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ABSTRACT

The Ricci tensor, ¢-Ricci tensor and the characteristic Jacobi operator on cosymplectic 3-manifolds
are investigated.
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1. Introduction

The odd-dimensional real space forms provide typical examples of normal almost contact Riemannian
manifolds. The almost contact structures naturally associated to the sphere S***!, Euclidean space E*"*! and
hyperbolic space H?"*! are classified as follows:

Structure contact metric | almost cosymplectice | almost Kenmotsu
Normality Sasakian Cosymplectic Kenmotsu
Typical example S EZn+T H2

The Jacobi operator ¢ along the characteristic vector field £ of an almost contact Riemannian manifold plays
an important role and called the characteristic Jacobi operator.

In the previous paper [14], we studied characteristic flow invariance of the characteristic Jacobi operator ¢
on contact Riemannian 3-manifolds, i.e., £, = 0. Here £, denotes the Lie differentiation by {. We showed that
the characteristic flow invariance of ¢ is weaker than the characteristic flow invariance of the Ricci operator S,
ie. ’ £ §S =0.

A more specific subcase "¢ = 0" is still worth investigating. In fact, as Bang showed that the normal bundle
of a Legendre submanifold in a Sasakian manifold admits a contact Riemannian structure with ¢ = 0 (See [2,
Theorem 9.16]).

Contact Riemannian 3-manifolds with vanishing ¢ were studeid by Gouli-Andreou [28]. Kouforgiorgos and
Tsichlias [37] showed that complete, simply connected, contact Riemannian 3-manifolds with vanishing ¢
and positive constant |S¢| are Lie groups. In our previous paper [13], we gave model spaces for the class of
3-dimensional Lie groups equipped with left invariant contact Riemannian structure with vanishing ¢ and
constant |S¢|.

In this paper we study characteristic Jacobi operator of almost cosymplectic 3-manifolds whose characteristic
Jacobi operator is invariant under the flows generated by &.

The present work has two aspects. The first aspect is to give an expository article on 3-dimensional almost
cosymplectic geometry. The second aspect is to classify almost cosymplectic 3-manifolds whose characteristic
Jacobi operator is invariant under the flows generated by £ under the assumption that ¢ is an eigenvector field
of Ricci operator.

Analogues problem for almost Kenmotsu 3-manifolds will be studied in a separate publication.
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Conventions. In this paper we use the following definition for exterior differentiation of differential forms:
Let M be a manifold and 7 a 1-form on M. Then the exterior derivative dn is defined by

2dn(X,Y) = X(n(Y)) =Y (n(X)) = n([X,Y]), X,Y € X(M).

Here X (M) denotes the Lie algebra of all smooth vector fields on M.
The exterior derivative d® of a 2-form @ is defined by

40 = X((Y,2)) + Y (9(2, X)) + Z(®(X,Y)) — &([X, Y], Z) - &([Y, 2], X) - &(1Z, X], Y).
On an oriented Riemannian manifold (M, g), dn and d® are rewritten as
1
2
in terms of Levi-Civita connection V. Here S x vy, z denotes the cyclic sum.
The codifferential 67 and §& are given by

on=—tr(Vn), (6@)X = —tr(V.®)(-, X).

A(X,Y) = 5 (Txn)Y — (Vyn)X), dB(X, Y, 7) = 16y 2(Vx D)V, 2)

2. Preliminaries

2.1.

Let (M, g) be a Riemannian manifold with its Levi-Civita connection V. Then the Riemannian curvature R of
M is defined by
R(X,Y)=[Vx,Vy] = Vix,y]

On a Riemannian manifold (M, g), We define a curvature-like tensor field (X,Y, Z) — (X AY)Z on M by

A Riemannian manifold (M, g) is of constant curvature ¢ € R if and only if its Riemannian curvature R satisfies
R(X,)Y)=c¢(X AY)forall X,Y € X(M).

As is well known, Riemannian manifolds with parallel Riemannian curvature are called locally symmetric
spaces. Riemannian manifolds of constant curvature are locally symmetric.

Definition 2.1. A Riemannian manifold (), g) is said to be pseudo-symmetric if there exists a function L such
that
R(X,Y)-R=L(XAY)-R

holds for all X and Y € X(M). In particular, a pseudo-symmetric Riemannian manifold is called a pseudo-
symmetric space of constant type if L is constant.

In particular, pseudo-symmetric Riemannian manifolds of constant type with L = 0 are called semi-symmetric
Riemannian manifolds. Obviously, locally symmetric Riemannian manifolds are pseudo-symmetric.
The Ricci tensor field p of (M, g) is a symmetric tensor field defined by

p(X,Y) =tr (Z — R(Z,Y)X).
The Ricci operator S is a self-adjoint endomorphism field metrically equivalent to p, that is
p(X,Y) =g(SX,Y) = g(X, SY).

The smooth function s = tr p = tr S is called the scalar curvature of (M, g).

A Riemannian manifold (M, g) of dimension dim M > 3 is said to be Einstein if p = ¢ g for some constant c.
One can see that on an Einstein manifold, p = (s/ dim M)g and s is constant. Riemannian manifolds of constant
curvature are Einstein.

Let (M, g) be a Riemannian manifold. For a nonzero tangent vector v € T, M ata point z, the tidal force operator
F, associated to v is a linear endomorphism on (Rv)* defined by F,(w) := —R(w, v)v for w L v ([49, p. 219]).
One can see that F, is self-adjoint on (Rv)! and has the trace tr F,, = —p(v,v). For a geodesic v in (M, g), a
vector field X along + is said to be a Jacobi field along ~ if it satisfies the Jacobi equation:

VoV X = —Fy(X).
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2.2.

On a Riemannian 3-manifold (M, g), the Riemannian curvature R is described by the Ricci tensor field p and
corresponding Ricci operator S by

R(X,Y)Z = p(Y, Z)X — p(Z, X)Y +g(Y, Z)5X — g(Z,X)SY — %(X AY)Z 2.1)

for all vector fields X, Y and Z on M. It should be remarked that for Riemannian 3-manifolds, Einstein property
is equivalent to constancy of sectional curvature.

The pseudo-symmetry is introduced as a generalization of local symmetry. In 3-dimensional Riemannian
geometry, pseudo-symmetry is also a generalization of Einstein condition.

In fact, the following characterization of pseudo-symmetry is deduced.

Proposition 2.1. A Riemannian 3-manifold (M3, g) is a pseudo-symmetric space of constant type with R(X,Y) - R =
L(X ANY) - R if and only if the principal Ricci curvatures (eigenvalues of the Ricci tensor field ) locally satisfy the
following relations (up to numeration):

p1=p2, ps=2L.

Note that when p; = ps = p3, (M3, g) is Einstein, i.e., it is of constant curvature.

2.3.

Let G be a Lie group with a Lie algebra g and a left invariant Riemannian metric (-, -). Then the Levi-Civita
connection V of (G, (-,-)) is described by the Koszul formula:

AVxY,Z)=—(X,[Y,Z]) + (Y, [Z,X]) + (Z,[X,Y]), X,Y,Z €g.

A Lie group G is said to be unimodular if its left invariant Haar measure is right invariant. Milnor gave an
infinitesimal reformulation of unimodularity for 3-dimensional Lie groups [45]. We recall it briefly here.

Let g be a 3-dimensional oriented Lie algebra with an inner product (-,-). Denote by x the vector product
operation of the oriented inner product space (g,(-,-)). The vector product operation is a skew-symmetric
bilinear map x : g x g — g which is uniquely determined by the following conditions:

(i) (X, X xY)=(Y, X xY)=0,

(i) [X xY|* = (X, X)(Y,Y) — (X,Y)?,

(iii) if X and Y are linearly independent, then det(X,Y, X x Y) > 0,
for all X,Y € g. On the other hand, the Lie-bracket [,-]: g x g — g is a skew-symmetric bilinear map.
Comparing these two operations, we get a linear endomorphism Ly which is uniquely determined by the
formula
[X,Y]=Ly(X xY), X,Y €g.
Now let G be an oriented 3-dimensional Lie group equipped with a left invariant Riemannian metric. Then the

metric induces an inner product on the Lie algebra g. With respect to the orientation on g induced from G, the
endomorphism field L4 is uniquely determined. The unimodularity of G is characterized as follows.

Proposition 2.2. ([45]) Let G be an oriented 3-dimensional Lie group with a left invariant Riemannian metric. Then G
is unimodular if and only if the endomorphism Lg is self-adjoint with respect to the metric.

