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Abstract: In this paper, we introduce soft intersection hypernear ring and shows how a soft set effects on a hypernear ring structure
by means of intersection and insertion of sets. Further, we explore some properties using hypernear ring theoretic concepts for soft
sets. Moreover, we have defined the cross product of two soft intersection hypernear rings. We proved that the cross product of
two soft intersection hypernear rings is a soft intersection hypernear ring and the cross product of two soft intersection hyperideals
is a soft intersection hyperideal.
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1 Introduction

Molodtsov introduced the concept of soft set theory for dealing uncertainty. His classical paper [14] has been used by many authors to generalize
some of the basic notions of algebra. Cagman and Aktas [3] proposed the concept of soft algebraic structure. They introduced soft group theory
and define soft group which is analogous to the fuzzy sets. Cagman et al. [5] gave a new approach to define soft group definition called soft
intersection group. This approach depends on the insertion and intersection of sets. Many authors studied different aspects of soft set theory
for instance, Adeel et al. [1], Gulistan et al. [10], Khan et al. [11], Sezgin et al. [16] and Yaqoob et al. [18]. Marty [13] introduced the notion
of algebraic hyperstructures as a natural extension of classical algebraic structures. Numerous applications of hyperstructures was presented by
Corsini and Leoreanu [6].

Hypernearrings is the generalization of the the concept of near-rings [15], which was introduced by Dasic [7]. In the hyperoperation + is
defined on the set R instead of the operation + in the near-ring, which is a map from R X R to P*(R), where P*(R) is the set of all the non-
empty subsets of R. Yamak [17] et al. defined fuzzy hyperideals in hypernear-rings and Zhan [19] defined fuzzy hyperideals in hypernear-rings
with {—norms.

1.1 Hypernear Ring

Definition 1.1. [6]-[8] Let N be a non-empty set and let p* (N be the set of all non-empty subsets of N. A hyperoperation on N is a map o :
N x N — o*(N) and (N, 0) is called a hypergroupoid.

Definition 1.2. [7] An algebraic structure (N, +, -) is said to be a hypernear ring if it satisfies the following axioms:

(1) (N, +) is a hypergroup.

(2) (N, -) is a semigroup having a bilaterally absorbing element 0, i.e.,u-0=0-u = 0 forall u € N.

(3) The multiplication is distributive with respect to the hyperoperation + on the left side, i.e., u - (v + w) =u - v 4+ u - w for all u, v, w € N.

Example 1.1. [12] Let N = {0, a, b, ¢} with a hyperoperation '+’ and a binary operation "-’ as follows:

+][ 0 a b c 10 a b ¢
0 {0} {a} {b} {c} 0[[0 a b ¢
a || {a} {0,a} {b} {c} all0 a b ¢
b {b} {b} {0, a, c} {b, c} b0 a b ¢
c {c} {c} {b,c} {0, a, b} c||0 a b ¢

Then (N, +, -) is a hypernear ring.

Example 1.2. [17] Let N = {0, 1,2} with a hyperoperation '+ and a binary operation ’-" as follows:
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+] 0 1 2 S0 1 2
0 {0y {1} {2} 00 0 0
1| {1}y {0} {2} 1o o0 o0
2 {2} {2} (0,1} 2]l0 0 0

Then (N, +, -) is a hypernear ring.
Definition 1.3. [9] A subset A of N is said to be normal if it is subhypergroup and for all w € N, we have u + A — u C A.

Definition 1.4. [9] A subset A is said to be a hyperideal of the hypergroup (N, +) if A is normal subhypergroup and (v + A) - v —u-v U
w-AC Aforall u,v,w € N.

Note that for all
u,v € R, we have —(—u) = u, 0 = —0, 0 is unique, and —(u + v) = —v — u.

1.2 Soft Sets

Definition 1.5. [4]-[14] Let E be a set of parameters such that A C F and U be a set of initial universe. Then a soft set 4 over U is a
parameterized family of subsets of the set &/ which is defined by F4 : E — P(U) and represented by the set of ordered pairs

Fa={(u, Fa(w)) : u€ E, Fua(u) € P(U)} and Fy(u) =0ifz ¢ A.
Here F 4 is also called an approximate function.

