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ABSTRACT

We present the shape operator’s matrix of a surface along a surface curve. By using the obtained
matrix, we give a short proof of the Beltrami-Enneper theorem. Also, we give a new method for
determining the well-known geodesic curves of a plane, a sphere and a circular cylinder by using
the relation between the ordinary curvatures of the geodesic and the curvatures of the surface.
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1. Introduction

In Euclidean 3-space, the shape of a regular curve is measured by its curvature functions, called curvature
and torsion. If the curve lies on a regular surface, it has also curvatures with respect to the surface itself, called
normal curvature, geodesic curvature and geodesic torsion. These functions determine important properties
for surface curves. When these curvatures vanish along the curve, such curves are called as asymptotic curve,
geodesic curve, and line of curvature, respectively. Similar to curves, we can measure the shape of a surface.
To do this, we need to determine the shape operator of the surface. We can compute the shape operator of
a surface by using its definition or the Weingarten equations. Using Weingarten equations yield the shape
operator depending on the first and second fundamental form coefficients of the surface.

The purpose of this paper is to give a new method for determining the shape operator of a surface. Our
new method is based on the Darboux frame of a surface curve. By using the Darboux frame curvatures of
the curve, we obtain the shape operator of a surface along the curve depending on the normal curvature and
geodesic torsion of the surface curve. We then give the mean, Gaussian and principal curvatures depending
on these curvatures. As an application, we give a short proof of the Beltrami-Enneper theorem, and we obtain
the relation between the ordinary curvatures of the surface curve and the curvatures of the surface. Also, we
give a new and easy method for determining the well-known geodesic curves of a plane, sphere and circular
cylinder.

2. Preliminaries
Let us consider a unit speed curve j3 lying on a regular surface M in Euclidean 3-space E*. Along 3, we denote

the unit tangent vector of the curve with 7, the unit normal vector of the surface with ¢/, and V=U x 7. In
this case, we call the frame {7, V, U} as Darboux frame. This frame has its own Frenet formulas given by

T = KV+ElU
V' = —kr,T+1U
U = —k, T -1V

where k4 is the geodesic curvature, k,, is the normal curvature and 7, is the geodesic torsion of 5 [2].
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Definition 2.1. Let M be a regular surface oriented with the unit normal U. The shape operator S : Tp(M) —
Tp(M) of M at the point P € M is defined by S(Xp) = —DY for Xp € Tp(M), where Tp(M) denotes the
tangent plane of the surface at P.

Definition 2.2. Let M be a regular surface in E?, P € M be a point and Sp denotes the shape operator of M
at P. The Gaussian and mean curvatures of M at P are defined by K(P) = det Sp and H(P) = Ltrace(Sp),
respectively. Also, the eigenvalues of Sp are called the principal curvatures of M at P.

Definition 2.3. Let M be a regular surface in E3, P € M be a point, and Xp € Tp(M) be a unit tangent vector.
Then k,(Xp) = (S(Xp), Xp) is called the normal curvature at P of M in the direction of Xp. If x,,(Xp) is constant
for all Xp € Tp(M), then P is called umbilic point on M. If x,, (") = 0 along a regular curve 3 lying on M, then
(3 is called an asymptotic curve on M.

Lemma 2.1. Let M be a reqular surface parametrized by X (u,v) and 5(s) = X (u(s),v(s)) be a unit speed curve lying
on M. Then, the normal curvature of the curve is obtained by [4]

K = L(u')? 4+ 2Mu/v + N(v')?, (2.1)

and the geodesic torsion of the curve is obtained by [3]

- \/ﬁ [(EM — FL)(u/)? + (EN — GL)u'v' + (FN — GM)(1/)?} | 2.2)

where E, F, G and L, M, N denote the first and second fundamental form coefficients of the surface, respectively.