Let G be a Lie group with Lie algebra g. Denote by ad the adjoint representation of g,
ad: g — End(g); ad(X)Y =[X,Y].
Then one can see thatamap trad : g — R;
X — trad(X)
is a Lie algebra homomorphism into the commutative Lie algebra R. The kernel
u={X egltrad(X) =0}

of tr ad is an ideal of g which contains the ideal [g, g].

Now we equip a left invariant Riemannian metric (-, -) on G. Denote by u' the orthogonal complement of u
in g with respect to (-, -). Then the homomorphism theorem implies that dimu* = dim g/u < 1.

The following criterion for unimodularity is known (see [45, p. 317]).

Lemma 2.1. A Lie group G with a left invariant metric is unimodular if and only if u = g.

Based on this criterion, the ideal u is called the unimodular kernel of g. In particular, for a 3-dimensional
non-unimodular Lie group G, its unimodular kernel u is commutative and of 2-dimension.

www.iejgeo.com 278


http://www.iej.geo.com

J. Inoguchi

3. Almost contact Riemannian manifolds

In this section we recall fundamental ingredients of almost contact Riemannian geometry. In addition we
recall some curvatures of our interest. For general information on almost contact Riemannian geometry, we
refer to [2].

3.1.

An almost contact Riemannian structure of a (2n + 1)-manifold M is a quartet (¢,&,n, g) of structure tensor
fields which satisfies:

P =-T1+n®¢& nE) =1, gleX,pY) =g(X,Y)—n(X)n(Y)

forall X,Y € X(M).
A (2n + 1)-manifold M = (M, ¢, £, 1, g) equipped with an almost contact Riemannian structure is called an
almost contact Riemannian manifold. The vector field ¢ is called the characteristic vector field of M. The 2-form

(I)(Xv Y) = g(Xv @Y)

is called the fundamental 2-form of M.
An almost contact Riemannian manifold M is said to be normal if

forall X,Y € X(M). Here [¢, ¢] is the Nijenhuis torsion of ¢.

Definition 3.1. Let (M, ¢, &, n, g) be an almost contact Riemannian manifold. A tangent plane II, at « € M is

It is easy to see that a tangent plane II, is holomorphic if and only if &, is orthogonal to II,. The sectional
curvature H, := K(II,) of a holomorphic plane II,, is called the holomorphic sectional curvature of M at x.

Here we recall an auxiliary tensor field ~ which is very useful for the study of almost contact Riemannian
manifolds. The endomorphism field % is defined by h = £¢¢. Here £, denotes the Lie differentiation by ¢&.
Namely

hX = S(£eo)X = SlE.0X] - e, X1}

3.2.

In addition we introduce a self-adjoint endomorphism field ¢ on an almost contact Riemannian manifold M
of dimension 2n + 1 > 3 by
((X) = R(X,§)¢, X € X(M).

One can see that { = —F; on the distribution defined by 1 = 0. The self-adjoint operator ¢ is called the
characteristic Jacobi operator of M. Note that our £ has opposite sign to the one in [55].

3.3.

Let M be an almost contact Riemannian manifold. We define a tensor field p* on M by (cf. [50]):
P(X,Y) = % tr R(X, oY),
One can see that p*(X,§) = 0 for all X € X(M). Next we denote by p¥ the symmetric part of p*, that is,
PP(XY) = S{o" (X,Y) + 5 (V. X))

We call p¥ the -Ricci tensor field of M [12].

Definition 3.2. An almost contact Riemannian manifold M is said to be a weakly -Einstein manifold if

pP(X,Y) = \g?(X,Y), X,Y € X(M)
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for some function . Here the symmetric tensor field g% is defined by
9H(XY) = g(pX,¢Y), X,V € X(M).

When ) is a constant, then M is said to be a ¢-Einstein manifold. The function s¥ = tr p¥ is called the -scalar
curvature of M.

Remark 3.1. An almost contact Riemannian manifold M is said to be weakly x-Einstein if
p*(X,Y)=M\g(X,Y), X,YED

for some function A. The function s* = trace p* is called the x-scalar curvature of M. A weakly *-Einstein
manifold of constant x-scalar curvature is called a *-Einstein manifold. Clearly s¥ = s*.

To close this subsection we recall the following definition (cf. [35]):

Definition 3.3. Let M be an almost contact Riemannian manifold. A tensor field P on M of type (1,r) is said
to be n-parallel if
g((vXP)(Y17Y27 tee 7Yl“)7Z) = 0

for all vector fields X, Y7, Y-+, Y, and Z on M orthogonal to &.
The following notion was introduced by the present author (see also [36]).

Definition 3.4 ([31]). Let M be an almost contact Riemannian manifold. A tensor field P on M of type (1,r) is
said to be strongly n-parallel if
g(VxP)(Y1,Ys,---,Y;),Z) =0

for all vector fields X, Y7, Y5 - -, Y, on M and a vector field Z orthogonal to &.

3.4.
Now we turn our attention to almost cosymplectic manifolds.

Definition 3.5 ([1], [27]). An almost contact Riemannian manifold M is said to be almost cosymplectic if dn = 0
and d® = 0. An almost cosymplectic manifold is said to be cosymplectic if it is normal.

Note that the notion of cosymplectic manifold was introduced independently by Ogiue [47] by the name
"cocomplex manifold" (see also Okumura [48]).

Remark 3.2. An almost contact Riemannian manifold M is said to be semi-cosymplectic if 6n = 0 and §® = 0.
Olszak [50] obtained the following fundamental formula:
(Vxe)Y + (V@XSD)(QOY) = U(Y)V¢Xf~
From this formula, one can deduce that
Vggﬁ = O7 wai = —(,OVXS, ng =0.

Moreover we have [19, 55]:

Vé=hp, ho=—ph, h{=0, trh=0, divE =0.
The cosymplectic property is characterized as follows:
Proposition 3.1. An almost contact Riemannian manifold M is cosymplectic if and only if v is parallel.

In particular, ¢ is parallel on every cosymplectic manifold. The characteristic Jacobi operator £ on an almost
cosymplectic manifold M satisfies (see [55, Lemma 3.1]):

Veh = —h%p —gpol, plp—{=2h%

In addition we have
Veh =0 ifand only if Vel = 0.

The distribution = 0 on an almost cosymplectic manifold M is integrable and hence it defines a foliation F
on M. This foliation is called the canonical foliation of M. The almost cosymplectic structure induces an almost
Kéhler structure on leaves. An almost cosymplectic manifold M is said to be an almost cosymplectic manifold
with Kihler leaves if leaves of the canonical foliation are Kahler manifolds. Clearly, if M is cosymplectic then all
the leaves are Kahler.
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Theorem 3.1 ([52]). An almost cosymplectic manifold has Kihler leaves if and only if
(Vx@)Y = g(X,hY) —n(Y)hX. G.1)
Here we recall the following fundametal fact (see, e.g., [4, Theorem 3.11]).

Theorem 3.2. Let M be an almost cosymplectic manifold. Then the following properties are mutually equivalent:

h = 0.

The canonical foliation is totally geodesic.

Vé=0.

& is a Killing vector field.

M is locally isomorphic to a direct product of an almost Kihler manifold and the real line.

Remark 3.3 (Compact examples). Conti and Fernandez [16] constructed non-compact Einstein almost
cosymplectic manifold that is non-cosymplectic. Li showed that an odd-dimensional closed manifold admits a
cosymplectic structure if and only if it is diffeomorphic to a Kdhler mapping torus [39]. Marrero and Padrén-
Fernandez [41] gave examples of compact cosymplectic manifolds which are not topologically equivalent to
CP, x T?™+1, where T?"*! is a torus and m + r = n. Their examples are compact solvmanifolds. In particular,
they showed that compact flat Riemannian 3-manifolds with non-zero first Betti number admit cosymplectic
structure. The examples with first Betti number 1 are not topologically equivalent to the product manifold
M x S', where M is a compact surface.

3.5.

A complete cosymplectic manifold M of constant holomorphic sectional curvature c is called a cosymplectic
space form. The Riemannian curvature of a cosymplectic space form has the following explicit representation
[4, 40, 33]:

R(X,Y)Z = E(X AY)Z + 2{(@( NQY)Z +28(X,Y)pZ} + 2{5 AX AY)EVZ.

