-
bi-ideal T of S is (Hy, Ha)-prime if and only if RL C T with R € I(¢,Hs),L € I(Hy,o)
and R, L. C Hy U Hy implies either RC T or LC T.

Proof. Let T be an (Hj, H2)-prime bi-ideal of the ordered semigroup S and RL C T.
Suppose R ¢ T. For all l € L and y € R\T, we have y(H; U H2)l = yHyl U yHsl C
RH\LURHsL C RLURL CRLCT. As T is an (Hy, Hy)-prime bi-ideal and y ¢ T, we
have [ € T for all [l € L. Therefore L C T
Conversely suppose RL C T = either R C T or L C T for any R € I(¢,Hy) and
Le I(Hl,d)). Let hy,ho € H = Hy U Hs such that hyHhy CT. Then (h1HQ]H(H1h2]H -
(h1H2H1h2]H g (thhQ]H g (T]H =1T. Since (thQ]H is in I(¢,H2) and (thg}H S
I(Hy, ¢), we have (hiHalg C T or (Hiho|g CT. As hy,hy € H, following cases arise.
Case 1. Suppose ho € Hy and hy € Hs. Consider (hyHs]g C T. Then h% € T. Then
Hy(h1) and Ha(hy) are (Hy, ¢)-ideal and (¢, Ha)-ideal of S generated by hi respectively.
Now

Hy(h1)Ha(h) h1 U Hihalg(ha U b1 Holg

(hl @] thl)(hl U thg)]H

h3 Uh3Hy U Hih? U Hi b3 Holy

TUTHs UH{TU HlTHQ]H

(TUTUTUT g C(Tg =T.

By hypothesis, either Hi(hy) € T or Ho(hy) C T. Hence hy € T. If (Hiho]lg C T, then

h3 € T. In a similar manner we have hy € T. Hence T is an (Hy, Hs)-prime bi-ideal of S.
Case 2. Suppose hy € Hy and he € Hy. Then clearly hihe € T. Since Hs(hy) and

Hy(hs) are I(¢, Ho) and I(Hq, ¢) ideals of S respectively, we have

Hg(hl)Hl(hg) = (h1Uh1HQ]H(h2UH1h2]H

N

(
(
(
(

NN

C ((h1 U h1Hsz)(ha U Hiho)l

= (hihs U h1Hyihy U hy Haho U hy HyHyhol g
- (hlhg UhiHho UhiHho U h]_.HhQ]H

C (TUTUTUT|gC(Tlg=T.

By hypothesis, either Hy(h1) C T or Hi(he) C T. Thus either hy € T or hy € T. Hence
T is an (Hy, Hy)-prime bi-ideal of S.

Case 3. Suppose hi,ho € Hy or hi,he € Hs. Then, by combining the previous cases,
we may show that either hy € T or hy € T. Hence T is an (Hy, Hs)-prime bi-ideal of
S. O

Proposition 2.14. Let S be an ordered semigroup and let Hy, Hy be subsemigroups of S
such that HiHy C H = H1 U Hy and HyHy C H. Then an (Hy, Ha)-prime bi-ideal of S is
either (¢, Ha)-prime ideal or (Hy, ¢)-prime ideal of S.

Proof. Let T be any (Hy, H2)-prime bi-ideal of S. We only need to show that 7' € I(¢, Hs)
or T € I(H1,¢). Clearly (THQ]H(HlT]H - (THQHlT]H - (THT]H - (T]H = T. Since
(THQ]H S I((Z), HQ), (HlT]H S I(Hl,(;s) and (THQ]H, (HlT]H C H, by Proposition 2.13,
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either (T'Hso|pr € T or (H1T|g € T. Thus either THy C T or HiT C T. Now suppose
that h € H = (H; U Ha) and ¢t € T be such that h < t. Since T' € B(H;, Ha), we have
h € T, as required. O

Let S be an ordered semigroup and 7' € B(H1, Hs), where Hy, Hy C S. Let
L(T)={teT|Hit CT} and M(T) ={x € L(T)|xHy C L(T)}.

