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Abstract

We prove the norm inequalities for potential operators and fractional integrals related to
generalized shift operator defined on spaces of homogeneous type. We show that these

operators are bounded from HZV to HZ,,’ for 1 =1 _ 2 provided 0 < a < %, and

q P Q
a < f <1 and % <p< % By applying atomic-molecular decomposition of HZV
Hardy space, we obtain the boundedness of homogeneous fractional type integrals which
extends the Stein-Weiss and Taibleson-Weiss’s results for the boundedness of the B,,-Riesz
potential operator on H ZD Hardy space.
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1. Introduction

The theory of Hardy spaces establish the important part of harmonic analysis. As we
know that the atomic-molecular decomposition of Hardy spaces make the singular integral
operators acting on this spaces very simple. Thus the decompositions of Hardy spaces are
very critical in harmonic analysis. Therefore, many problems in harmonic analysis have
natural formulations as questions of boundedness of singular integral operators defined on
this spaces or distributions.

As the development of singular integral operators, the fractional type operators and their
boundedness theory play important roles in harmonic analysis and other fields. Moving in
the same direction, due to its applications to partial differential equations and differentia-
tion theory, the fractional integrals have attracted many attentions. In many applications,
a crucial step has been to show that these classical operators of harmonic analysis are
bounded on some function spaces. Also, results on weak and strong type inequalities for
this operators of this kind in Lebesgue spaces are classical and can be found for example
[13].

One of the well-known example of fractional integrals, the Riesz potential I, of order
a(0 < a < n) is defined by

Lof@) = [ fa=ylyl*"dy
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The famous Hardy-Littlewood-Sobolev theorem states that I, is bounded operator from
usual Lebesgue spaces LP to L9 when 1 <p < g <oo,1/¢g=1/p—a/n [13,14].

Historically, in 1971, Muckenhoupt and Wheeden showed the weighted (LP, L?) bound-
edness of the homogeneous fractional integral operator Iq , for power weight when 1 <
p < n/a [12]. In 1988, Ding and Lu obtained the weighted (LP, L?) boundedness of Iq
for A(p,q) weight [3]. Moreover, for the other conditions of p, the boundedness of Iq o
can also be found in [1,2]. In 1960, Stein and Weiss [15] used the theory of harmonic
functions of several variables to prove that I,, is bounded from H' to L™ (=) The work
was later generalized to the HP spaces by Taibleson and Weiss [16].In 1980, using the
molecular characterization of the real Hardy spaces, Taibleson and Weiss proved that I,
is also bounded from HP? to LY or H?, where 0 <p < 1land 1/¢g=1/p— a/n.

In this paper, we will mainly concerned with the boundedness properties of B,,-Riesz
potential with rough kernel I , on H, ZV (R?%) Hardy spaces in the settings of A, Laplace-
Bessel operator. For 0 < p < oo, the HZV Hardy spaces are defined by

HY, =47 €8¢ 1|1 fllng, = Ilsuplér @ fllzg < oo},

Here, ¢ € $(R") satisfies fRi o(x)ztde = 1. Also, By-Riesz potential with rough kernel
&, is defined by

9= [ @)y

where 0 < a < @ and TV is the generahzed shift operator [5,9,10]. Here, our investigation
are based on the so-called generalized shift operator introduced first by Levitan.

Since the classical Riesz potential operator I, is essentially the homogeneous fractional
integral operators Ig, when £ = 1, by comparing mapping properties of I, and I3,
the problem arises to ask whether the homogeneous Bp-Riesz potential g, has similar
boundedness on HZ,, spaces. We would like to point out that our proofs also suit for
B,-Riesz potential operator with homogeneous characteristic type on H ZD Hardy spaces
in terms of atomic-molecular characterization way.