Remark 3.4. The Riemannian curvature of a Sasakian space form is given by

c+3

—1 —1
R(X,Y)Z = (X AY)Z+ “{(0X A@Y)Z +20(X,Y)pZ} + = {EA (X AY)E}Z}.
Example 3.1. Let M = (M, g, J) be an almost Kihler manifold. Consider a Riemannian product M = (M x R, g)
with g = g + dt*. Then we can equip an almost cosymplectic structure on M by

d d _
gzﬁa U:dL 90<Xafdt> :(JX70)7 XGX(M)

The almost cosymplectic manifold M is cosymplectic if and only if M is Kahler. In particular when M is
a complex space form, that is, a Kdhler manifold of constant holomorphic sectional curvature, then M is
a cosymplectic manifold of constant holomorphic sectional curvature. Now let CP,(c), C* and CH,(c) be
complex projective n-space of constant holomorphic sectional curvature ¢ > 0, complex Euclidean n-space
and complex hyperbolic n-space of constant holomorphic sectional curvature ¢ < 0, respectively. Then the
cosymplectic manifolds

CP,(c) xR, E**!' =C" xR, CH,(c) xR

are cosymplectic space forms.
Here we would like to mention another interpretation of normality of almost contact Riemannian manifolds.

Let (My, p1,&1,11, 91) and (M, p2, &2, 12, g2) be almost contact Riemannian manifolds. Then we can introduce
an almost Hermitian structure on the product manifold M = M; x M, by [46]:

J(X1, X2) = (01 X1 — m2(X2)&1, 2 Xo + ni(X1)&2).

with g = g1 + go. Morimoto [46] showed that J is integrable if and only if both M; and M, are normal. If both
M; and M, are Sasakian, then M is Hermitian. In particular if we choose M; = S?*! and M, = S?*¢*!, then
we obtain the Calabi-Eckmann manifold [3]. Since H?(S?P*! x §29+1) = (, Calabi-Eckmann manifolds can not
admit any Kéhler metric. Kimura [34] showed that compact complex submanifolds in the product of Sasakian
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manifolds are automatically minimal. In addition, Sierra [58] showed that complex submanifolds are totally
geodesic and locally isometric to a product of Sasakian submanifolds.

On the other hand, if both M; and M, are almost cosymplectic, then M is almost Kéhler (Capursi [5]). In
particular, M = M; x M, is Kéhler if and only if both M; and M, are cosymplectic (Goldberg [26]).

Caprusi and Ianus studied complex hypersurfaces in products of cosymplectic manifolds. See [6, 7, 8].

3.6.

Here we recall the notion of almost cosymplectic (k, p, v)-space.

Definition 3.6. An almost cosymplectic manifold M is said to be a generalized almost cosymplectic (k, p, v)-space
if

R(X,Y)E = w(n(X)Y =n(Y)X) + u(n(X)hY = n(Y)hX) +v(n(X)ehY —n(Y)phX)
for some smooth functions «, ;1 and v. Generalized almost cosymplectic (k, i, 0)-spaces are called generalized
almost cosymplectic (x, p)-spaces.

Definition 3.7. Let M be a generalized almost cosymplectic (x, u1, v)-space. If both the functions x and p are
constants, then M is called an almost cosymplectic (k, j1,v)-space. A generalized almost cosymplectic (k, i, v)-
space is said to be proper if |dx|?* + |du|? + |dv|? # 0.

Remark 3.5. Generalized almost cosymplectic (k, i, v)-space in this paper are called almost cosymplectic (k, p, v)-
space in [57]. On the other hand, an almost cosymplectic (x, 11, v)-space in the sense of Dacko and Olszak [19]
is a generalized almost cosymplectic (s, y1, )-space in the sense of the present paper satisfying the additional
condition:

ds An=0, duAn=0,and dvAn=0. (3.2)

Dacko and Olszak [19] showed that if the dimension of a generalized almost cosymplectic (x, p1, v)-space is
greater than 3, then x, 1 and v satisfy this additional condition.

Remark 3.6. There exist almost cosymplectic (k, p)-spaces which admit Einstein-Weyl structures. For this topic,
we refer to Chen [10] and Matzeu [42, 43, 44].

4. Almost cosymplectic 3-manifolds

Hereafter we concentrate our attention to almost cosymplectic 3-manifolds.

4.1.

Let M = (M, p,&,n,g) be an almost contact Riemannian 3-manifold. Then the covariant derivative of ¢ is
given by the following Olszak formula [51]:

(Vxp)Y = g(¢Vx&Y)E = n(Y)pVxg.
Olszak formula implies that an almost contact Riemannian 3-manifold is normal if and only if V{ commutes

with .
Moreover the exterior derivatives of 7 and ® of an almost contact Riemannian 3-manifold M are given by

1
dn=-nAVen+ §tr(90V§) D, dd=divEnAd.

These formulae imply the following fundamental fact.

Proposition 4.1. An almost contact Riemannian 3-manifold M is almost cosymplectic if and only if V¢ is self-adjoint
and & is divergence free.

Since every almost cosymplectic manifold satisfies the anti-commutativity condition V& o ¢ = —p o V§, we
obtain the following characterization.

Proposition 4.2 ([50]). An almost contact Riemannian 3-manifold M is cosymplectic if and only if £ is parallel.
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Here we should point out that almost cosymplectic 3-manifolds satisfy (3.1). Note that the formula (3.1) can
be obtained by by inserting the formula V¢ = hy into Olszak formula above.
Cosymplectic 3-manifolds have particular curvature properties.

Proposition 4.3. Let M be a cosymplectic 3-manifold. Then the Ricci operator S of M has the form
S

The principal Ricci curvatures are s/2,s/2 and 0.
The Ricci operator S commutes with . The Riemannian curvature R satisfies

R(X,Y)¢=0

for any vector fields X and Y. Hence M is a cosymplectic (0,0)-space. In particular the characteristic Jacobi operator
vanishes.
For a unit vector X in T,,M such that n(X) = 0, then the sectional curvatures of planes X N ¢ X and X A € are given
by
H=KXANpX)= % K(X NE)=0.

Remark 4.1. The Riemannian curvature R of a cosymplectic 3-manifold has the form
R(X,Y)Z = g(XAY)Z+%{5A(<(XAY)§>)}Z. “.1)

Unfortunately in our previous papers, there are typographical errors of this formula. The first term 5(X AY)Z
is dropped in [30, Corollary 3.3] and [31, Corollary 6.1].

Note that every cosymplectic 3-manifold is semi-symmetric. The local symmetry and Einstein conditions for
cosymplectic 3-manifolds are described as follows:

Corollary 4.1. The following properties of a cosymplectic 3-manifold M are mutually equivalent.

M is locally symmetric.

the scalar curvature s is constant.

the holomorphic sectional curvature H is constant.

M is locally isomorphic to a Riemannian product M (¢) x R, where M (¢) is a 2-dimensional Riemannian manifold
of constant curvature ¢.

Corollary 4.2. A cosymplectic 3-manifold M is of constant curvature if and only if it is locally isomorphic to Euclidean
3-space E® = E? x R.

4.2.

Let M be an almost cosymplectic 3-manifold. Denote by ¢/ the open subset of M consisting of points x such
that 1 # 0 around x. Next let U, the open subset of M consisting of points = € M such that h = 0 around z.
Since h is smooth, U Ul is an open dense subset of M. So any property satisfied in ¢ U U is also satisfied in
whole M. For any point x € U U U, there exits a local orthonormal frame field £ = {e1, e2 = ez, e3 = £} around
x, where e, is an eigenvector field of h.

Lemma 4.1 (cf. [55], [53]). Let M be an almost cosymplectic 3-manifold. Then there exists a local orthonormal frame
field € = {e1, e2, e3} such that
hey = ey, ex = ey, ez =&

for some locally defined smooth function \. The Levi-Civita connection V is described as

1 1
Ve, €1 = 5(62()\) +o(e1)), Ve, ea= 75(62(>\) +o(er))er + A, Ve e3 = —dea,

1
ﬁ(el()\) +o(ez))er, Ve,es = —deq,

Ve,e1 = aez, Ve,ea = —aej, Vezez =0,

1
Ve,01 = —5(61()\) +o(ea))ea + A, Ve,ea =
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where o is the 1-form metrically equivalen to S¢, that is

The commutation relations are

le1,ea] = (ea(N) + o(er))er — (er(N) + a(ea))es}t, [ea,e3] = (a— Ney, [es,e1] = (a+ Nes.