Lemma 2.15. Let S be an ordered semigroup and let Hy, Hy be subsemigroups of S. If
T e B(Hl,HQ), then L(T) S I(Hl,(b)

Proof. Let t € L(T) and h € Hy. Then ht € Hit C T and Hy(ht) C HyHot C Hyt C
T = ht € L(T). Now choose u € L(T) C T such that Hy > hy < u. Then h; € T
as T € B(Hy,Hs). As hy <u = khy < kuV k € Hy. So khy < ku € Hyu C
(Hiulg C(Tg =T = kh1 € TV ke Hy. Thus Hihy C T implies hy € L(T). Hence
L(T) € I(Hy, ¢). O

Proposition 2.16. Let S be an ordered semigroup and let Hy, Hy be subsemigroups of S.
If T € B(Hy, Ha), then M(T) is the (unique) largest (Hy, Ha)-ideal of S contained in T.

Proof. 1t is clear that M(T) C L(T) C T. Take any a € M(T), hy € Hy and hy € Hs.
Then a € Tya € L(T), Hia C T and aHy C L(T). Clearly hja € Hla CT = hja €
T. Further, Hi(hia) C H1Hia C Hia C T implies hja € L(T). Also ahy € aHy C
L(T) = ahs € L(T). Now we show that hja € M(T) and ahg € M(T). As (ahg)Hsy C
aHyHy C aHy C L(T), we have ahy € M(T). Also (hia)Hy € HiaHy C H{L(T) C
L(T) = ahg € M(T).

Now let b € M(T), HHUHy = H > h <b. Then h € L(T) as M(T) C L(T) and
L(T) € I(Hy,¢). Since h < band h € Hy or h € Hy, we have hk < bk V k € Hy. So
hk < bk € bHy C L(T) = hk € L(T)V k € Hy. Thus hHy C L(T) implies h € M(T).
Hence M(T) € I(H,, Ha).

Now let G be any (H;, Ha)-ideal of S and G C T. For any g € G, g € T and H1g C
G C T implies G C L(T). Also for g € L(T), as gHy C G C L(T'), we have g € M(T).
Hence G C M(T), as required. O

Proposition 2.17. Let S be an ordered semigroup and let H be a subsemigroup of S. If
T is an H-prime bi-ideal of S, then M(T) is an H-weakly prime H-ideal of S.

Proof. Let T be any H- prime bi-ideal of S. Since T is H-prime bi-ideal of S, M(T) €
I(H,H). It remains to show that M (T) is H-weakly prime. For this take any a,b € H
such that Ig(a)Ir(b) € M(T). Then, by Theorem 2.11, either Ir(a) C T or Ir(b) CT. As
M(T) is the unique largest H-ideal in T', we get either Ir(a) C M(T) or Ir(b) C M(T).
Thus either a € M(T) or b € M(T'). Hence, by Theorem 2.11, M(T') is an H-weakly
prime H-ideal of S. g

Proposition 2.18. Let S be an ordered semigroup and let Hy, Hy be any non-empty
subsets of S. If T is an (Hy, Hy)-semiprime bi-ideal of S, then A% C T implies A C T for
each A € I(Hy, Ha).

Proof. Let T be any (Hj, Hy)-semiprime bi-ideal of S such that A2 C T. On contrary
suppose that A ¢ T, then 3 a € A such that a ¢ T. As A € I(H, H), we have
a(HiUH)a C A(H UHy)A = AHiAUAHA C A2UA2% = A2 C T. Since T is (Hy, Ha)-
semiprime, we have a € T, which is a contradiction. Hence A C T, as required. 0

Proposition 2.19. Let S be an ordered semigroup and let H be a subsemigroup of S. If
T is an H-bi-ideal of S, then M(T) is an H-weakly semiprime ideal of S.

Proof. Let T be any H-bi-ideal of S. By Proposition 2.16, we have M (T) is an H-ideal
of S. It remains to show that M (T') is an H-weakly semiprime. For this, take any a € H
such that (Ig(a))? € M(T). By Theorem 2.12, Ig(a) C T as (Ir(a))®> C T. As M(T)
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is the unique largest H-ideal of T', we get Ig(a) C M(T) which implies that a € M(T).
Hence, by Theorem 2.12, M (T) is an H-weakly semiprime ideal of S. O

Proposition 2.20. Let S be an ordered semigroup and let Hy, Hy be subsemigroups of S
such that HoHy C Hy U Ha. Then each (Hy, Hy)-semiprime bi-ideal of S is an (Hi, Ha)-
quasi ideal of S.