Lemma 2.2. Let M be a regular surface given by f(x,y,z) = 0and B(s) = (z(s),y(s), z(s)) be a unit speed curve lying
on M. Then, the normal curvature of the curve is obtained by [4]

_ fxx(xl)Z + f’yy(y/)Q + fZZ(Z/)z + Q(f:cy-r/y/ + fyzy/zl + fooa'2

" VAT )
and the geodesic torsion of the curve is obtained by [3]
1
0= ] {(asfy — azfo)a’ + (a1 fe — asfo)y’ + (azfe — arfy)z'}, (2.4)

where
— 1 / / / 1 2 / / /
@i = o (Foiw @i + fria; @5 + foim®h) = o {fn (foswi®) & foia; ) + frion )

withx1 =z, 22 =y, 23 = 2z (4, §,k = 1,2,3 cyclic).

3. Shape operator’s matrix along a surface curve

In this section, we consider a regular curve lying on an oriented surface in Euclidean 3-space and compute
the shape operator’s matrix of the surface along the curve.

The following two Lemmas will be needed in Proposition 3.1.

Lemma 3.1. Let M be a reqular surface parametrized by X (u,v); B(s) = X (u(s), v(s)) be a unit speed curve lying on
M, and {T,V,U} denotes the Darboux frame field of 5. Then, the normal curvature of M in the direction of V can be

obtained by
1

V) =g

(Al(u’)z + 220u'v + )\3(0')2), 3.1)
where

A1 = F(FL — EM) + E(EN — FM),

A2 = F(GL — FM) + E(FN — GM),

A3 = G(GL — FM) + F(FN — GM)

are computed along S.
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X X X,y Xy x X

: __ _ l / _ _ v
Proof. Since T = f/(s) = X,v' + X0 and U = X, <X, VeGP we have
X, xX

V=UxXT =" x (Xt + X0

roor ¢ (X Xo)

. 1 / / ! /
= m( —Fu — Gou )Xu + (EU + Fu )Xq}. (32)
Thus, we obtain the desired result by using x,,(V) = (S(V), V). O

Lemma 3.2. Let M be a reqular surface given by its implicit equation f(x1,z2,23) = 0; 5(s) = (B1(s), B2(s), B3(s)) be
a unit speed curve lying on M, and {T,V,U} denotes the Darboux frame field of 3. Then, the normal curvature of M in
the direction of V can be obtained by

—1 3 2
Kn(V) = ST fif2+ fnd? = 2fififn) (8) (3.3)
(F+R+ ) = ! ] )

2(fyufifi+ Fanfudi = i fu = Fis£2) BI85}

where i, 3,k = 1,2, 3 (cyclic) and

_of _ % _
fT_(r“)x,«’ f?"s_amsaxT7 Ta5_1a273
are computed along .
. \Y% 1
Proof. Since T = B'(s) = (Bi(s), B5(s), B4(s)) and U = ijz” = W(fl,fg,fg), we have
1 !/ ! ! !/ /! !

V= UXT = e (1285 = 1383 o8, = 55,155 = 1),

The desired result follows from (2.3). O

Proposition 3.1. Let M be a reqular surface, B be a unit speed curve lying on M, and {T,V,U} denotes the Darboux
frame field of 3. Then, the shape operator’s matrix of M along /3 with respect to the basis {T,V} is given by

| KR(T) T,
5= [ - ] | (3.4)
Proof. We may write
S(T) = -V =-U =k, (TT + 1,V (3.5)
Let
S(V) =aT + bV

Then, we obtain

ie.
SV) =1, + k.(V)V. (3.6)

Thus, the assertion is clear from (3.5) and (3.6). O
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4. Applications of Main Result

If we use Proposition 3.1, the following results can be given:

Corollary 4.1. Let 8 be a unit speed curve lying on an oriented surface M, and {T,V,U} denotes the Darboux frame
field of 8. Then, the curvatures of the surface along 8 depending on the Darboux frame curvatures are given by

Gaussian curvature : K = t,(T )60 (V) — TQQ 4.1)
1
Mean curvature :  H = 3 (Iin(T) + Hn(V)) 4.2)
1 2
Principal curvatures : ki o = 3 En(T) + kn(V) £ (mn(T) - mn(V)) + 472 (4.3)