1
2\
The Ricci operator S is given by
Sey = (% + A% — 23)\) e1 +&(AN)ex +o(er)E,
Seq =£(N)ey + (% + A2+ 23/\) es + o(e)E,
Ses =o(e1)er + o(ez)ea — 2N2E.
The characteristic Jacobi operator ¢ is given by

ler = —(A? +2a\)er + E(N)ea, Lea = E(N)er — (A2 — 2a))es.

Veh = <€(;) + 2a<p> h.

The covariant derivative V¢h is given by

By using the fundamental formulas

s
Ko = K(e1 ANe2) =p11 + p22 — =,

2
s
Koz = K(ea A eg) =paz + pas — ok
s
K3 = K(e1 ANeg) =p11 + p33 — 5

we obtain the following formulas for sectional curvatures of M:
H=Kpy= % 202 Koy = —A(\—2a), K13 =—A(\+ 2a).

Example 4.1 ([56]). On the Cartesian 3-space R3(z,y, z), we define a Riemannian metric g by
2yf1(2) 22 f2(2)
dxdz —
f3(2) f3(2)

where fi, f» and f3 are arbitrary smooth functions of z satisfying f3 # 0 and f1 + f2 # 0 on M. In addition we
define a function f by

g =dz? +dy® — dydz + f(z)dz?,

O v f1(2)2 + 22 fa(2)? + 1

f(z) [ABE
One can take an local orthonormal frame field with respect to ¢:
0 0 0 0 0

€= 5 €2= oy’ e = yfl(z)% +$Uf2(2)a*y + f3(z)&-
We define an almost cosymplectic structure on R*(x, y, 2) by £ = e3, n = ¢(¢, ) and
el = ea, pes = —eq, ez = 0.
Then the endomorphism field h is computed as

hel = )\617 h@g = 7)\62, hf =0

with A = —(f1 + f2)/2. One can check that this almost cosymplectic 3-manifold is a generalized almost
cosymplectic (k, i, v)-space with non-constant «, ¢ and v.
_ 1 2 _ it fo)
p=—q(fit fo), n=—(fi-fo), v= P

Here the prime denotes the differentiation by z.
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Remark 4.2. Erken and Murathan [24] investigated 3-dimensional almost cosymplectic (k,pu,v)-spaces
satisfying V¢h = 2ah¢ for some function a and the gradient vector field grad X of A has constant nonzero length.
Murathan and his collaborators have given some examples of 3-dimensional almost cosymplectic (x, i, v)-
spaces with non-constant «, u and v [53].

Let M be a generalized almost cosymplectic (x, i1, v)-space. Take a positive constant « and a smooth function
f such that f # 0 on M and satisfies df A n = 0. Then we consider a pseudo-conformal deformation

.1
=y, &= }6, i=fn, g=a’g+(f*—a*nen

of the almost contact Riemannian structure. Then M equipped with the deformed structure is a generalized
almost cosymplectic (%, ji, 7)-space with

1 .1 . 1
ol = ZH, V=73
perm T p
In particular, if we choose a =1 and f =+/—x then (M,, &1, g) is a generalized almost cosymplectic
(—1, /1, 0)-space (see [19]). Dacko and Olszak showed that every generalized almost cosymplectic (x, i, v)-space
satisfying (3.2) is pseudo-conformally deformed to a generalized almost cosymplectic(—1, i, 0)-space. For more
informations on almost cosymplectic (—1, i, 0)-spaces, we refer to [20].

wf =&(f)-

[Z}:

Remark 4.3. On an almost cosymplectic (x, ;1)-space with constant x and p, we have
K(XNE) =K+, K(XANpX)=—k, K(pXANE) =k— Ay,

where X is an eigenvector field of 1 corresponding to the eigenvalue ), see [23, 4].

5. Homogeneous almost cosymplectic 3-manifolds

5.1.

Before investigating the characteristic flow invariance of characteristic Jacobi operators on general almost
cosymplectic 3-manifolds, we study homogeneous almost cosymplectic 3-manifolds as the model cases.
It should be emphasised that there exist 3-dimensional Lie groups equipped with left invariant almost
cosymplectic structure which are not globally Riemannian products (see also [50]).

Definition 5.1 (cf. [55]). An almost contact Riemannian manifold M = (M, ¢, &, 1, ¢) is said to be a homogeneous
almost contact Riemannian manifold if there exists a Lie group G of isometries which acts transitively on M such
that every element f of G preserves 7, that is

frn=m.
Perrone obtained the following classification.
Theorem 5.1 ([55]). Let M be a simply connected homogeneous cosymplectic 3-manifold, then M is either
o M is one of the product Riemannian symmetric spaces
S*(e) x R, H?*(e) x R,

where S?(¢) and H?(¢) are sphere of curvature ¢ > 0 and hyperbolic plane of curvature ¢ < 0 or
o M itself is a Lie group G equipped with left invariant almost cosymplectic structure.

5.2. Unimodular Lie groups

Let G be a 3-dimensional unimodular Lie group with a left invariant metric (-, ). Then there exists an
orthonormal basis {e1, €2, e3} of the Lie algebra g such that

[61,62] = C3€3, [62,63] = (1€, [63,61] = C2€2, c1,¢2,c3 €R. 6.1

Three-dimensional unimodular Lie groups are classified by Milnor as follows:
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Signature of (c1, ¢z, c3) | Simply connected Lie group Property
(+,+,+) SU, compact and simple
(=, —,+)or (—,+,+) éng non-compact and simple
(+,+,0) E, solvable
(—,+,0) Ei; solvable
(0,+,0) Heisenberg group nilpotent
(0,0,0) (R3,+) Abelian

To describe the Levi-Civita connection V of G, we introduce the following constants:

1
pi= gl e te) -
Proposition 5.1. The Levi-Civita connection is given by

Vee1 =0, Ve €2 = pie3, Ve ez = —pies
Ve,€1 = —pges, Ve,e2 =0, Ve,€3 = pzer
Vese1 = pzea,  Vezea = —user Ve,e3 = 0.
The Riemannian curvature R is given by

R(€1>62)€1 = (M1M2 - 03/13)627 R(61732)e2 = —(muz - C3,u3)€1,

R(ez, e3)ez = (pops — cipn)es, R(ez,ez)es = —(uaps — crp ez,
R(e1,ez)er = (papn — capz)es, R(er,esz)es = —(ugpa — capn)er.
The basis {e1, e2, e3} diagonalizes the Ricci operator S. The principal Ricci curvatures are given by

p1 = 21213, p2 = 2103, P3 = 2p1ji2.

5.3.

According to a result due to Perrone, simply connected 3-dimensional unimodular Lie groups equipped with
left invariant almost cosymplectic structure are classified by Perrone invariant p = | £¢h| — 2|h|? as follows:

Theorem 5.2. Let (G, ,&,n,9) be a simply connected 3-dimensional Lie group equipped with left invariant almost
cosymplectic structure. If G is unimodular, then G is one of the following Lie groups;

1. If G is cosympletic then p = 0 and G = B, with flat metric or abelian group R? equipped with Euclidean metric.
2. If G is non-cosympletic, then

(a) G = EQ ifp > 0.
(b) G = Heisenberg group if p = 0.
(C) G = E171 lfp < 0.

The Lie algebra g of G is generated by an orthonormal basis {e1,ez,es} as in (5.1) with cg = 0. The left invariant
cosymplectic structure is determined by

§=e3, pe1 =e, per =—e1, p§ =0.
Remark 5.1. Fino and Vezzoni [25] showed that Lie groups of arbitrary odd dimension which admit left

invariant cosymplectic structure are flat and solvable.

Hereafter we denote by G(c1, ¢2) the 3-dimensional unimodular Lie group (whose Lie algebra is determined
by (5.1) with ¢3 = 0) equipped with a left invariant almost cosymplectic structure. The global orthonormal
frame field {e;, e2, e3} on G(c1, ¢2) is an example of the frame field given in Lemma 4.1 witha = p3 = (¢1 + ¢2)/2.
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Proposition 5.2. The endomorphism field h of a unimodular Lie group G equipped with a left invariant homogeneous
almost cosymplectic structure is given by

1 1
h61 = —*(01 — 02)61, heg = 7(01 — 62)62.
2 2
The sectional curvature of G are given by

1 1 1
H=Kp= 1(61 — )2, Ki3= Z(Cl —c2)(c1 4+ 3c2), Koz = —1(01 —¢2)(3c1 + ¢2).