Proof. Let T be any (Hy, Hy)-semiprime bi-ideal of S. Suppose h € THy N HT. Then
h € THyand h € HiT. Now h(H1UH2)h - (THQ)(HlLJHg)(HlT) = (THQH%UTH%Hl) -
THoyH\T UTHyH\T C T(Hy U Ho)T C T. Since T is an (Hy, Hy)-semiprime bi-ideal of
S, we have h € T. Hence (THyNH\T)CT.

Further, let t € T, (H; U Hy) > h <'t. Then, as T' € B(Hy, Hy), h € T, . Hence T is an
(H1, H2)-quasi ideal of S. O

Proposition 2.21. Let S be an Ordered semigroup and let Hy,Hy C S be such that
HyHy,H\Hy C H= H{UHs. Then S is (Hy, Hy)-regular if and only if each (Hy, Hy)-bi-
ideal of S is (Hy, Ha)-semiprime.

Proof. Let S be an (Hy, Hy)-regular ordered semigroup and 7' € B(H;, Hy). Suppose
aHa C T for a € H. Then, by (Hj, H2)-regularity of S, there exists h € H such that
a < aha. But aha € aHa CT. Now, as H 5 a < aha and T € B(H;, H3), a € T. Hence
T is (Hy, Hy)-semiprime.

Conversely assume that every (Hp, Hg)-bi-ideal of S is (Hi, Ha)-semiprime. Let a €
H. Clearly B = (aHalg € B(Hy,Hs). Therefore either a € Hy or a € Hy. Let a €
H,. We show that BHB = BH1B U BH3B C B. Now BHB = (aHa]gHi(aHalg C
((aHia U aHya)Hi(aHia U aHsa)lg = (aHiaHiaHia U aHiaHiaHsa U aHyaHiaHyia U
aHsaHyaHsaly C (aHjaUaH?Hea UaHyH?a U aHyHy Hayaly C (aHiaUaHaUaHa U
aHalpg C (aHalg = B. Clearly ((aHa|g|g = (aHa]g. By hypothesis (aHalg is (Hy, H2)-
semiprime for any a € H. Since aHa C (aHa]g = a € (aHa]g implies that a < aha for
some h € H and, hence, S is (Hy, Hy)-regular. O

Proposition 2.22. Let S be a commutative ordered semigroup and let Hy, Hy be subsemi-
groups of S such that HyHy C Hy U Hy. Then S is (Hy, Ha)-regular if and only if each
(H1, H)-ideal of S is (Hi, Ha)-semiprime.

Proof. Let S be an (Hj, Ha)-regular commutative ordered semigroup and 1" € I(H1, Ha).
Suppose h? € T for some h € H = Hy U Hy. Then 3 k € H such that h < hkh. For
k € Hy, we have h < hkh = (hk)h = k(hh) = kh? € H\T C T which implies that h € T
as T € I(Hy, Hy). If k € Ha, then we have h < hkh = h(kh) = h(hk) = h?k € THy C
T = heT. Hence T is (Hy, Hy)-semiprime.

Conversely suppose that each (Hy, Ho)-ideal of S is (H;, Ha)-semiprime. Let a € H =
Hi U Hs. As (a®?H)y € I(Hy, H), by hypothesis, (a?H]y is (Hy, H2)-semiprime. Since
a* € (a*H]ly = a® € (aHaly = a € (a®?H]y. Thus a < a®h for some h € H which
implies that a < aah = aha for some h € H and, hence, S is (Hy, Ha)-regular. O

3. On relative intra-regular ordered semigroups

Definition 3.1. Let S be an ordered semigroup and H C S. Then S is called H-intra-
regular (or relative intra-regular) if for every a € H, there exist h,k € H such that
a < ha’k. Equivalently, for all A C H, A C (HA*H|y.

Definition 3.2. Let S be an ordered semigroup and Hi, Hy C S. Then S is called
(H1, Ho)-intra-regular if for every a € Hy U Hy, there exist h,k € H = Hy U Ho such that
a < ha’k. Equivalently, for all AC H = H; U Hy, AC (HA?H|y.

