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ABSTRACT

In this paper, we obtain a common coincidence point theorem for two pairs of hybrid functions on cone metric spaces.
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1. INTRODUCTION

In 2007,Huang and Zhang defined cone metric spaces
by substituting an ordered normed space for the real
numbers([9]). In 2008,Rezapour and Hamlbarani
characterized types of cones ([17]). Some interesting
works about fixed point and common fixed point results
on cone metric spaces are [1-8,10,11,13-24] etc.

In this paper, we prove a common coincidence point
theorem for two pairs of hybrid functions on cone
metric spaces. our result generalizes and improves the
theorems of [18,19]. First we give some known
definitions and lemmas.

Let E be a real Banach space and P a subset of E. P is
called a cone whenever

(i) Pis closed, non empty and P = {0}

(i) ax + by for all x, y € P and non negative real
numbers a and b

(iii) P N (—=P) = {0}.

For a given cone P € E, we can define a partial

ordering = with respect to P by x <y if and only if

y —x €P. x <y will stand for x <y and x #y, while x

<<y will stand fory — x £ int P, where int P denotes

the interior of P.
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The cone P is called normal if there is a number M > 0
such that for all x, y €E, 0 <x <y implies
”X” <M ||y|| The least positive number satisfying

the above inequality is called the normal constant of P.
Rezapour and Hamlbarani [17] observed that there are

no normal cones with M < 1.Hene M > 1.

Definition 1.1. [9]: Let X be a nonempty set. Suppose
that the mapping d : X x X — E satisfies

(d) 0 =d(x,y) forall x, y € X and d(x, y) =0 if and
only ifx =y,

(dy) d(x, y)=d(y, x) forallx,y € X,
(d3)d(x,y) = d(x,z) +d(z,y) forallx,y,z € X.

Then d is called a cone metric on X and (X, d) is called
a cone metric space.

Definition 1.2. [9]: Let (X, d) be a cone metric space, x
€ Xand {x ,} a sequence in X.Then

(1) {x .} converges to x whenever for every ¢ € E with
0 <<, there is a natural
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number N such that d(x ,, x) << ¢ for all n = N. we

denote this by liIm x,=xorx, —>x,

n—oo

(i1) {x ,} is a Cauchy sequence whenever for every c
€ E with 0 <<, there is a natural number N such

that d(x,, X ) <<c foralln,m =N,

(iii)(X, d) is a complete metric space if every Cauchy
sequence in X is convergent in X.

Definition 1.3. [18]: Let (X, d) be a cone metric space
and B C X.

(i) A point b€ B is called an interior point of B
whenever there is a 0 << p such

that N(b, p) < B, where N(b, p) = {y € X/d(y, b) <<
p}.

(i) A subset A C X is called open if each element of
A is an interior point of A.

The family ,B = {Nx, p) : x€ X, 0 << p} is a sub
basis for a topology on X.

we denote this cone topology by 7. Then 7T, is
Hausdorff and first countable.

Recently Rezapour and Haghi [18] proved the following

Lemma 1.4. (Lemma 2.1, [18]) : Let (X, d) be a cone
metric space, P a normal cone with normal constant M
=1 and A a compact set in (X, T ). Then for every x
€ X, there exists a, € A such that

., )| - inf ).

Lemma 1.5. [Lemma 2.2, [19]] : Let (X, d) be a cone
metric space, P a normal cone with normal constant M
=1 and A, B two compact sets in (X, T ). Then

sup d' (x.A) < 0, where d' (x,4)= inf [d(x,a)).
xeB aeA
Definition 1.6. [18]:Let (X, d) be a cone metric space, P
a normal cone with  normal constant M = 1, F(X) be
the set of all compact subsets of (X, 7. and A €
Fe(X). Define h, : Fe(X) —> [0,00) and

dy: Fe(X) x Fe(X) —> [0, 00) by hy(B) = sup d'
XeA

(x, B) and dy(A, B) = max{h,(B), hg (A)} respectively.

ForeachA,B € Fc(X)andx,y € A, we have

) d A < [d(x, )| +d Al

(i) d"(x,A) < d"(x,B)+hg(A)

(i) o' A) < [d(x,y)| +d (vBI+hs(A).
Definition 1.7. : Let f: X —>Xand F: X — Fc(X). f

is said to be F-weakly commuting at x € X
iff’x € Ffx.

Kamran [12] defined the above in metric spaces.

Definition 1.8. : Let @ denote the class of all functions
@ : R —> R such that ¢ is non decreasing,

continuous and Z ¢n (t) < oo forall t> 0.

n=1
It is clear that ¢n (t) —> 0asn —> o0 forallt>0
and hence, we have ¢ (t)y<t, forall t > 0.

Now we give our main result.
2. THE MAIN RESULT

Theorem 2.1. Let (X, d) be a complete cone metric

space with normal constant M = 1. Let F,.G : X — Fc¢

(X) be two multifunctions and f, g : X —> X be self
maps satistying

(2.1.1)dy(Fx,Gy) < @
|d(fx, gy).d" (Fx, Fx).d"(gy. Gy),
maxy |
E[d'(fx, Gy) +d'(gy,Fx)
forallx,y € Xand ¢ [SHOR
2.12)Fx C g(X),G(x) € f(X) forallx €X,

(2.1.3) one of f(X) and g(X) is a complete subset of X
and

(2.1.4) f is F-weakly commuting and g is G-weakly
commuting at their coincidence points.

Then the pairs (f, F) and (g,G) have the same
coincidence point in X.