The principal Ricci curvatures are

1 1 1
5(0% - c%)v P2 = _§<C? - 03)7 pP3 = _5(01 - 02)2'

p1 =
In particular, G(c1, c2) is scalar flat if and only if ¢; = co.

This proposition implies the following classification of 3-dimensional pseudo-symmetric almost
cosymplectic unimodular Lie groups (cf. [11, Proposition 11]):

Corollary 5.1 ([11]). Let G be a 3-dimensional unimodular Lie group equipped with a left invariant almost cosymplectic
structure. Then G is pseudo-symmetric if and only if it is locally isomorphic to E3, Eo, Ey 1 or the Heisenberg group.

More precisely one can check that
e p1 =prifand onlyif co = ¢y or ¢; = —co.
e po = poifand onlyif ¢ = 0 or ¢; = co.

o p1 =pzifandonlyif ¢c; =0o0rc; = co.

Note that pseudo-symmetry is a Riemannian notion, namely it only depends on Riemannian metric.
The pseudo-symmetry of 3-dimensional Lie groups equipped with left invariant Riemannian metric was
determined in [29].

Corollary 5.2. Every almost cosymplectic unimodular Lie group G(c1, c2) is an almost cosymplectic (k, j1)-space with

1
K= _Z(Cl — )% p=—(c1 +c).

The Perrone invariant of G(c, ¢2) is computed as

Ci1 —C
p=— 12 2 (\/C%-FC%—&-Cl—CQ).

Direct computation shows that
(LeS)er = cap1 — pa)ea, (LeS)e2 = crpr — p2)er.
Thus we obtain (see also Theorem 6.4).

Proposition 5.3. A 3-dimensional unimodular Lie group G(c1, c2) equipped with a left invariant cosymplectic structure
satisfies £¢S = 0 if and only if co = +c;. Thus the possible Lie algebras are ¢, ¢1,1 or R3.

Proposition 5.4. The p-Ricci tensor field of a unimodular Lie group G(c1, c2) is given by
piL = psy = H, pj; = 0 for other i, j.

Hence G(c1, c2) is p-Einstein.
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5.4.

The characteristic Jacobi operator ¢ of a unimodular Lie group G is computed as

ley) = Llier, l(eg) = laeq,
where ) )
0= Z(Cl —c2)(c1 4+ 3c2) = Kug, lo = _Z(Cl —¢2)(3c1 + ¢2) = Kos.
In particular, we have
b+ Uy = —%(cl —c2)?, b1 — Ly = (c1 — ca)(c1 + ca).
¢ =01if and only if ¢; = co.

Proposition 5.5. A 3-dimensional unimodular Lie group G(c1,c2) has vanishing characteristic Jacobi operator if and
only if G(c1, c2) is locally isometric to Eq equipped with flat metric or Euclidean 3-space E3.

Proposition 5.6. A 3-dimensional unimodular Lie group G(c1, c2) equipped with a left invariant almost cosymplectic
structure satisfies £ = 0 if and only if G(c1, c2) is cosymplectic.

Direct computation shows the following fact.

Proposition 5.7. Let G(c1, c2) be a unimodular Lie group equipped with a left invariant almost cosymplectic structure.
Then G(c1, c2) has n-parallel characteristic Jacobi operator for every c; and co.

The Lie derivative £/ is computed as
(.,656)61 = 62(61 - 62)627 (£§£)€2 = 61(61 — 62)62.
From this we obtain

Proposition 5.8. On the unimodular Lie group G(c1,cz2), £¢€ = 0 holds when and only when co = £c1. The possible
Lie algebras are ¢5, ¢1 1 or R3.

Corollary 5.3. On the unimodular Lie group G(c1, ¢2), the property £¢¢ = 0 holds when and only when £¢S = 0 holds.

Here we give explicit expressions of these unimodular Lie groups.

Example 5.1 (Euclidean motion group). Let us denote by E, the universal covering of the Euclidean motion
group E,. Then E; is realised as R?(z, y, 2) with multiplication

(1,91, 21) - (T2, Y2, 22) = (T1 + (o8 z1) w2 — (sin 21)ya, y1 + (sin 21)x2 + (cos 21)y2, 21 + 22).

For any positive real numbers q, b, ¢ € R satisfying a > b, we take a global frame field

R O IR U A R N W)
el—a COSZ@x S Zc')y , €y = S Z@x coszay ,eg—caz.

Then {ey, ez, e3} satisfies

be b

le1,e2] =0, [e2,e3] = —e1, [es,e1] = —ea.
a ca
The left invariant Riemannian metric g determined by the condition {e1, es, e3} is orthonormal with respect
toitis
9= a2 @ W +b2w? ©w? + 2 ® W,

where

wl'=coszdr+sinzdy, w?=—sinzdzr+coszdy, w®=dz.

Let us introduce a left invariant almost contact structure by

ﬁzCWS:CdZ, §=e3, e =ez, pea = —ey, ez =0.

Then the resulting homogeneous almost contact Riemannian 3-manifold (Ea, 0,61, g) is almost cosymplectic.

The almost cosymplectic 3-manifold (Ea, 0, 6,1, g) is cosymplectic when and only when a = b. In such a case g
is flat and has the form
g = a*(dx® + dy?) + ¢ d2*.

One can check that E, is pseudo-symmetric when and only when a = b.
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Remark 5.2. According to Patrangenaru [54], the moduli space of all left invariant Riemannian metrics on E, is
parametrized as {(a,b) € R? |a > b > 0} U {(1,1)}. Every element (a, b) corresponds to the metric

1
a’w' @ W' + P?w? @ W + —w? @ W
a?b?

Example 5.2 (The Mikowski motion group). The identity component of the isometry group of Minkowski
plane Eb! = (R?(zq, 22), dr1das) is denoted by E;; and called the Minkowski motion group. The Minkowski
motion group E; ; is realized as R?(z, y, ) with multiplication

(w1,y1,21) - (T2, Y2, 22) = (T1 + 7 @2, 1 + € Ty, 21 + 22).

For any positive numbers q, b, ¢, we set
Y A DU e o )
' Ox ay) 2T Oz oy ) 2T "oz

[e1,e2] =0, [ez,e3] =cier, [es, e1] = caen

Then we have

with
b S
=X <0, =50
a b

We equip a left invariant metric g, . so that {e1, e, e3} is orthonormal with respect to it. Then

2, 12 2
a®+b%, 5, 5 9% 1 9 dz
Jape = " ary (e”**dx” + e¥dy”) + =R
In particular,
QL e ) —_ 6_22d$2 +622dy2 —|—d2’2
V22

is the metric of the model space Sols of solvegeometry in the sense of Thurston.
One can check that (E1 1, gqp,c) is pseudo-symmetric if and only if a = b. When a = b, the principal Ricci
curvatures are
4c?

p1=p2 =0, ps=——5

Let us introduce an almost contact structure by £ = es, 7 = ga,p,c(€3, ) and
pe1 = ea, pex = —ey, ez =0,

then the Minkowski motion group equipped with this almost cosymplectic structure satisfies:

c(a? + b?) (a? + b?)2c? (a® — b?)c
A= ab 70, m=- 22 0 M7 ab
(a® 4+ b?)c? (a® + b%)(3a® — b?)c? (a® +b?)(a® — 3b?)c?
i = 4a?p? K = 4a?b? » Ko = 4a?b?

The Perrone invariant is computed as

2002 4 b2

p= c*(a® 4 b%) ( /a4+b4—(a2+b2)) < 0.
2a2b?

The characteristic Jacobi operator is invariant under characteristic flow when and only when a =b. In

particular, Sol; equipped with compatible left invariant almost cosymplectic structure satisfies £:¢ = 0 but

not £ = 0.

Remark 5.3. If we choose £ = e; [resp. £ = e3], and set pes = e3, pes = —es [resp. pes = e1, pe; = —ez], then the
structure is semi-cosymplectic.
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Remark 5.4. The moduli space of all left invariant Riemannian metrics on E, ; is parametrized as {(A, B) €
R?|A > 0> B > —A} (see [54]). Every element (A, B) corresponds to the metric

A-B

5 (e7**dx® + e**dy”) — (A + B)dady — —dz

AB

The metric g, 5 . is obtained as this metric under the choice

CL2 + bQ
A=-B=A=-B=—___.
4a2b?
Thus the parameter c is normalised as
(a2 + b2)?
c=—AB= e

Example 5.3 (The Heisenberg group). The 3-dimensional Heisenberg group is R3(z,y, z) together with the
group structure:

(1,1, 21) - (T2, Y2, 22) == (T1 + T2, Y1 + Y2, 21 + 22 + (T1y2 — 291)/2).