The aim of this paper is to answer this question. Using the atomic-molecular de-
composition of H , we showed that I§ , is bounded from HY to LY or Hy for some
0 < p < 1.Thus, wo verify that Stein- Weiss’s conclusion for p = "1 and Talbleson—Welss S
conclusion for some 0 < p < 1 hold also for I,

Now let us first recall some necessary notlons and notations. Throughout the whole
paper, C' always means a positive constant independent of the main parameters, it may
change from one occurrence to another.

2. Some preliminaries

Let R"} be the part of the Euclidean space R" of points x = (1, ..., ), defined by the
inequality x, > 0. We write x = (2/,z,), 2’ = (21,...,7,-1) € R" B(z,r) = {y €
R 5 |z —y| < r}, B(z,r)° = RY\B(z,r). For any measurable set B C R} we define
|B|, = [px%dx, where v > 0. Then |B(0,7)|, = w(n,v)r?, Q = n + v, where

_ " - v+1 Q—2..-1
w(n,y)—/B(oJ) vde = n T () (20(F )

Let 84 = S8(R") be the space of functions which are the restrictions to R’} of the test
functions of the Schwartz that are even with respect to x,, decreasing sufficiently rapidly
at infinity, together with all derivatives of the form

" o n_pnt g o g

— n — n— n — n

D} = DL B = DI D"y By = ooy By
Zq LTp—1
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0? 0
i.e., forall p € 84, sup |z"D)p| < oo, where B, + 22 is the Bessel differential
xe]R 8 2 8$n

expansion, v = (71, ..., %1) and n = (n1,...,n,) are multl indexes, and 2" = x7* ... 2", For
a fixed parameter v > 0, let L = LP(R"') be the space of measurable functlons With a

finite norm
1/p
£z = ([ 17 @Peas)

+
is denoted by LP = LE(R"), 1 < p < oo. The space of the essentially bounded measurable
function on R} is denoted by Ly°(R"). The space 8, equipped with the usual topology.
We denote by 8, = 8/, (R’) the topological dual of 8, is the collection of all tempered
distributions on R’} equipped with the strong topology.
The mixed Fourier-Bessel transform on § has the form

F,f(zx) = e fly)e i@ )Jv L (Znyn) Yy dy, (2.1)

where (2/,y') = x1y1 + ... + Tn-1Yn—1, Ju, ¥ > —1/2, is the normalized Bessel function,
and Cy, = (2m)"12711%((v 4+ 1)/2) = 2w(2,v). This transform is associated to the
Laplace-Bessel differential operator

LN VRN R S
AV:Z@—F**_Z&J;Q—'—BTM V>07

= Ty, Oy,
0? v 0
~ oz 0x2 'z, Oxp
The Fourier-Bessel transform is invertible on 8+ and the inverse transform is given by
the relation

where B,

szlf(x) = Cp By f(—=2', 20). (2:2)
The generalized shift operator is defined as follows:
TYf(x / (m’ — 4y /72 — 22,y cos O + y%) sin” "1 0do, (2.3)

where C, = n 2T (”—H)[F (5)]7" (see [9,10]). Following [9, 10], let us introduce the

generalized convolution generated by shift (2.3) according to the formula
(f & 9)( / F(w) V() iy,

The integrals of the B, -fractional type with homogeneous characteristic Q(z) of degree
zero on R} have the following form:

(13, ) () = Rif(y)Ty( o ik, 0<a<a (2.4

It is clear that when Q =1, I§ , is the usual B,-Riesz potential I;} ([5-8,11]).
For the B,-Riesz potentials the following theorem is valid.

Theorem 2.1 ([7], Corollary 1). Let 0 < a < Q and Q € LL(ST™1) with r > & be
homogeneous characteristic of degree zero on R} .
) Ifl<p< % then the condition * — % = & s necessary and sufficient for the
boundedness of Ig;,, from L} (]R”) o LI(RTY).
ii) If p =1, then the condition 1 o= l =

% s necessary and sufficient for the bound-
edness of 15, ,, from LL(R") to WL 9(R%).
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Definition 2.2. Let 0 < p <1 < ¢q < oo with p # ¢q. A (p, q, s)-atom a(x) is a function in
LI(R%) which satisfies the following properties:

i) supp a C B,

SAL

1
i) [la(z)llg < |BlZ2 7,
iii) [pa(r)z*ztdr =0 for all s with |\| < s, s = [Q(% -1)].