Proof. Let x, € X.Then by Lemma 1.4, there exists

gx | € Fxq such that

d'(x0, Fxo) = [d(fX,, X, )| Again by Lemma 1.4,

there exists fx, € G x ; such
that d'(gx,, Gx;) = ||d(gx1 %, )” )

Continuing in this way, we get the sequences {x,} and
{y n} in X such that

dl(y 2n-1, FXop) = ||d(y2n 1Yo l and dl(Yz 150X 2n+41)

- ||d(y2n s Yont m ,where

Yon T8X2n+1 eFXZn and
Yon+i =fXom2 € GX3p4p n=0,1,2.....
Case(i): Suppose y,, =Y2n+1 for some n.

Assume thaty 5,41 # Yan+2-
Hd(y2n+1’y2n+2 N = d'(Yanr1 F X202

< dy(FX2n+2,GX2n+1)
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<¢
{d(}’mm»}ﬁn) o (Vanst> FX 5002)5d (Y205 G X50)5 } J

max | )
[d (Vans G X)) +d (¥, F X 50)
<¢
d (Yani1>Yons2)

0,
maxs4 1
5 [0 +0+ Hd (y2n+1 > Y ons2 )H ]

2

,0

=¢ (||d(an +15 Y 2n42 ]|)

< ||d(y2n+19Y2n+2 X| .

It is a contradiction. Hence y, 141 =Y 2042 -

Continuing in this way, we havey , =y .+ forall k=
1,2, 3, .... Hence {y,} is a Cauchy sequence in X.

Case (ii): Suppose that y , # y ,+ for all n. Now
Hd(szl > Y onea N = d'(y20.G X2 41)
S du(Fx2n,GXopn)
<y
Hd(thH 3 Yo lh ' Vot FX 5050 (¥ G Xp0),

ma. 1 , )
5 [d (Yan1> G X)) +d (5, F X 5,)

<4

‘d (Yan15Y2n)

i i

Hd (Y2n—l > YZn )
maxs |
E md (ylnfl H Y2n+1 )H +0 ]

4 (Vans Yan) }

<¢
d(YZn’ Y2n+l)

i i

Hd (yZn—] H YZn)
X:

axy 1
E md (Yan1>Yon )

= ¢ (||d(y2n-1’YZn )
Similarly we can show that

¢(Hd(y2n—2’YZn—lX‘)'

Thus

ldy, . vo )l < ¢ Jdy.y. ) < 4
(d(y,s v ) < ooz 8" d(yosvi )

Now for n > m we have

]

+Hd(y2n’y2n+l)

).

Hd(YmH > YQnX

Hd(Yn > Ym X

S Dby

i=m+1

< 4" (Jdlyo,y, 8™
(||d(y0,yl)||)+ ............. + " (Jd(y,y, ) -

< i:im(l)l (Hd(Y()v}’I )H)

—>0asm —>» © ,since i¢’n(t)< 00
n=1

forall t > 0.
This is implies that ~ lim Hd (Y0¥ )H - 0.
m,n —>

By Lemma 4,( [2]),{y .} is a Cauchy sequence in X.
Suppose g(X) is complete.

Theny,, =gXa,+1 > p=gVv € gX) for some p
andv € X.

Since {y,} is Cauchy, we have y ,,+; — p.
d'(p,G V) <[d(p, y,,)
SHd(p’YZn] +dH (FX 2n’GV)

<Jd (P, y2 ) + ¢
{d Voo @ VA G FX ), (@ V.G V), } J
max

1 1 !
E[d (Vs GV)+d' (g Vv,Fx ,) ]

+d,(y 2n’GV)

< ”d (pa YZ n l
{d(ym )

max | .
Sas opl+d .6 v+ [dp.y..)

+¢
d (y2n—1 H YZn)

> dl(pa G V)a

o

]

Letting n — 00 ,we get
d'(p, Gv)< @ (d'(p, G v)) so that d'(p .G v) = 0.

Hencep € Gv.Thusgv=p € Gv.

Since g is G-weakly commuting at the coincidence
point v, wehavegp= g>v €Ggv=G p.Thuspisa
coincidence point of g and G . Since G v C f(X),there
exists w € Xsuchthatp=gv=fw €Gv.

d'(p’FW) S"d(p7},2n-¢-11|+d’(y 2n+17FW)
S||d(p,y2n+l ]|+dH (FW’GX2n+1)
SHd(p,y2n+]N+¢
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ldEw,y,).d Ew, Fw.d (v ,,. GX,, ),

max 1
SLAEW Gy ) +d (v FW) ]

<[d P,y )+
"d(p, Y2n)| ,d'(p,Fw),

nmax
TDanyn)

Letting n —> 00 ,we get

d( ¥, Y2n+lj

|+d (. Fw)]

b

+ ||d<YZn’p)

d'(p, Fw) < ¢ (d'(p, Fw)) so thatd' (p, F w) =0.
Hencep € Fw. Thusfw=p € Fw.

Since f is F- weakly commuting at the coincidence
point w, we have fp=ffw €F fw=Fp.

Thus p is a coincidence point of f and F . Hence, the
pairs (f, F) and (g, G) have the same coincidence point.

By putting f = g = I (the identity map) in Theorem
2.1,we have

Corollary 2.2. Let (X, d) be a complete cone metric
space with normal constant M= 1.Let F,G: X — Fc¢
(X) be two multi functions satisfying

(2.2.1)du(Fx,Gy) < a
Jd (x, y)||,d" (x, Fx),d" (v, G y),

X
%[d'(x, Gy) +d'(v.Fx)

forall x,y €X, wherea € [0, 1).
Then F and G have a common fixed point in X.

Corrolary 2.2 is a generalization and improvement of
Theorems 1 and 2 of [19] for a pair of multi functions
and of Theorems 2.6 and 2.7 of [18]for a single multi
function with G = F.
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