For any nonzero real numbers ¢, b and ¢, we set

e1=2>b 224—;32 e—2c2 e3 =a 8 0
e Oy 0z) P T a7 83: Yoz

Then {ey, €3, e3} is a left invariant frame field satisfying the commutation relations:

[61,62] = O7 [62,63] = 0, [63,61] = C2€2, C2 = ? 75 0.

The left invariant Riemannian metric g = g, . determined by the condition {e1, e, e3} is orthonormal with
respect to it is
dz?  dy?

2
1
=12 T —|— — (d + - (ydx - xdy)) .

One can see that the Heisenberg group equipped with this metric is pseudo-symmetric with principal Ricci
curvatures p; = p3 = —ps = —ab®/(2¢?). In particular the Heisenberg group equipped with the metric g 1118
202
the model space Nil; of the nilgeometry in the sense of Thurston.

We introduce a left invariant almost cosymplectic structure by { = e, n = g(¢, -) and

per = ez, pey = —e1, pez =0.

Then the Heisenberg group equipped with this left invariant almost cosymplectic structure satisfy

ab ab a?b? ab a?b?
1= 5 61 he 9.2 K= —qm K= P =Kz = 102 >0,
3aQb2 a’b?
1 K 13 I Pl < 2 — 23 4c2 >

Remark 5.5. Every left invariant Riemannian metrics on the Heisenberg group is isometric to one of the
following one-parameter family of metrics (cf. [54]):

2
dz? + dy? 4 t* <dz+ (ydx:cdy)) , t>0.

Remark 5.6. Dacko [18] showed that almost cosymplectic (x, 0)-space (of arbitrary odd dimension) with x < 0
are realised as solvable Lie groups with left invariant almost cosymplectic structures. In addition those space
has pseudo-parallel Ricci operator. Here we recall Dacko’s construction developed in [17]. Let G’ be a Lie group
equipped with a left invariant almost Kahler structure. Then there exists a semi-direct product R x G’ equipped
with a left invariant almost cosymplectic structure.
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Remark 5.7 (Compact examples). Léon [38] constructed 3-dimensional compact almost cosymplectic
solvmanifolds in the following method. Let us consider the solvable Lie group

ek= 0 T

G = 0 e h gy z,y,z €R

such that e* 4+ e~* € Z \ {2}. One can take a right invariant vector fields
0 0 0 0 0
€= egza—y, egzaz—k<xax—yay>.
The dual 1-forms are given by
w! =dz — kxdz, w? =dy+ kydz, w*=dz.

We equip a right invariant Riemannian metric g by g = w! ® w! + w? ® w? 4+ w? @ w?. In addition we introduce
a right invariant almost cosymplectic structure by n = w?, £ = e5 and

pey = ez, pex = —eyp, ez = 0.

Then there exits a discrete subgroup I" of G so that the quotient space I"\ G is a compact manifolds with induced
non-cosymplectic right invariant almost cosympletic structure.

5.5. Non-unimodular Lie groups

Now let us consider 3-dimensional non-unimodular Lie groups equipped with left invariant almost
cosymplectic structure. Here we recall Perrone’s construction [55].

Let G be a (simply connected) 3-dimensional non-unimodular Lie group equipped with a left invariant
almost cosymplectic structure. Then one can easily check that £ € u. We take an orthonormal basis {e3,e3 = £}
of u. Then e; = —ges € ut and hence ad(e;) preserves u. Express ad(e;) as

le1,e2] = ar1es + azies, [e1,e3] = aizes + axes

over u. The closing condition dn = 0 implies that as; = 0. Next, V£ = 0 implies that as2 = 0. Moreover one
can deduce that [es, e3] = 0 from the Jacobi identity. Note that 3-dimensional non-unimodular Lie algebras are
classified by Milnor invariant D = det ad(eq).

Theorem 5.3 ([55]). Let G be a 3-dimensional non-unimodular Lie group equipped with a left invariant almost
cosymplectic structure. Then the Lie algebra g = g(v, §) satisfies the commutation relations

[61762] = 6627 [627 63] = 07 [637 61] = —7eé2,
with ez = £, e1 = —pey € ut and & # 0. In particular Milnor invariant of g(-y,d) is 0.
The Lie algebra g = g(v, ) is given explicitly by

(I+8)x ~vyr y

0(+,6) = 0 & 2 ||wyzeRr
0 0 =z
with basis
1+6 ~ O 0 0 1 0 0 O
e = 0 1 0 |,ea=[000],es=[0 01
0 0 1 0 00 0 00
The corresponding simply connected Lie group G(v,0) = exp g(v, d) is given by

e” ((5y+'yz)(e51'—1)—ﬂ/6xz)

e(1+6)m %eﬁ(eéw _ 1)

62z
G(v,0) = 0 e ze® z,y,z € R
0 0 e’
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The left invariant metric is expressed as w! ® w! + w? ® w? + n ® n, where

—ox
+ox—1
w =dz, W =dy+ % {(vy + dz)dx — x(ydz + 0dy)}, n=dz.

The left invariant vector fields obtained from ey, e; and e3 by left translation are

o (e 4+ 5x—1)(Sy+z) O Sxed® 9 o v T 0
= — — - =2 (14—

T o dz(edr —1) oy’ 2= e oy’ B9 % ( Tz 6—59”)
The Levi-Civita connection of G is given by the following table:

Proposition 5.9. ([55])

velel - 07 VeleQ - _%GSa v61€3 = %62
Ve,e1 = —dex — 3e3,  Ve,ea =der,  Ve,e3 = Te;
Vegel == —%62, VESeg == %61 ve363 =0.

The global orthonormal frame filed {e;, e2, e3} is an example of orthonormal frame field given in Lemma 4.1
witha =X =—v/2.

From this table, we obtain
L 1 L 1
e1 = —="ye ey = —yeq.
1 27 15 2 27 2

Thus G(v, ¢) is cosymplectic if and only if v = 0.
The Riemannian curvature R is given by

2

2
R(ey,ez)e; = <52 - 1) es +vdes, R(ey,es)es = — <52 _7Z ) e1,

4
3 2 3 2
R(eq,e3)er = yoes + %63, R(eq,e3)es = —%el,
2 72
R(ez,e3)es = 7 R(ea, e3)es = T R(e1,ez)e3 = —vydey.
Hence ) ) )
Y 3y Y
H=K=-64+"1, Kig=—""—, Ko3=—.
12 + 1 s g B 1

Thus the characteristic Jacobi operator is given by
l(e1) = Kizer, {(e2) = Kasea.

Proposition 5.10. The almost cosymplectic non-unimodular Lie group G(v, ) satisfies £ = 0 if and only if v = 0. In
this case, the structure is cosymplectic.

Thus the vanishing of ¢ is a too strong restriction for G(v, 9).
The covariant derivatives of ¢ are computed as

3
(Velé)el ZO, (Velé)eg = —%K2363 = —’Y§637

3 3
(VEQZ)el = — 5(K13 — K23)€2 — %Klgeg = ’)/2562 + l(ﬂg,

8
(Ve,zﬁ)eg - — 5(K13 - K23)€1 = ’)/2561.

Proposition 5.11. The characteristic Jacobi operator of the almost cosymplectic non-unimodular Lie group G(v,9) is
n-parallel when and only when v = 0. In such a case ¢ = 0.

Thus unfortunately n-parallelism of ¢ is still a strong restriction for G(v, 0).
Next we compute the Lie derivative £¢{. We obtain

(Lel)er = —y(Ki3 — Kaz)ea = vea, (Lel)es = 0.

Proposition 5.12. The almost cosymplectic non-unimodular Lie group G(v,0) satisfies £c0 =0 if and only if v =0
(cosymplectic).
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2 2 2
Sey = — (52 + ’g) €1, Sey=— <52 - 72> e — 70€, SE = —rdey — %g

The principal Ricci curvatures of S are computed as

_lQ —62, _lZ _52’ _’72

2 2 2"

This shows that this space is pseudo-symmetric.
By using this table, the ¢-Ricci tensor field is computed as

2

¥ 1
ph=p5=H=- -0, pfh=-57

Hence G(v, ) is ¢-Einstein if and only if v = 0.
The Lie group G(0, ¢) is characterized as follows.