If H = ¢ or Hy = ¢, then S is called (¢, Hy)-intra regular or (Hi, ¢)-intra-regular.
Clearly relative intra-regularity of S does not imply intra-regularity of .S.
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Definition 3.3. Let S be an ordered semigroup and let H1, Hy C S. A non-empty subset
Q of S is called an (H;, Hy)-quasi ideal of S if

(1) (QH2]g N (H1Qln € Q, where H = Hy U Hp; and

(2) g€ Q,H > h < qimplies h € Q.
An (Hy, Hy)-bi-ideal Br(a) and (H1, Ha)-quasi ideal Qr(a) of S generated by an element
a of S are given by Bgr(a) = (a Ua? UaHaly and Qgr(a) = (a U ((aH2)g N (Hialy)y
respectively, where H = H; U Hs.

4. Main theorems

N. Kehayopulu, S. Lajos and M. Tsingelis, in [11], proved various characterizations of
the intra-regular ordered semigroups. In this section, we give some new characterizations
of the relative intra-regular ordered semigroups in terms of relative bi-ideals, relative quasi
ideals, relative left and right ideals of ordered semigroups.

Theorem 4.1. Let S be an ordered semigroup and let Hy, Hy be subsemigroups of S such
that HHHy C Hy U Hy and HyHy C H1 U HQ(: H) Then
(i) S is (Hi, Ha)-intra-regular if and only if for an (Hy, H2)-bi-ideal B contained in
H and an (Hy, H2)-quasi ideal Q of S implies BN Q C (H1BQH3 |y
(ii) S is (Hi, Ha)-intra-regular if and only if for an (Hi, Hy)-bi-ideal B contained in
H and an (Hi, H2)-quasi ideal Q of S implies BN Q C (H1QBHsy
Proof. (i) Lett € BNQ C HiUHy. As S is (Hy, Hy)-intra-regular, 3 h € Hy, k € Hy such
that t < ht?k. Now t < ht?’k < ht(ht?k)k = h(tht)tk* € Hi(BH,B)QH, C H1BQH>.
Hence BN Q C (H1BQHs |y
Conversely take any t € H. Ast € H, either t € Hy or t € Hy. Suppose t € Hj.
Then, as Br(t) and Qr(t) are (Hy, Ha)-bi-ideal and (H;, Hz)-quasi ideal generated by ¢
respectively, we have
t € Bgr(t)NQr(t) C (HiBr(t)Qr(t)Hsa]u
(H1(t Ut UtH t UtHot]y (t U (tHo g N (Hatl i) i Hol g
((Hlt U Hltz U HitH{tU HltHQt]H(t U (tHQ]H]HHQ]H
((Hlt @] HlHQt]H(t U (tHg}H]HHQ}H
((
((

Ht U Ht] g (tHy U (tH3 )y € (Ht g (tH U (tH) g
Ht*H)y U (Ht*H] g
(Ht*H]yly = (H*H]

N 1N 1NN N

Similarly we may prove if ¢ € Hy. Therefore S is (Hi, Ho)-intra-regular.

(ii) Let t € BNQ C Hy U Hy. As S is (Hy, Ho)-intra-regular, 3 h € Hy, k € Ho such that
t < ht?k. Now t < ht’k < h(ht?k)tk = ht(tkt)k € H1Q(BH2B)Hy C H1QBH,. Hence
BNQ C (HiQBHzu

Conversely suppose that Br(t) and Qr(t) are (Hy, Ha)-bi-ideal and (Hi, Hz)-quasi ideal
generated by t in H. Then either ¢t € Hy or t € Hy. Let t € Hs. Then

t € Bg(t)NQg(t) C (H1Qr(t)Br(t)Haln

= (Hi(tU ((tHyg N (Hyt) )| g (t Ut UtH t U tHot) g Hol g
C (Hi(tU (Hit)g)g((tHy Ut?Hy U tH tHy U tHot Hol g
c (( 1tU(H1] |z (tHy UtH 1 Ho |