Corollary 4.2. If the curve (3 is a line of curvature on M with non-umbilical points, then T corresponds to the principal
direction, i.e. k,(T) = k1, kn(V) = ko. Thus, substituting these results together with 7, =0 into (4.1) and (4.2) we
k1 + ko

obtain the classical results: K = ki1ko and H = B

Corollary 4.3. Let M be a reqular surface parametrized by X (u,v), and (s) = X (u(s),v(s)) be a unit speed curve
lying on M. Then, the Gaussian curvature of the surface along 3 is given by

1

M=t—p,

{(L(u')2 + 2Mu'v" + N(U’)Z) ()\1(u')2 + 2 ou'v" + )\3(1/)2)

. [(EM “FL)(W')? + (EN — GL)u'v' + (FN — GM)(v’)Q] 2},

and the mean curvature of the surface along 3 is given by

- /\1 N2 >\2 /o )‘3 N2
2’H<L+EG_F2> (u) +2<M+EG_F2>U11 +<N+EG_F2>(U),

where \; are as given in Lemma 3.1.

Proposition 4.1. Let 3 be a geodesic curve on a regular surface M C E3. Then the relation between the ordinary
curvatures of 8 and the curvatures of M is given by

26H — K = k% + 72 (4.4)
Proof. Since (3 is geodesic on M, we have k, = 0, k,,(7T) = s and 7, = 7. Then, from (4.1) and (4.2) we obtain
K=kr,(V) =72, 2H =K+ r,(V).
If we eliminate «,,(V) from these equations, we find (4.4). O

If we use our new results, we may also give a short proof of the Beltrami-Enneper theorem:

Theorem 4.1 (Beltrami-Enneper). [1] Let 3 be an asymptotic curve on a regular surface M C E3, and assume the
curvature k of 3 does not vanish. Then the torsion T of 3 and the Gaussian curvature K of M are related along /3 by
K=—-72

Proof. Since (3 is asymptotic on M, we have «,(7) = 0 and 7, = 7. The assertion is clear from (4.1). O
Similar to the Beltrami-Enneper theorem, we may state the following theorem:

Theorem 4.2. Let j3 be a geodesic curve on a minimal surface M C E3. Then the Gaussian curvature K of M and the
ordinary curvatures of 3 are related along B by K = —(k* + 72).

Proof. The proof follows from (4.4). O
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5. The geodesics of plane, sphere, circular cylinder

The geodesics of plane, cylinder and sphere are well-known. If we use the relation (4.4), we may give a
different way of obtaining the geodesic curves of plane, sphere and circular cylinder.

5.1. Geodesics of a plane

Let 8 be a geodesic curve on a plane. Then, since we have K = H = 0 for the plane, the curvatures of a
geodesic on planes satisfy x? + 72 = 0, i.e. k = 7 = 0. This means the geodesics of planes are only straight lines.

5.2. Geodesics of a sphere

1 1
Let 3 be a geodesic curve on a sphere with radius r. Then, since we have K = —,H = — for the sphere, the
r r

2
1

<n> +72=0
r

. 1 . . . . .
i.e. k = —, 7 = 0. Then geodesics of spheres are planar curves with constant curvature, i.e. the circles having the

curvatures of a geodesic on sphere satisfy

,
same radius with the sphere. This means the geodesics of the spheres are their great circles.

5.3. Geodesics of a circular cylinder

Let 3 be a geodesic curve on a circular cylinder with radius r. Since we have £ = 0,H = > for the circular
r
cylinder, then the curvatures of a geodesic on circular cylinder satisfy

i.e.
1 1 1 .
= — -_— S = — Sln
K 2r+2rcos<p, T =5 sing

for some . Thus, if ¢ = 2nm, n € Z, we obtain k = —, 7 = 0 which means 3 is a circle with the same radius of

cylinder. This means the normal section of a circular cylinder is a geodesic.

If p = (2n + 1)7,n € Z, we obtain k = 7 = 0 which means § is a straight line on the cylinder. This means the
rulings of the circular cylinder are also geodesic.

If ¢ # km, k € Z and ¢ is constant, then 3 is a circular helix on cylinder.
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