Proposition 5.13. Let G = G(v, §) be a simply connected non-unimodular Lie group corresponding to g(vy, ) equipped
with a left invariant almost cosymplectic structure. Then the following three conditions are mutually equivalent:

G satisfies v = 0.

G is cosymplectic.
is n-parallel.

0 is parallel.

L=0.

G(v,9) is p-Einstein.

The fundamental 2-form ® of an almost cosymplectic manifold A/ defines a magnetic field (called the contact
magnetic field) on M. In our previous paper [22], trajectories of contact magnetic fields on cosymplectic
manifolds are investigated. In addition, we studied trajectories of magnetic fields on E, derived from the left
invariant contact metric structure in [32]. Here we propose the following problem:

Problem 1. Investigate trajectories of contact magnetic fields on homogeneous almost cosymplectic 3-manifolds.

6. Ricci curvatures of almost cosymplectic 3-manifolds

Now we start our investigation on Ricci tensor field and related tensor fields on almost cosymplectic 3-
manifolds.
Locally symmetric almost cosymplectic 3-manifolds are classified as follows:

Theorem 6.1 ([55]). Let M be a locally symmetric almost cosymplectic 3-manifold, then M is cosymplectic and locally
isomorphic to S?(¢) x R, H?(¢) x Ror E3 = E? x R.

Note that this result is rephrased as

Corollary 6.1. Let M be an almost cosymplectic 3-manifold. If the Ricci operator S of M is parallel, then M is
cosymplectic and locally isomorphic to S*(¢) x R, H?*(¢) x Ror E* = E? x R.

This results says that local symmetry (equivalently the parallelism of S) is a very strong assumption for
almost cosymplectic 3-manifolds. We are interested in more mild conditions for S.

One of the relaxation of local symmetry (parallelism of S) is the n-parallelism of S. In our previous paper
[31], the present author investigated n-parallelism of S of cosymplectic 3-manifolds.

Theorem 6.2 ([31]). Let M be a cosymplectic 3-manifold. Then the following properties are mutually equivalent:

o The scalar curvature is constant.

o The holomorphic sectional curvature is constant.
o The Ricci operator is n-parallel.

e The Ricci operator is strongly n-parallel.

o M is locally symmetric.
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Up to now, classification of almost cosymplectic 3-manifolds with 7-parallel Ricci operator is still open. It is
known that every cosymplectic 3-manifold satisfies the commutativity condition [¢, S] = 0.
From Lemma 4.1 one can deduce that

Spe; = pSey <= Spes = pSes < £(N\) =0and a =0,
Spesz = pSes <= o(e1) = o(ez) = 0.

Thus we obtain

Lemma 6.1 ([11]). An almost cosymplectic 3-manifold M satisfies S = ¢S if and only if M is cosymplectic or M is
non-cosympletic and satisfies

EA)=0, a=0, o(e) =0c(ez) =0. (6.1)
By using the 2nd Bianchi identity, Cho obtained the following useful result.

Lemma 6.2 ([11]). On an almost cosymplectic 3-manifold satisfying S¢ = ¢S, the eigenvalues of the endomorphism
field h are constant.

As a result, almost cosymplectic 3-manifolds satisfying Sy = ¢S are classified as follows:

Theorem 6.3 ([11]). Let M be an almost cosymplectic 3-manifold. Then M satisfies S¢ = S if and only if M is either
cosymplectic or locally isomorphic to the Minkowski motion group E, 1 equipped with a left invariant almost cosymplectic
structure described in Example 5.2.

From Proposition 5.1, one can see that unimodular Lie group G(c1, c2) satisfies Sy = ¢S if and only if ¢; = ¢;
or ¢ = —c1. The possible Lie algebras for the former case are ¢ and R3. The latter case, the Lie algebra is ¢q ;.

Motivated by the fact that every cosymplectic 3-manifold satisfies £¢S =0, Cho proved the following
theorem.

Theorem 6.4 ([11]). Let M be an almost cosymplectic 3-manifold. Then M satisfies £¢S = 0 if and only if M is either
cosymplectic or locally isomorphic to the Minkowski motion group Eq 1 equipped with a left invariant almost cosymplectic
structure described in Example 5.2.

Generally speaking, the condition £/ = 0 is weaker that £,5 = 0. In Section 8 we shall study this property
for almost cosymplectic 3-manifolds under the assumption that £ is an eigenvector field of S.

Remark 6.1. Cho and Kimura investigated almost Kenmotsu 3-manifolds satisfying £:5 = 0 [15].

7. Generalized almost cosymplectic (s, 1, v)-spaces

In this section we study pseudo-symmetry of ¢-Ricci tensor field of 3-dimensional generalized almost
cosymplectic (k, i, v)-spaces.

In the case of contact Riemannian 3-manifolds, generalized (k,p,v)-property is characterized by the
harmonicity of the characteristic vector field. On the other hand, for almost cosymplectic 3-manifolds,
generalized (k, i, v)-property is characterized by minimality of .

7.1.

Let (M, g) be a Riemannian manifold with unit tangent sphere bundle UA/. We equip the Sasaki-lift metric
g° on UM. Denote by X1 (M) the space of all smooth unit vector fields on M. Every unit vector field V' € X, (M)
is regarded as an immersion of M into UM.

A unit vector field V' € X; (M) is said to be minimal if it is a critical point of the volume functional on X; ().
It is known that V' is a minimal unit vector field if and only if it is a minimal immersion with respect to the
pull-backed metric V*g° (see [21]).

The minimality of £ is characterized in terms of Ricci opeartor as follows.

Theorem 7.1 ([56],[27]). On an almost cosymplectic 3-manifold M, £ is a minimal unit vector field if and only if £ is an
eigenvector field of S.
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The minimality of unit vector fields is closely related to "harmonicities" of unit vector fields.

A unit vector field V' € X, (M) is said to be a harmonic unit vector field if it is a critical point of the energy
functional restricted to X;(A/). On the other hand, V is a harmonic map if it is a critical point of the energy
functional on the space C*°(M, UM) of smooth maps from M into UM.

Perrone clarified relations between harmonicity and minimality of unit vector fields ([55, Theorem 4.3], [56,
Theorem 4.2]):

Theorem 7.2. Let M be an almost cosymplectic 3-manifold. Then & is a minimal unit vector field if and only if it is a
harmonic unit vector field.
The characteristic vector field & is a harmonic map if and only if it is a harmonic unit vector field and &(tr(h?)) = 0.

The class of almost cosymplectic 3-manifolds with minimal characteristic vector field is characterized in
terms of Riemannian curvature as follows:

Theorem 7.3 ([56]). Let M be an almost cosymplectic 3-manifold. If M is a generalized (k, p,v)-space, then & is a
minimal unit vector field. Conversely if € is a minimal unit vector field, then M satisfies the generalized (k, u,v) on an
open dense subset. In such a case we have

S¢ = —(tr h?)¢, k= f%(tr h?).

Moreover tr (h?) satisfies d(tr (h?)) An =0, that is, X (tr (h?)) = 0 for any vector filed X orthogonal to . The Ricci
operator has the form

1 1
S=al+ @&+ ph+vph, a= §(s+tr(h2)), B = —§(s+3tr(h2)).

Let us take a local orthonormal field {e1, e2, e3} on a 3-dimensional generalized almost cosymplectic (x, i, v)-
space as in Lemma 4.1, then we have

SE=—-2)\%, k=) p=-2a Iv=¢).

The Ricci operator has the form

1
Ser =(a+ Ap)er + Aveg = 5(5 +20% —4al)e; + E(Ne,

1
Sey =Ave; + (o — Ap)es = E(N)ey + 5(8 + 2% 4 4a))es,
Sez =(a + B)es = —2\%es,

Remark 7.1. Carriazo and Martin-Molina [9] obtained the following curvature formula for 3-dimensional
generalized almost cosymplectic (x, u, v)-space satisfying (3.2):

RX,Y)Z= HXAY)Z+(H-r){ENXNY)ENZ
+ 1 {(hX AY)Z + (X ANRY)Z} + v{(phX ANY)Z 4+ (X A hY)}

forall X,Y and Z € X(M). When M is a cosymplectic 3-manifold, then x = 0 and hence H = s/2, we retrieve
the formula (4.1).

7.2.