Now we are in a position to state our main results as follows.

Theorem 2.3. Let 0 < a < Q, and let Q € L3(ST™') for r > -2 be homogeneous

Q—a
characteristic of degree zero on R't. Then there is a constant C' > 0 such that

G M1l o <ClIfllmy -
L v

Q—a

v

Theorem 2.4. Let 0 < a < 1, & <p<l1, % = %—% and S € L;(Si_l) with r > &

be homogeneous characteristic of degree zero on R'y. Then there is a constant C > 0 such
that

116, f 1Ly < Clif [z -

Theorem 2.3 and 2.4 give the (HY ,L{) boundedness of I§ ,. The following theorem
will give the (H} ,HR ) boundedness of I§ .

Theorem 2.5. Let 0 < a < 1, % = %— o and let ) € Lo(ST 1) with v > —L— be

homogeneous characteristic of degree zero on R'}. Then for o < 8 <1 and % <p<
9 there is a constant C' > 0 such that

foxed
16,0 fllug, < Cllfllag, -

3. The proof of main results

This section is devoted to the proofs of the theorems. For an operator, to prove the
boundedness from Hiy to L or HZV to LP, a common method is to take one atom at a
time. It isn’t hard to verify (p, ¢, s)-atoms are mapped into LP spaces, uniformly. However,
to study the problem of boundedness of B,,-Riesz potential operator on H ZV Hardy spaces,
we need a modification. The method we adopted is similar to the same in [4].

Before we prove our main results, we need to give some necessary facts.

Theorem 3.1 ([11], Theorem 1.1). Let 1 <r < o0, 0 < a < Q and K(x) be a kernel of
B-fractional type with homogeneous characteristic of degree zero on R'y. Then there exists
A,C > 0 such that for allt >0 (t =27) and v € R".

1
([ 1oK@ - Kn)ratde)” <ce%, i< 4 (3.1)
|z|>A

Proof of Theorem 2.3 and 2.4. Let us first start to give the proof of Theorem 2.3.
By the atomic decomposition theory of Hardy spaces, it is sufficient to prove that there is
constant C' such that for any (1, ¢, 0)-atom a(z), the inequality

1(15,,a) @)Ly < C (3.2)

holds, where £ > 1 and ¢ = Q& We now take 1 < £1 < fo < 00, such that % — é =0

—Q .
For the present investigation of the proof, we consider the function a(z) is (1, ¢1,0)-atom
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supported in a ball B = B(0, d) with center at zero and radius d. So we can write

1 1
I @l < ([ [08,a@ed) + ([ [05,0@)0w0d)
2B (2B)e
=11 + I.

By applying Hoélder’s inequality and Theorem 2.1, we may estimate I; as follows:

1 1 1

1
L < O\ all 2| Bl2 * < Cllall, o |Bl2 = <C.

For I3, by the vanishing condition (iii) of a(z), we obtain
q
/R TY(Ka(x))a(y)yndy

1
B o= ([ Iuga@hrda) = (]
(2B)° ’ (2B)°1/RY

= la(y)] 7Y (Ko (2)) — Ko()| "2y dz éyZdy (3.3)
amplo @1 )

1
v q
xtdx

1

= q

= /2]3 c]a(y)( z_: / T¥(Ka()) — Ka($)|qxayzd$> Yndy
#5) J_12jd§|a:\<2j+1d

where K, (z) = Q(z)|z|*~¥. Since r > % = ¢, by Holder’s inequality, we obtain

190 (2) ~ Ko(o)| st )