Definition 1.6. [4] Let 74 and F g be two soft sets. Then, F 4 is called a soft subset of 75 and denoted by F4 T Fp,if F4(u) C Fp(u)
forallu € F.

Definition 1.7. [4] Let 74 and F g be two soft sets. Then, F 4 D Fp, is defined as F 4 O FB = F,gp- Where F yop = Fa(u) U Fr(u)
and F4 (| Fp,is defined as F4 (| Fp = F g5, Where F 455 = Fa(u) [ Fp(u) forallu € E.
2  Soft Intersection Hypernear Rings

In this section, we introduce soft intersection hypernear ring (briefly, S.I. hypernear ring). Then, we define S.I. hyperideal of a hypernear ring
and investigated their related properties using soft set operations.

Definition 2.1. A non-null soft set Fpy is said to be an soft intersection(briefly, S.I.) hypernear ring of IN over I/ if it satisfies the following
conditions:

M N Fn) 2 Fn(w) N Fn(v);
veu + v
2) Fn(—u) = Fn(w);
3) Fn(u-v) D FnWw),Vu,veN.
Example 2.1. Consider a hypernear ring {IN, +, -} from the Example 1.1. Let i/ = {x, y, z, w}. Define a soft set Fiy : N — P (i) by

}—N(O) = {xvy727w}7 }—N(a) = {xvyvz} and }—N(b) = {‘Tvy}
Fn(e) ={z,y}.

Then we can verify that 71y is an S.I. hypernear ring of N over Uf.
Lemma 2.1. Let Fy be an S.1. hypernear ring of N over U{. Then F(0) D F(u) for all uw € N.
Proof: Proof is straightforward. O

Theorem 1. Let N be a hypernear ring and Fi be a soft set over U. Then, F is an S.1. hypernear ring over U if and only if

D N Fn)2Fn(w) NFN(v)
de(u—v)
(2) Fn(u-v) D Fn(uw) N Fn(v), Yu, v € N.

Proof: Let F be an S.I. hypernear ring over . Then Fiy(u - v) 2 Fn(u) N Fn(v) and

) (ﬂ )FN(ﬂ) 2 Fn(u) N Fn(-v)
e(u—v
= Fn(u) N Fn(v)

Y u,v €N. O
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Lemma 2.2. Let N be a hypernear ring. If 7y is an S.I. hypernear ring over U. Then, F(—v) 2 Fn(v) for any v € N.

Proof: Let Fy be an S.I. hypernear ring over U. Then, we have

U

FN(=v) N 7n@)
9e(0—v)
FN(0) N F(v)

Fn(v).

Iy

Hence, Fn(—v) 2 Fn(v). O

Theorem 2. Let N be a hypernear ring and Fi an S.1. hypernear ring over U. If [ Fn(¥) = Fn(0) for any u,v € N. Then Fn(u)

d€(utv)
= Fn(v).

Proof: Suppose that F; is an S.I. hypernear ring over &/ and (| Fn(9) = Fn(0) for any u, v € N. Then, we have
Y€ (u+tv)

Fi(u)

V)

N 7n)
9€(0+u)
n 7~

IE(utv—u)
Fn ()
9 ((utv)—v)
Ful®) N Fu(v)
Y€ (utv)
Fn(0) N Fn(w)
Fn(v)

V)

J ol

and
Fn(v)

V)

N Fn)
9€(0+v)
N Fn ()
YEe((—utu)+v)
FN (D)
Ve (—u+(utv)
Fn(=uw) 0 1 ()
Y€ (utv)
Fn(=u) N Fn(0)
N (—u)
N (w).

IV

19

a1l
bty

Therefore, Fiy(u) = Fn(v). O

Corollary 1. Let N be a hypernear ring and Fn an S.1. hypernear ring over U. If (| Fn(9) = Fn(0) for any u,v € N. Then Fy(u)
Ve (u—v)

= I (v).