As we have mentioned in Section 2, pseudo-symmetry is one of the generalisations of local symmetry. Since
every cosymplectic 3-manifold is pseudo-symmetric, we restrict our attention to non-cosymplectic case.

Now we study pseudo-symmetry of 3-dimensional generalized almost cosymplectic (, 11, v)-spaces.

Let M be a non-cosymplectic 3-dimensional almost cosymplectic (x, i, v)-space whose characteristic vector
field ¢ is minimal. Then by using Theorem 7.3, the characteristic polynomial ¥(t) = det(tI — S) for S is computed
as

U(t) = (t = (a+ B)F (),
where
F(t) =t* — 2at + o® — N (u* + v2).

We investigate principal Ricci curvatures.
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e Case 1: o+ is a solution to F(t) = 0: Direct computation shows that F(a+ 8) =0 if and only if
B% = (u* + v?). In this case we have F(t) =t — 2at + o — 2. Thus the principal Ricci curvatures are
a+ 3, a+ B and a — 8. Note that

a+8=2k, a—F=s—4k=H.

e Case 2: F'(t) = 0 has double roots: The discriminant D of F(t) = 0is D = 4\?(u? + v?). Hence F(t) = 0 has
double roots if and only if 1 = v = 0 since we assume that M is non-cosymplectic. Hence M is an almost
cosymplectic generalized (x,0)-space. Moreover we have a = 0 and £{(x) = 0. Thus M satifies Sy = ¢S.
From Lemma 6.2,  is constant. As we have seen before M is locally isomorphic to Minkowski motion
group E; ;. The principal Ricci curvatures are

pr=p2=a=0, pg=a+=2k=—cl.

Theorem 7.4. Let M be a non-cosymplectic 3-dimensional generalized almost cosymplectic (k, i, v)-space. Then M is
pseudo-symmetric if and only if u? + v? = (s + 3 tr(h?))?/4 or u = v = 0. In the latter case, M is a (generalized) almost
cosymplectic (k,0)-space and locally isomorphic to Eq 1 equipped with a left invariant almost cosymplectic structure
described in Example 5.2.

7.3.

Next we assume that M is a pseudo-symmetric space of constant type.

In Case 1 of section 7.2, principal Ricci curvatures are 2«, 2x and 2H. Hence M is of constant type if and only
if M has constant holomorphic sectional curvature H = a — § = s — 4k.

In Case 2 of section 7.2, E; ; is a pseudo-symmetric space of constant type.

Corollary 7.1. A 3-dimensional almost cosymplectic (k, p, v)-space which is a pseudo-symmetric space of constant type
is either (1) a cosymplectic 3-manifold, or (2) an almost cosymplectic (k, p, v)-space satisfying p? + v? = (s + 3tr(h?))?
with constant holomorphic sectional curvature or locally isomorphic to the Minkowski motion group E,  equipped with
a left invariant almost cosymplectic structure described in Example 5.2.

Problem 2. Classify 3-dimensional almost cosymplectic (r,p,v)-space satisfying u® +v? = (s + 3tr(h?))? with
constant holomorphic sectional curvature.
7.4.

Next let us consider Ricci *-tensor field of 3-dimensional generalized almost cosymplectic (s, u, v)-spaces.
Take a local orthonormal frame field £ = {e1, es, e3} as before. Then we have

R(eia (,067,‘)6 =0, :=1,2,3.
Thus, for any tangent vector field Y, we have

2

pHEY) = 5 D g(R(E @Y )per). i) = g(Rlper, )6, oY) = 0.
=1

Proposition 7.1. Let M be a 3-dimensional generalized almost cosymplectic (x, i, v)-space. Then p*(&, -) = 0. Hence M
is weakly x-Einstein.

Corollary 7.2. Let M be a 3-dimensional generalized almost cosymplectic (k, p, v)-space. If its x-scalar curvature is
constant, then M is p-Einstein.

Note that on almost contact Riemannian 3-manifolds, the *-scalar curvature coincides with the holomorphic
sectional curvature (see [12]).

8. Characteristic flow invariant characteristic Jacobi operator

8.1.

In our previous paper [14] we have investigated contact Riemannian 3-manifolds satisfying £¢¢ = 0 under
the assumption that £ is an eigenvector field of S. In this section we study almost cosymplectic 3-manifolds
satisfying £:¢ = 0 under the assumption that ¢ is an eigenvector of S.
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Let M be an almost cosymplectic 3-manifold whose characteristic vector field is an eigenvector field of
S. Then as we have seen before, M is locally a generalized almost cosymplectic (x, i1, v)-space. In this case
S¢& = 2KE.

In case M = Uy, then S¢ = 2k and £¢¢ = 0 holds on whole M, since M is cosymplectic. Thus hereafter we
assume that ¢/ is non-empty and take a local orthonormal frame field £ = (e1, ez, e3) as in Theorem 7.3.

The characteristic Jacobi operator ¢ is computed as

UX) = R(X,8E& = (kI + ph+vph)(X —n(X)¢§) = k(X —n(X)E) + uhX + vehX.
Hence we get
ler) = (k4 Ap)er + Aves, L(es) = dvey + (k — Ap)es.
Let us compute £¢/. First we observe that
€, e1] = ()\ - g) ea, (€ €3] =— ()\ + g) er.
We put {(e1) = {11€1 + la1e2 and {(ez) = 121 + la2e5. Then

(Lel)er =[€, L(ex)] — L€, ea] = [€, brrer + Larea] — L[€, eq]
=E(li1)er + E(lar)ez + 0116, en] + L1 (€, e2] — (A + a)l(ez)

= (€(try) — 22%0) €1 + {5(421) 2 <>\ - g) } e

= (€05 + M) — 2220) €1 + {g(m/) 42 ()\ - g) } e,
Since A # 0 on U, (£¢l)e; = 0 holds if and only if

E(k + M) — 2220 = 0, £(Ww) + 2\ ()\ - g) —0.
In a similar way we have (£¢{)e; = 0 if and only if

E(k— ) —dur =0, £(\v) — 2 u ()\ + g) =0.

Thus £¢¢ = 0 holds if and only if ;1 = —2a = 0. In this case {(\) = 0 and hence v = 0. Hence M is a generalized
almost cosymplectic (x, 0)-space. In this case p11 = pa2, so M is pseudo-symmetric. Moreover the orthonormal
frame field {e;, s, e3} satisfies

P31 = 2b\ — 62(>\) = P32 = 2c\ — 61()\) = 0,

we get S = ¢S.
The condition S¢ = ¢S implies that « is constant by Lemma 6.2 and hence M is locally isomorphic to E; ;.
Thus we arrive at our result.

Theorem 8.1. Let M be an almost cosymplectic 3-manifold. Assume that £ is an eigenvector field of S. Then M satisfies
Lel = 0 if and only if M is cosymplectic or a homogeneous almost cosymplectic 3-manifold, locally isomorphic to Ey ;.

Up to now it is not clear that whether we can remove the assumption that ¢ is an eigenvector field of S in the
above theorem or not.

Obviously the conditions ¢ =0 is a special case of £¢¢ = 0. One can deduce that almost cosymplectic 3-
manifolds with vanishing ¢ are cosymplectic from Lemma 4.1.

Thus the Minkowski motion group E;; equipped with a left invariant almost cosymplectic structure
provides an examples of almost cosymplectic 3-manifolds satisfying £¢/ = 0 but £ # 0.

Remark 8.1. In [14, pp. 671], we have computed the Lie derivative £¢¢ on a 3-dimensional non-Sasakian contact
generalized (k, i, v)-space M. Unfortunately the formula £/ given in [14, pp. 671] has typographical errors. In
this opportunity we would like to give the correct formula of £.¢.

Take a local orthonormal frame field £ = {e1, e, e5 = £} as in [14, Lemma 3.1], then we have

(£eb)er =[€, £er)] — L[S, ea] = =2{E(N) (1 + A+ 20) + Ad(a)}er + {E(E(N)) — 4aA(1 + A+ a) ey,
(£Leb)ea =[€, (e2)] — L[, ea] = {E(E(N)) — 4aA(l = A+ a)ter + 2{E(M)(1 — A+ 2a) + A(a) Jez.

Since we assumed that M is non-Sasakian, i.e., A > 0, M satisfies £.¢ = 0 if and only if {(\) = 0 and o = 0. From
this conclusion we obtain [14, Lemma 4.4] and hence we obtain the main result [14, Theorem 4.7].
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