2id<|z|<2i+1d

1 1 3 (3'4)
<@ ([ K@) - Koo ads )
2id<|z]<2i+1d
Applying Theorem 3.1, we have
1
T (Ko()) - Ka@:)!’“xzdl’) <C@a*. (3.5)
25 d<|z]<2i+1d
By the inequalities (3.4) and (3.5), we get
1
o q
S [ ) - Kalo)l'd)
=t 21 d<|z|<2i+1d (3.6)
2 (95 NG =) (94 ) L2
<O Y (2d) e (2d)T7 < oo
j=1

Therefore, by (3.3) and (3.6) we obtain

1
7
[1

1 < C [ Jaly)lytdy < Cllall 5 Bl < C.

The proof of Theorem 2.3 is finished.

The proof of Theorem 2.4 is similar to Theorem 2.3. Then, we only give the main steps
of the proof by choosing 1 < ¢1 < ¢3 < oo such that % — é = % - % = §- Let a(x) be

(p, £1,0)-atom supported in the ball B(0,d). Here we still need to verify the validity of (3.2)
for the atom a(x). As in the previous proof, we give the similar estimates for I; and Ia,
respectively. We estimate I; again by using Holder’s inequality and Theorem 2.1. However,



1672 C. Keskin, I. Ekincioglu

using the conditions of Theorem 2.4, if p > &, then we obtain (a4 Q) — (Q/p) < 0. In
this case, by the Theorem 2.1, we have

[e.9]

S ] ) - K < oSt

I=1 9i4<|z]<2i+1d
< |B|; Y7 < 0.

Finally, from the discussion above and (3.3) we have

I < C|Bl; /q/|a iy < 1B all 0 1B < C.

This completes the proof of Theorem 2.4. O

Proof of Theorem 2.5. First, 1et us state r > Q& We can select 1 < 1 < {5 such
that—l—é:%—%:%and = <[l <. Takeesothat 1<6<%§%.
Denote ag = 1 — % +e€ byg=1-— 42 + e and let a(x) be a (p, 41, ) atom supported in the
ball B(0,d). By the atomic-molecular decomposition theory of real Hardy spaces [14], it
suffices to show that I ,a is a (g, 22,0, €)-molecule for proving Theorem 2.5. To prove
this, we still need to verify that (I§ ,a)(z) satisfies the following conditions:

i) Ja|9% (1§ ,a)(x) € L2,

if) N3 (15 ,a) = ||15 0 u“o/“ru.\@o(Is,ua)( Mz " < oo,

i) Jp(15,0)(2)a%d = 0.
Moreover, we also need to prove that there is a constant C' > 0, independent of a(z), such
that

N2 (1§,a) < C.

Let us estimate every part. For (i), write

11190008 ,a) e < NS a)(x2B (O]l o+
HILI9 (I8, @) (Ox Byl o

=J1 + Jo.
Observe that S <lb<r and 1 = %, by Theorem 2.1, we have
Ji < C‘BISOHIS,VGHL? < C|B[?|lall & - (3.7)

For Jo, by the moment condition of a(z) we obtain

1

/ I £ [ U - Kol i@ atdn) "y s

21d<|:c|<27+1d
If we apply the Hélder’s inequality and Theorem 3.1, we get

1
Ly

(/ T (Ka(w)) — Ko@) |90t )
21 d<|x|<2i+1d )

< TY(Kao(2)) — Ko(z)| 2%dz )
_</zjdﬁ|z|<2j+1d’ (Ka(2)) (@] x)

1
—
% (/ ‘x|Qb0€2(r/€2)/$ud$> Lo (1 /)
2Jd<\x|<2f+1d

< C@21d)% (29d)0(21d) %) = 0(21d)@+Q < |B|Lte,
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Thus, by the inequality above (3.8), we have

Y A
B <CIBl, / la()lyidy < CIBL 9 lall, o | B (3.9)

y (3.7) and (3.9), we know that (i) holds and

:Nll?( 8,1/“) = HIQV Hao/bom |(Q)b0( )( )||1 ao/bo
ao /b (1- ao/bo 1—an /b 1—an /b lf
< Cllal| 0/°|Bru lall} o/ gli-eo ) < ¢

Finally, we need to verify (iii) to complete the proof of Theorem 2.5. To this end, we first
show that (1§ ,a)(z) € LL(R%). So, we may write

[l o@latar = [ 105,0@ 0+ [ 105,0@)d
R? lz|<1 |z|>1
= F1 + Es.