Theorem 3. Let N be a hypernear ring and F an S.1. hypernear ring over U. Then for u € N

Fn(u) = FN(0) ifandonlyif (| FIn(@)= () Fn@) =Fn(v)VveN.
€ (u+twv) V€ (v+u)

Proof: Assume (| Fn(@W)= [ Fn@)=Fn(v)VveN.Byputtingv=0,wehave [\ Fn(9)=Fn(0).Itimplies Fy(u)
Y€ (u+tv) € (v+u) Y€ (u+0)
= 7n(0).

Conversely, suppose that 7 (u) = Fv(0). By Lemma 2.1, we have i (0) 2 Fiv(u) 2 Fn(v) Vv € N. Thus, we have

(| F~@) 2 Fn(w) N Fn(v)
YEU + v

2> Fn(v) Vv € N. (1)
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Now

Fn(v)

N F~n@)

Y€l + v

N InN(9)

Ye(—utu) + v

= N Fn (V)

de—u + (u + v)

Fu(-u)n () FW)
YEU + v

Fn) N ) Fn@). @)
JEU + v

V)

V)

U

As Fn(u) O Fn(v) Vv € N. It implies that Fy(u) O Fn(9) VO € u + v. Therefore, Fy(u) 2 () Fn (). Hence, from (2)
dEU + v

) 2 () (). 3)

Now from (1) and (3), we have

Fn@) = () Fn0). @

Also, we have

N n)
Y€V + u Y€(v + u) + 0

Fn(9)

19)

Fn ()
de(v + u) + (v—o)

([T
7 7
—_ =~ ==
S & =
7
=

I
%
<

and
Fn(v)

I
7
=

= FN(9)
V€V + (u — u)

= N Fn(9)
de(v +u) —u

> N AN N Fnw)
YEV + u

= N F~n).
veV + u

Therefore,

Fn) = () Fn0). )
YEV + u

From (4) and (5), wehave (| Fn(@)= [ Fn()=Fn(w)VveN. O
veu + v vev + u

Definition 2.2. Let N be a hypernear ring and F an S.I. hypernear ring of IN over /. Then Fy is called an S.I. hyperideal of N over I/ if it
satisfies the following conditions:

(M 5 N FN(9) 2 Fn(v),
cu+v—u
(2) Fn(uwv) 2 Fn(u), and
3 N Fn(9) 2 Fn(w), Vu, v, w € N.
de(u-(v + w) — u-v)

If Fy is an S.I. hypernear ring of IN over U/ such that Fy satisfied the condition (1) and (2), then F1y is called an S.I. right hyperideal of N
over U and if Fiy satisfied the condition (1) and (3), then Fyy is called an S.I. left hyperideal of N over U/

Example 2.2. Consider a hypernear ring {IN, +, -} from the Example 1.2. Let i/ = {x, y, z}. Define a soft set iy : N — P(U) by
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IN(0) ={z,y, z}, Fn(1) = {z, y} and FN(2) = {z, y}.
Then we can verify that 71y is an S.I. hyperideal of N over U/.

Theorem 4. If Gn;, Ky are two S.1. hypernear rings over U. Then GN ﬁICN is an S.I. hypernear ring over U.

Proof: Let z, y € N. Then,
N OnOKN®) = N [9n0) NEN©)]

JYEU—V JEU—V

N o9x@n N Kn)

JYEU— YEuU—v

On(u) NG (v)] N [Kn(w) N KN (v)
On(u) NKn(w)] N [On ﬂ Kn(v)
[(GnNEN) ()] N [( gNﬂ’CN)( )]

I

and ~
(ONNKEN) (uv) I (uv ﬁ’CN(’l; )

) v
[QN(M NGn(v)] N [Kn(u) NKN (vq
On (1) n
[

U

N(uw) N Kn(w)] N[O (u) N K (v)
(ONNEN) ()] N [(GNNEN) ()]

Therefore, Gn ﬁICN is an S.I. hypernear ring over Uf. O

Theorem 5. If Gn and K are S.1. hyperideals of N over U. Then Gn rN]ICN is an S.I. hyperideal of N over U.
Proof: Proof is straightforward. ]
Theorem 6. If Fy is an S.1. hyperideal of N over U, then Np = {u € N : Fn(u) = Fn(0)} is an hyperideal of N.