C (H|u(tH]n]n

C ((HPH|uln = (HH)y

If t € Hy, then we may prove in a similar way. Therefore S is (Hi, Ha)-intra-regular. [J
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Theorem 4.2. Let S be an ordered semigroup and let Hy and Ho be subsemigroups of S
such that HiHy C H and HyHy C H(= Hy U H3). Then
(i) S is (Hy, Ha)-intra-regular if and only if for an (Hiy,¢)-ideal L C Hy and an
(Hy, H2)-bi-ideal B of S implies LN B C (LBH2)g
(ii) S is (Hy, Hy)-intra-regular if and only if for an (¢, Hs)-ideal R C Hs and an
(Hy, Ho)-bi-ideal B of S implies BN R C (HiBR]g

Proof. (i) Letb € LNB C Hy C H1UH,. As Sis (Hy, Hy)-intra-regular, 3h € Hy, k € Hy
such that b < hb?k. Now b < hb’k < h(hb’k)bk = h?b(bkb)k € H1L(BH2B)Hy C LBH,.
Hence LN B C (LBH3|py.

Conversely let Br(b) and H(b) = (bU H1blg (H, ¢) be (H1, H2)-bi-ideal and (Hy, ¢)-ideal
of S generated by b € H. Now, as b € H, either b € Hy or b € Hy. First suppose that
b e Hy. Then

b € Hi(b)NBr(b) € (Hi(b)Br(b)Ho]n
= ((bU Hbg(bUb* UbH b U bHob| g Ho g
C ((bU Hyb|g(bHy Ub*Hy U bH bHy U bHobHo ) 1
- ((b U Hlb] (bHQ UbH{Hy UbH1Hy U bHQHlHQ] ]
C ((bUHbg(bH] s = (®H U HV’H] g

Therefore b < u for some u € b>’H U Hb?H. If w € b>H, then b < b?h for some h € H.
As, either h € Hy or h € Ha, b < b*h < b(b*h)h = bb*h? € Hb’Hy, = b € (Hb?Hi|y or
b € (Hb?Hs)y. Thus b € (HV’H]y. In the other case when u € HV?H, b € (HV*H|y
Hence S is (H, H)-intra-regular. The case when b € Hy is similar.

(ii) Let b€ BN R C Hy C Hy U Hs. As S is (Hy, Ho)-intra-regular, 3 h € Hy, k € Hy
such that b < hb*k < hb(hb?k)k = h(bhb)bk? € H1(BH,B)RH, C H;BR. Hence,BN R C
(H\BR)y

Conversely take Br(b) and Ha(b) = (b U bH3]m, the (Hy, Ha)-bi-ideal and the (¢, Ha)-
ideal respectively generated by b € H. As b € H, either b € Hy or b € Hy. Suppose first
that b € H;. Now

b € Bg(b) N Hy(b) C (HBr(b)Ha(b)]y

(H1(bUb* UbH1bU bHyb] 1 (b U bHo 1)1

((H1b U Hyb* U HibH b U HibHab g (b U bH] g1
((HibU H1Hab| g (b U bHa ) H
((H
(

bla(bUbH ] glH

(HV> U HVY H) )i
= (Hb¥*U HWH|g

Therefore b < u for some u € (Hb* U Hb?H). If u € Hb?, then b < hb? for some h € H.
So either h € Hy or h € Hy. Now b < hb? < h(hb*)b = h?b?b € H1b*H = b€ (H1b*H|y
or b € (Hyb?H]y. Thus b € (HV?H]y. On the other hand if u € Hb?H, then obviously
b€ (Hv?H]p. Hence, in either case, b € (Hb?H]y i.e. S is H-intra-regular. Similarly we
may prove when b € Hs. O

N 1N 1NN
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5. Figures and tables

Figure 1. Hasse diagram of the poset S
b c d e

Table 1. Caylay table of the binary operation (.)

-‘abcd
ala a a a
blb b b b
cle ¢ ¢ ¢
dla a b a

Table 2. Caylay table of the binary operation (.)

-‘abcd
ala a a a
bla b b d
cla b b d
dla d d d

Table 3. Caylay table of the binary operation (.)

a b c d e
ala a a a a
bla b a d a
cla e ¢ ¢ e
dla b d d b
ela e a ¢ a
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