Clearly Ey < C since Ig ,a(z) € L. On the other hand, by by — 1/£, = € > 0 and
|| @Yo (I§,0)(.) € L2, again using Holder’s inequality we obtain

By <@, Oll ([ e atar) < .

|z[>1

Therefore, F, (1§ ,a) € €(R}). In order to check
[Ug,0)@)atds = F115,,01(0) = 0.

it is sufficient to show
lim F,[1§ ,al(§) = 0. (3.10)

€0

It is well known that F,[I§ ,a](§) = F[a](§)F, [Ka(x)](£), and

FKa©) = [ Kal@)e @ (at) atda

|z|<1
o

" Zl 2i-1<| \<2jKa(m)e_i(x/7£,)j"T_1(Ingn) Tnde,
= <l|z

where K, (z) = Q(z)|z|*~%. Thus, we obtain

F(Kal€)] < O+ 5 IF K, (€]

where Ky, () = Q(&)[£]* QX[QJ 195)(|€]). Here we give an estimate of [F,[Ka,y; (§)]] for
any j > 1 in the study of this problem.

Lemma 3.2. Suppose that 0 < oo < 5, and Q € L},(S"1) with r > 5 is homogeneous
characteristic on R’y. Then there exists C and o > 0, such that 2a < 0 < 1/1"/ <1 and
forj>1

|y Koy, (€)]] < Cra2 = @/Di[g| 072,

r ((n+ufa)/2) .

r(a/2)

where Cp 0 =
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Proof. First, we shall need the Fourier-Bessel transforms of the function

Fy(e_”I‘Q)(f) — ' (2r) T r>0,3,6€ R”.
By the property < F, Ky, ¢ >=< K, F,,0 > of generalized functions, we may write

/ *’”|I|F )zt dx /cp VF, e~ 4racd
Rn

+

We now integrate both sides of the above with respect to r from 0 to co having multiplied
the equation by r(@=®/2=1 We obtain

o0 o —2p—mn z 2
/ F,p(x) (/ T(Q_a)/2_le_’"|”2dr> xhdr = / o(z) (/ r(Q=a)/2=1(9p) % e_zlr)x;’ldx.
R7 0 " 0

If we calculate the inner integrals, we have

L((n+v-— 04)/2)/Rn Fo(2)Q(x)|z]|*Qatdr = 2a*Q/2F(a/2)/Rngp(x)Q(x)|a:|*°‘x7’;dx.

Taking the inverse Fourier-Bessel transform and the modulus property, the required in-
equality is obtained. O

Now let us return to the proof of Theorem 2.5. Applying the conclusion of Lemma 3.2,
we obtain

Fy[Ka(§)] < Chnpa+ § |Fy [ Koy, ()]
<Chria +Cnl,a Z 2(e=Q/2)j|¢|=0/2 (3.11)

< Corpall 4121 72).
On the other hand, for F,[a](£) we have

[ a@e s ) whda| = [ a@)le ) < U (an6a)
¥ : (3.12)
< Cnsa / (@) [ olatds < Crpalé]
B

Combining (3.11) and (3.12) we obtain
|Fo(18,,0)(€)] < |Fy (aO)|F (Ka(€))] < Cupall]l + [€1772). (3.13)
By the choice of ¢ it is known that 1 — /2 > 0. So, the required equality (3.10) holds by
(3.13). Hence (I§ ,a)(x) satisfies the condition (iii) and Theorem 2.5 follows. O
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