Proof: N i is non-empty, since 0 € N . Now, we claim that N z is an hyperideal of N. To prove our claim, we have to show that

N is a sub-hypergroup of N,
n+u—nCNg,

u-n € N and
n-(s+u)—n-sCNp.

el

Suppose that u,v € Np, then Fn(u) = Fn(v) = FN(0). By Lemma 2.1, Fn(0) 2 () Fw(¥), Fn(0) 2 N FN (D),
Fn(0) D Fn(u-n) and Fn(0) D N Fn(9) for all u,v € Np and n, sﬂeeﬁvAs FN is an S.L hliff)relr;zigafo? N over
U, thus for all u,v € Np and n, s 61916\}?1&(15).+ U)f{ n.;i\](ﬁ) 2 Fn(u) N Fa(v) = Fn(0), (2). N FN(®) 2 Fn(u) = Fn(0),
3). Fre(u-1) 2 Fra(n) = Fe(@ and (). ' Fr(9) 2 Fre(u) = Fag (0). Therefore, "

DE(n (s + u) — n-s)

L 5 N Fn(9) = Fn(0),
cu—v
N Fn(9) = Fn(0),
veENn +u —n
Fn(u-n) = Fn(0) and
N FN(9) = Fn(0).

Ll

ve(n-(s + u) — n-s)

Hence, N is an hyperideal of N. O

Definition 2.3. Let N be hypernear ring and Fy a soft set of N over U. Then the set U(F,0) = {u € N : Fiy(u) D 0}, where § C U, is
called upper d-inclusion of Fiy.

Theorem 7. Let N be hypernear ring and Fn a soft set of N over U, and § be a subset of U such that ) C § C Fn(0). Fn is an S.1.
hyperideal of N over U, then U(FN, 9) is a hyperideal of N.

Proof: As Fiv(0) 2 4, then 0 € U(Fn,d) and 0 # U(FN,d) C N. If u,v € U(FN, ), then Fn(u) 2 & and Fn(v) 2 5. We have to
prove that (1) v — v CU(FN,9), @) n + u — n CU(FN,0), @) u-neU(FN,d) and D) n-(s + u) — n-s CU(FN,0)
for all w,v € U(FN,0), n,s € N. Now, Fy is an S.I. hyperideal of N over U, so (1) (| Fn(¥) 2 Fn(u)NFn(v) 2 6N6, (2)

YEU—v
N FN() D Fn(u) 26,3 Fn(u-n) 2 Fn(n) D 6 and (4) N Fn(9) 2 Fn(u) 2 8. Hence, U(FN;,d) is a
vEN +u —n Ye(n-(s + u) — n-s)
hyperideal of N. ]

Theorem 8. Ler (M, +1,-1) and (N, +2, -2) be two hypernear rings. Then the product M x N is a hypernear ring, where for all (u1,v1)
and (ug,v2) belonging to M x N, hyperoperation € and operation () are defined as
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(1) (u1,v1) D (uz,v2) = {(u,v) : u € ug +1 uz,v € v1 +2 v2},
(2) (u1,v1) © (u2,v2) = (u1 -1 uz,v1 -2 V2).

Proof: Proof is straightforward.

d

Definition 2.4. Let N, M be two hypernear rings and Gy an S.I. hypernear ring of N over U, Cnp an S.I. hypernear rings of M over /. Then

the cross product of Gy and Ky is defined as Fiyxv = ON X K, where Fnsv (u, v) = Gn(u) X Kvi(v) forall (u, v

Theorem 9. If Gy is an S.I. hypernear ring of N over U and ICng is an S.I. hypernear ring of M over U. Then the cross product FN xM IS

an S.1. hypernear ring of N x M over U x U.
Proof: Let (u1,v1), (u2,v2) € N x M. Then

Frnxm (91, 92)
(91,92)€(u1,v1) © (uz,v2)

o

and
FnxM((u1,v1) © (ug,v2))

[ IO 1|

FNxm(V1,72)
(01,92)€(u1 —1 u2) X (vi —2 v2)

(
Y1€(u1 —1 u2),92€(v1 —2 v2)

On (Y1) X N Km(
91€(ur —1 u2)

On(u1) NGn(u2)] x [K (v m’CM(Uz)]J
On(u1) x Kna(v1)] N[O (uz) x Kpp(v2)
Fnxm(u1,v1) N Fx (u27v2)

Fnxm(u1 -1 u2,v1 -2 v2)
gn(u1 -1 u2) X Kpvp(vr -2 v2)
{QN(Ul) NGn(u2)] x [Km(v1) N ICM(UZ)]}
O (u1) x Kna(v1)] N[O (

Fnxm (u1,v1) N FNsom (U2, v2).

Therefore, Fyx v is an S.I. hypernear ring of N x M over U x U.

O (u2) x Kyvp(v2)

d

Definition 2.5. Let N, M be two hypernear rings. Let Gy be an S.1. hyperideal of N over U and K an S.I. hyperideal of M over /. Then

the cross product of Gy and Ky is defined as Fiyxv = ON X K, where Fnxv (u, v) = Gn(u) X Kvi(v) for all (u, v

Theorem 10. If Gy is an S.I. hyperideal of N over U and Ky is an S.I. hyperideal of M over U. Then the cross product Fiyxwm is an S.I.

hyperideal of N x M over U x U.

Proof: Let G be an S.1. hyperideal of N over U and Kpg an S.I. hyperideal of M over U. Then by Theorem 9, the cross product Fix v 1S
an S.I. hypernear ring of N x M over U x U. Now suppose (u1,v1), (u2,v2), (x3,y3) € N x M. Then

FNxM(P1,92) =

(¥1,92)€(u1,v1) B (u2,v2) © (u1,v1)

Frnxm(P1,92)

(¥91,92)€(u1 +1 u2 —1 u1) X (v1 +2 v2 —2 v1)

IN (Y1) x Km(D2)

P1€(ur +1 uz —1 u1),92€(v1 +2 v2 —2 v1)
= N gn(¥1) x N Kn(92)

O1€(ur +1 uz —1 u1)
2 gn(u2) x Knvi(vz)
= FnxM(uz, v2),

Fnxm((u,v1) © (uz,v2))

and

N
(91,92)€((u1,v1) O ((u2,v2) @r(ﬁvs’ys)) S

V2€(v1 +2 v2 —2 v1)

Fnxm(ur -1 ug,v1 -2 v2)
ON(u1 -1 u2) X Knv(vr -2 v2)
On(u1) x K (v1)

Fnxm (v, v1).

IO

Fnxm (1, 02) =
(u1,v1) © (u2,v2))
Fnxm (91, 92)

(91,92)€(ur -1 (u2 +1 23) —1 ur-1u2) X (v1 -2 (v2 +2 ¥3) —2 vi-2v2)

IN (1) x KM (92)

P1€(u1 -1 (u2 +1 23) —1 u1-1u2),92€(v1 2 (V2 +2 y3) —2 vV1-2V2)

= N oN
Y1€(ur -1 (u2 +1 x3) —1 ur-1u2)

2 On(3) x Knm(ys)
= FnxM(73,93).

Hence, Fiyx v is an S.I. hyperideal of N x M over U x U.

(¥1) x N K (92)

V2€(v1 2 (v2 +2 Y3) —2 v1-202)

d

Conclusion: In this paper, we have introduced soft intersection hypernear ring and defined some properties of hypernear ring theoretic concepts
for soft sets. Moreover, we have introduced cross product of two soft intersection hypernear rings and proved that the cross product of two

196

© CPOST 2020



soft intersection hypernear rings is a soft intersection hypernear ring. Based on the results of this paper, some further work can be done on the
hypernear ring using fuzzy set theory and soft set theory.
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